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2. BB~<br) v X

NI MV (Bs, Wa) & (Bot1,Wae1) 2FESEZE~ M) v/ A2HEAT DL, ROW{LD
HFohD.

Bt 0 1 Ba
0G0
Wt 1 1 W
Fot = Ba+ 2W, (3)
RBZDOEBB~ M) v RANIZKROEM2EERH .

0 I\n Faa F.
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1 1 Fn Fn+1
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S KA S I
WHin 1 1 W+, 6 (n+1)
ZZTIREVWORR — FORAKIIELTH2D, RECkZ2HTTRHNLTNS.
K@ EZBRVRERLAWSE, KRG BLUFL = B4 + Whidn 2 2IZBWTKRRIZE E
DD ENTES. @

n-1

B*s = Fuz - > {Faaa € (k) + Fux 8 (0} - € (n)

k=1

n-l

W* = Fat - 2 {Fax € (k) + Foxa & K} - 86 () (6)

k=1

F*n = Fn - Z {Fn-k+l 13 (k) + Fn-k+2 6 (k)}

k=1
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o = oo

f(t) = = Fat’ () = = F*t°, h(t) = = Hat" (8)
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L7 4 ATy FEROBERBBEEIZ
f®) =t/ (1-t-t? (10)
Thodb, CZEEHOREEIT
h(t) =@/ @) =t @) (1-t-t7)

o

=F* + (F% - F*)t+ = (F* - F*o - Fra)t™

=3

CBRMTHILENTED., LROETERQ@ OEINUE-TREMAL, tONXFRE%E
BT A EiIcd Y, BREEBIIRRICIVREINDZ EBDMD.
Ho = F*,
(11)

H: = F* - F*
Hn-l = F*n - F*n-l - F*n-z (n ; 3)
oKX EAVAE, RADZEENW —FOEH: MBLT I MLV ETZ

ENTED. Thbb
Ho=1, Hi=0
Ho=-¢ (3) - 6 (3)
H.o=- ¢ @) - § n) - § (n+l) (n=3) (12)
ZTIZTEHEELIReM =6 =0 (n=1,2)%BELTD. RERLIEIn=120KE

THAEWIEY &, 74 R8T FHRBNIAERLRZWNLTHS.

5. BRAWVWYRT ADGH
EOLEDIE, /—F@DAERIRLODHERI RO 2TBICHITHI LITTS.
5. 1 ZA4RTFTyTFEIPOIEREES
FEFp @ iEp0) =1268E5. p(0) & FZHISSOT 5D, TI Tk

(13)

F*. = p(n-1)
TOEHCEBESEEIIn=1~5F T ARy IFERIZELY RV

LES.
R2BMR). LEBoTHEWInNZ 6 10EE-272Z LD D.
ETODHERRVORNRET D, ZDLE
(14)

13 (n) =. Ho1=- (F*n - F*. - F*n-Z)
THEI10, pEZANIEEZIC@OBRBENENKRDOLND.
KIZODHBRBNDRRE 2D & ZFROELEXLAVENS.
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IDEHICLTHELNZ 2EEOHBEVNOEK(N S nS15)2R2ICELDD. BRBEDL

WEROBRE: (M (1 =nZ230)XH2Z8REINV.



K2 TART T, HDFEF. = ph-l), @DOHEZRIMICHRNDORIR L
THLEDORRVMEARE : () LODHREZRRLETDH L EDHEWEES (n).

n 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

Fu 1 1 2 3 5 8 13 21 34 55 89 144 233 377 610
F*. 1 1 2 3 5 7 11 15 22 30 42 56 77 101 135
¢ (n) 0 0 0 0 0 1 1 3 4 7 10 16 21 32 43
6 (n) 0 0 0 0 0 1 0 3 1 3 7 9 12 20 23
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THLEORRWERK e ) LODHEMRLT DL ETORBRVELS (n).

n 1 2 3 4 s 6 7 8 9 10 11 12 13 14 15
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EE1DFERRADTATT

1+ A LI DAWZETHAHALETH. FEED O LL EOEE N IZ DOV T

FO=FD 4+ FEW L AFDED 1y

n+2 n+1 n+l * n

L+ AFDED =FED_ED  (modl) - - - D

n+1 n+2 n+1

1+ AFDY =1+ ) L0 14 AFW & | [FEVMCERDT

n+1 n+1
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—f% Lucas sequence DZEUZH 1T 5
A ERME & Laxton BEIZ DWW T

T i,

1 ([EL®IC

T OfF%EIE, EARERAE (BRKYE) L ORFAFETH S, £3, RV OMELZLED D E 5
TR BRI DOWTHHN T 5. BIEI N2 DDBH ¢, s 12X LT, —f% Lucas sequence
{Gn} (Go,G1 €Z, G =1Gn1+Gn2 (n€Z)) ZFEZD. ZNLREIX, DO Lucas
sequence {G,} ZRTHT .

Go=a, G1=b <= {G(a,b)}
EE 1 Lucas sequence {F,} & companion Lucas sequence {L,} ZRD X IZED S.
{Fu} =1{600, 1)}, {£n} ={G(2,)}

ZIZTRIE, B p Z2BE L2 &, ED K 57— Lucas sequence 23 p TE| D YN 2 IHZ
Fon. LWH B ZRS, e 2iTo72. ZORMIINT & 2 & RfFm5E & OBRIZDOWT
I 5.

2 &R
& 2 SHMIERNORMAEAZ f(X) = X2 —tX +s&EDD. I61Z, f(X) D%
a, BeU, HlX%E D=1>—-4s 2 B<.

ZHBBEIR, o, BAY2 KK Q(ym) D £1 BADEBOL S EZE. ZOXSIHET S
ZrT,s=af=+1 250, [EEDn e LI LT, G, WEBTHBEIEE RS Z LNT
x5,

EE 3 M Lucas sequence {G,}, {G,} 1zxf L, BfR fg,f;* %
{Gn} ~ {9} = 619y = G190 (mod p)
{Gn} ,;* {Q;l} <~ Im,neZs.t. gnﬂg;n = g,’nﬂgn (mod p)
LEDD.

ZorE, BR ?;,;4* A {{Gn) | p1GiorptGoy ETRMERBRERS. ZOBKRIZET
LEEGEENTN



Xp={{Gn} Pt G Oer[QQ}/,;
X, ={{Gn} Ip1GiorpfGa}/ Np*
X1, MNEAY,, Y, &

Yp={{Gn} € X, [P1Gn ("€ Z)}
Yy={{G} € X; | ptGn ("nel)}

b S

Remark 1 B ~,~* DED /N5
p P

Xp=H{ok, D} 0<k<p-1}U{{G(1.0)}}
Xy =Y, U{Fn}}

Thd. &/, Xy DRUGP DS K512, R p THID YINLHPFET 2 8501%, &T
Lucas sequence {F,} LR ~* 2RO Z L 0n 5.
P

4 d(p) & F, =0 (mod p) Z{ii7= T H/NDODEHRE n £ 5.

filt

=
F5 i#Z -1 (modd(p) LT, 0<f;<p—-1%

filt

fi= .7-}]-"2»:_11 (mod p)
TEDS.
RD2DODEHD, BEMIDER L2 25ERTH 5.

EE 1
(1) Y, ={{0(@, )} [1<a<p—1, a# fo. -, fap) 2}
(2) [Ypl=p+1—d(p).

%1 % Lucas sequence {G,} {2 LT,

{Gn} €{9(fi 1)} = neZ st p|Gn

NS ARVASR
i 2 "
D Y, -2 p-1
(=)=10r&, |V =2+"2L = +1.
@ (p> ¥yl d(p) d(p)
D Y,[+0 p+1
N (=)=—-10r&E, Y| =0+"2L = —1.
() Y @) d)
(3)<p)—00)2:?3°,|Yp|—1+ S =
Remark 2 p#%2#@HHELT5. f(X)=X2—tX +sITXL,
(1) (1;) 1 DEE, f(X)=0RT, CBWTERS 20DMERD.
D
(2) (5) =1 DEE, f(X) =01 F, CBVTRERR,

3) (i) _0DEE, f(X) =0T, 05T ERE D,

DO D., ZDeE, Ktk ARNOMOMEL L EH 2 IZHNS$2,0,1 BHELTWS.

2



p— ()
d(p)

Remark 3 s(p) =

CRTIENTES,

K, t=1s=-1L1=65=1DLEDY, YV ODETHS. t=15=—1DL &, i
WDO—MT7 1+ RFT v FHIIT, t=6,5s=1D& X%, Balancing numbers & W5 HF|TH 5.

[p [d) ] Yp l Yy |
3 4 1] 0
515 {62, 1)} {621}
7 8 1] 0
1] 10 {6, 1}, {97, 1)} {63, 1D}, {6(7, 1)}
{6(2,1)}, {93, 1)}, {G(4,1)}, {G(6,1)}, -
B3] 7 {9, D}, {69, 1D}, {G(10,1)} {2, 1)}
{62, D}, {93, 1)}, {665, D)}, {G(6,1)}, {68 1}, -
7] 9 {610, 1)}, {6(11, 1)}, {613, 1)}, {G(14,1)} {62, 1)}
9] 18 {64, 1)}, {6(14,1)} {64, 1)}, {6(14,1)}

£lt=1 s=-1

[p [dp) | Yp Yy
3| 2 {91, D}, {6(1,2)}, {(1, D}
51 3 {9(1,2)}, {9(1,3)}, {9(1,4)} {9(1,2)}

71 3 {9, D} {9(1,2)} {9(1,3)}, {G(LH}{G(1,5)} | {G(1L, D}, {6(1,2)}, {9(1,4)}

{91, D}, {9(1,5)}, {9(1,7)},
1| 6 {9(1,8)}, {9(1,9)}, {9(1,10)} {91, )}

{9(1,2)}, {9(1,3)}, {9(1,4)}, {9(1, )},
B 7 {9(1,9)}, {9(1,10)}, {9(1,12)} {6(1,2)}

£2:t=6, s=1

3 FATHIR & DR
SefrgE & LT, R. R. Laxton D 3¢
On groups of linear recurrences. I, Duke Mathematical Journal 36(4), 721-736 (1969)

TS, TOEHXIZEWT Laxton 12 EfEEO - FAER-GR EELLZBREZEDTWS. T
5 DFER L DERIZDOWTIERS.



EE6 220085 {G,}, {GYITHLT, Bff~, ~* ZRTEDS.

{Gn} ~{Gl} <=3\, u(#0) € Z s.t. \G,, = ug!,
{Gn} ~* {G 1= 3N, w(£0) € Z, v €Z s.t. AGpyy = pG,

ZOBHRIE, ~, ~ BB THARTEZTWERME, mod p 310 S TH 2 -HIGT
p p
H5.

w1 Bk~ ~EERE ({00} [ p1 G orpt G} ETRERRE %25,
EE T B~ ~ B AHESETNTN,

G(f) = {{Gn}| Go # 0 or G1 # 0}/ ~, G*(f) := {{Gn}| Go # 0 or G1 # 0}/ ~*
CEDD.

Z 2T, Laxton I3BHNZ X UTHEEZEAL 7=,

EHE8 2008516 = (G}, ¢ = {0} KHLT, ~MHEZhZh

_ Aa"—BB" ,  Ca"—Dp"
Gn= g =
LR E MG X G ={G!) ERTEDS.
, ACa" — BDp"
G =
a—0

ZOMEHOMMG <G =G x G IR T 52, ROTHEES.

EH 3 (R. R. Laxton, 1969)
MHEA G(f), G*(f) X ERLOBTTY =~V L 2 5.

EHE9 praFBrds 061G ={G,eL& AG) =G 1tGiGy+sG2 LT 5.
P2

I(f,p) ={9 € G(f)|°G € ¥ s.t. A(G) 0 (mod p)}
I*(f,p) ={9 € G*(f) | ’G € ¥ s.t. A(G) % 0 (mod p)}
G(f.p) =1{9 € G() | "{Gn} €9, p | Go}
G*(f,p) ={9 € G*(f) | "{Gn} €9, Pk € L s.t. p| Gi}

EEDD.
DL E ADDERIFIHMOMTH Y, ROADERHBREEZT.
fiRE 2
G(f)>1(f,p)>G(f.p), G (f)>I*(f,p)>G*(f,p)

X510, ROBOFEBARK D D Z L &R LT WA,



EIH 4 (R. R. Laxton, 1969)
BRI TE R

0 —— I"(f,p)/G"(f,p) — G"(f)/G"(f,p)
ZX U TROFEBLAE D 32D,

I*(f,p)/G*(f,p) ~ {0

25 (o
G*(F)/T*(f.p) ~ { G
0 7

p— (%)

fHU, s(p) = i) Th5.

ZIT, HXDEDIES X, X; LOBRIIOVTAERND. X, X7 FAEORTHIZIZ%
SV, LT, 14s—t=0 (modp) T, Gyo=G1 #0 (mod p) 22 G, =G| #0 (mod p)
DEE WE {Hy &35, Ho=H1 =0 (mod p) 725, LU, AEEEZRD LD ITE

DHBLERD &S BEBRVDH LI EDbroTz.

EE S5 X, & Xy OMDEAZZNTHRTED S,
Zp(f) :=1{G € Xp(f) | M(G) # 0 (mod p)}
Zy(f) =16 € X, (f) | A(G) Z0 (mod p)}

ZDrE, TNTN well-defined TH Y, BIRDFETT —RIUVHTH 5.
X 51, ROFR 137,

EIE 6
I(f,p)/G(f.p) = Zp(f), I'(f,p)/G*(f,p) =Z;(f)

Remark 4 EED[EA X

Vp  I(f,p) — Z(f,p)
Yy I (f,p) — Z*(f,p)

MEHNEFRRTHLE I ENGEITS.
2T, EH4LEM62ZHWAZ LT, AMEHAWSZ LT, EHM2DIEAZ S5 X5 Z &N

cE2.
(9) L DEEDOAREAS. A LT 6 DR AV &

p
12, (D)l = 17 (f,p)/G*(f, )| = |2/s(p)Z] = 5(p)



235, 22T, Z(f)={G € X;(f) | AM(G) £ 0 (mod p)} THBI L EMWB L, AG) =0
umdm%ﬁk?@@f@j@ﬁ@@ﬁ&*ﬁ?é@?ﬁ@@ﬂ_Mm—m§)+uﬁﬁ©
VD Xy =Y U{{Fu}} THH-72DT,
* _ * D
1z =5+ 1= () +1)

LB, koT, |V = s(p) + (lp)) Y, 2 AT O

B 2 R ETIRISHOE LA TE b o7z, BRI DWTRRS. F=Qa) LB E, F
DEBIRE Op £ 95, ToIT, FERpD LORATT7INVE pIIN U, Ky := Op/p, Ky :=7/pZ
B ZDEE UFOH MK EZE5.

M (i) _1orx.
0 —— Ker(:) — I(f,p)/G(f.p) —— I*(f,p)/G*(f,p) —— 0
u W v
0 — {{¢(fi,1)|i=0,..., —— Zp(f) _— Zx(f) —— 0
r(p) — 2} U {{G(1,0)}}
R vy 1 R
0 —— (B/a) — Ky — K{/(B/ley ——0

ZIZT,  BERREHTH Y, of 1ol (G) = (G1 — Goa)/(G1 — GoB) THA BN B.

(I1) <;l> —— 1Dk E.
0 —— Ker() —— I(f,p)/G(f,p) —— I*(f,p)/G*(f,p) —— 0
R Yp 1 Uy R
0 —— {{G(fi,1)}|i=0,..., —— Zp(f) R Z:(f) —— 0
r(p) — 2 U{{G(1,0)}}
R ep R
0 —— K3{a)/ K3 — K{/K; —  Kj/Kj{(a) —— 0

T LRERBRERTHY, ¢, 1F 9, (G) =01 —Guf THALGNS.

d
) = rx
(I11) (p) 0D =
Up
I*(f,p)/G*(f,p) =~ Z;(f)~0
ThY,

o(f) = {9(fi, D} [i=0,....7(p) =2} U{{G(1,0)}}

= {G(Fi, Fi)} |i=0,...,r(p) =1} = Z/pZ
“p



Z Z T, 902 =g ng({g(fl,.r,+1)}) =i CHEZoN5.

4

5

AL
L EHART « KFy FHARHFREROMBICRA L TOREE E Ui, KBEEEGD &

T 5BRE DERITEH L L ET.

S 3

1]

2]

[11]

M. Aoki and Y. Sakai, On divisibility of generalized Fibonacci numbers, Integers, vol.15,
Paper No. A31 (2015).

M. Aoki and Y. Sakai, On Equivalence Classes of Generalized Fibonacci sequences,
Journal of Integer Sequences, volumel9, Article 16.2.6 (2016).

R. D. Carmichael, On the numerical factors of the arithmetic forms o™ + 5. Annals of
Math., 15, 30-70 (1913).

T. Koshy, Fibonacci and Lucas numbers with applications, Pure and Applied Mathe-
matics, New York (2001).

E. Lucas, Théorie des fonctions numériques simplement périodiques, Amer. J. Math., 1,
184-240 and 289-321 (1878).

R. R. Laxton, On groups of linear recurrences. I, Duke Mathematical Journal 36(4),
721-736 (1969).

M. Kozaki and T. Nakahara, On Arithmetric Properties of Generalized Fibonacci Se-
quences, Reports of the Faculty of Science and Engineering, Saga University Vol.28 no.1
p.1-17 (1999).

il &, 7 4 Ry FERONFH, HAFERL (2002).

A. Schinzel, Abelian binomials, power residues and exponential congruences. Acta Arith.
32, no. 3, 245-274 (1977).

A. Schinzel, On the congruence u,, = ¢ (mod p), where u,, is a recurring squence of the
second order, Acta Academiae Paedagogicae Agriensis Sectio Mathematicae 30 147-165
(2003).

WA 75, BEm AR, S EE (2003).



&

A

G =X)L DF D% DS

Golden Septet Triangles
He b AR

NERIEDN

201658 H26 H
KT 4 B T ATRER
Eore: RiPN R e S

el




£ = /N T
by RoXZX )LD 1 FE

BE=Ak Designed by H. Hosoya
M X g N \(20‘15)
WA A—TIva s
M X y X
X % J5 +1

=1.618---

T =

2
a=36" =72

y=108" §=18"




RUH Kea v

b 1=



F oy Fr— R B By Fr—






# *EH
);zian






ThHOI Ty hNZX)LD A

/
/ N

82T T I B E R EOR
VY R R 1 T F—/R AL =R/ AN

/INERERE B iz



a7V MoV DIWEATE D

Y70 WEPWSAEOR L&A
v /]

R /
N\ /N

A4 A4

13 16 ?



Convex Configuration
on Nana-kin-san Puzzle

8th International Conference on Fun with Algorithm, (FUN2016)
June 8-10, La Maddalena, Maddalena Islands, Italy

Takashi Horiyama Ryuhei Uehara  Haruo Hosoya
(Saitama Univ.) (JAIST) (Ochanomizu Univ.)



Convex Configurations on Nana-kin-san Puzzle

Takashi Horiyama ', Ryuhei Uehara?, and Haruo Hosoya’
I' Saitama University,
2] apan Advanced Institute of Science and Technology

3 Ochanomizu University



62 Snug Golds of Nana-Kin-San

1262 (4466) 2468 (2468) 2468 (2486)
23792 (27399)
5S-1(#)
(26886) 42682 (44868) 42682 (46488) 24789 (28479)
QLN TN
2483 (28488), 2483 (28488), 26282 (26688), 26282 (26688),
5-10 511 - 5-13 /\
N @ &7 N
L\ L
26282 (28668) 34729 (34779) 34729 (37749) 34782 (34878)
5-14 5-15
(T) *> e sy
// (K) : 1
(M) : YelUER
34782 (38478) 36278 (37668 42682 (44688) P _ _
( ) 47687 (44868) S : mirror symmetric

5-18 5-19 5-20 521 (T) (#) : unique solution
ﬂ @ @ (*) : all obtuse angles
L

47687 (46488) 42682 (46848), 42682 (46848), 4638 (46668),



5-20

5-18 5-19 521 (T)
AN N

26R2
522 523 524
(T) @ 4638 (46686),
4638 (46668), 4638 (46686),
. 65- 2( ) 65- 3& 6-4(#)
23893 (289399)
527282 (557887) 6482 (666688) 07 (667777)

W@ "~ Vm

3
34797 (297499) 347892 (349789) 347892 (379489) 347897 (379948)

347892 (384979) 347892 (394879) 347892 (397489) 46283 (466888h

6-13 ;ﬁ 6-15 7/?5 6-1601 P

46283 (466888), 46283 (468688) 46283 (468868) 46783 (486688),




6-17 (T)

46283 (486688), 46283 (486688); 46283 (486688), 46283 (486868),

46283 (486868), 527282 (575788) 562782 (567886)  S67°8 (567787)

6-25 /\ 6-26 6-27 6-28(*)
Y @
AN
~

6_2] 6'22
(K)

56738 (568777)  S67°8 (576778) 56738 (576877) 63728 (667678)
6-29(%) (T) 7-1#)  (K)
6482 (666688) 348293 (3948899) 468> (4886888)

7-4(*) % 7-5(%) i 7-6(*%) i

5672829 (5788679) 6384 (6686888)  6°7°89 (6778679) 627389 (6778697)



7T BE— A )Ty XA TX A

YA DO & F D4R
% 3 4 5 6 7 8 Zf
A/ AN 1 6 2 4 0 0 13
e = 1 9 2 4 0 0 16
SoF%F—ZX) 0 5 7 8 0 1 21
t4 =)L 0 32429 6 0 62



7T BE— A )Ty XA TX A

YA DO & F D4R
% AT 3 4 5 6 7 8 Zf
A/ AN 1 6 2 4 0 0 13
e = 1 9 2 4 0 0 16
SoF%F—ZX) 0 5 7 8 0 1 21
t4 =)L 0 32429 6 0 62

T, i B4 =] TiL,
M AT IRILNTE 2 D)



CZARX

BT TAEEBVINEO DO E—X
BfA SN =AF0OHEE TTETWVWAHADT,
FHAr BN D XTEDZHEM N RIT TN 5

NS TR TS AT 64 A
BT T A FHATEH ZD20F L2 TE 720

Il V4N a8

NOAGE




R TAETFEVDINE TTE X
< BTN X S EE O
20-7=13 20-4=16
X X
X
X X
X




t£4 = XXV DOIER

T AN F R RN,

ERZRTE LIS T

- fite

(Z] 1EE

TS



TAY DI/ AL A —T—1
FDOMEZ > TWW=  (decimal inch scale)

~

34"



TER I 2 SRt L <

/)

B0 BT AT 7

BREEWEL £

‘é—«

A

TR



Rk 28 48 H 26 H

18 8 0 B T —

~F&E (SAh) ~
ZniE, OAONEY LT HEREDHR

1. BEROZEM OAO

(1) O (F5)
® A-HETHERA
(1) BEHINDH

'ay
St X,

6=3+2+1 7

(1) s B 56

201\ I pstEE  (1817)

G, 1789) < X >

HH
SRR - IR R AL (1894) rEEmErd (b eE, 1843)



@ XhdHA B mEHRHEETEHEEE)
BB LT FRATHT R, [EE 49755887 & /NEFETHT 208 U D H#E 1, B8 E =
Rpv . ISR RN S RN SE L EY (e RS
GEAF, 22 THRY EFSMER T, MBEXOHTTHFENIEL < RoTHET,

[ ]

MoOEHc, AUREEDL45D/NHE, ZNEDTRTOA A
ZEDRKEARD D, PHOERNE 2 D& X B0y OHE
() z2ke &,

(FALLAE, i)

MEE Lot RTCWAETTHEmA/ETLEY, TIEL LWIETY, TUSHED
7 a—N—ff | EMESIZITERENRH D ETA, HEICLTHRAEICLTY, B TR
F 7 R T,

Fix, ZORMBED I > 7= &b 5 RIEDS Al O Fn L E (e A RIRET BIEERE D)
ICHEELE L, ZDELE, AYO [WED I v—1_—] OFHEZHEETBEEL &
Ve Ao ? BT TT-T?2 MR TN TWVET L,

(B—b_= [MFAOEKF] ~%ESR TOAO) 3Lv~)

2



(2) O (F3) &£A (2ANK)
TR OB MR R o 19994, HERSEEOITIC KIFED DI I

Fllc, o0 LETHA ORI, AARESEDEZ G52 THET,

[FIE]
RIE=ZAFO—IDOK S1E, /NE=MAEO 100K S OAfEH,
(EARET AR VA THITR R RS H)

(8) O (F3) &A (AMK) &O (LHK)

Ve HIREEFIX, BTG 9 4F (1876), BT D & X (C
HEOBHANIC THiFA ) 2B L, BT RS
EFTELLDOMAEZIT AN, FiR FFEEET) ©
HIRIZS -0 L2, TOFEOEENS, OAQ
D X9 E—oF ofli o 7o A 24 R RE & A
LET,

[FHE]

SHMHMNETT K =5

B m—T

[ P 728 45 {7

YAqEEe

MRk ] (1877 (W¥H10) )

b, ARTENEDMDREETH Y,
BRI b BURE VN R 2R > TV E,
8 CHRERHRICIE, oL LWHENREINTWDH DO T4,



2. TIYHZEMICLTESNT=-RIRE
(1) &1

EETRED HREIF b B EZEm A 1T, 1893 (B1526) 4FIZZsM S - BAADE LAED
%Diﬁuﬂ?ﬁ%ﬁ%ﬂfwét&>MOT%%#%ﬁ 552 N TEET, KT AL
DENRELL A&, IR FITITMEBIONEZRTeZ & DT 55 Td,

BITEN SR DFHOT N D, T MMEFMIC L TIES LORE (RMICA4) &
TV M > TR T2 2 &N TE LMELREITLET,



(2) HFBIFELGEELLOD,
(B—b_= [MEAOEF] ~%EZR TOAD] 71D ~)

FOEED YL, SKBICHDLH U AR—LVDOEOEEEZRY EiIFEd, 2MEDOEENS
BELOBY ., ZNIEEAEKESOFEBREFOEFE GLatE) ichsr b0 T, 2o~y
R—VOLFEIL, WRIZTRRIT T 2 FERE & & I INER (AARZRET L9700 |MIEFK)
MOHDOYE LI, TETHKEL, TT,

e EAIEE AR Lz TYARIE] Gak 6 47,
1853) (2, FrV EEDORIEMNH > TWET,

HOFEL, ZOMEE (RECEZIMNTIEAN) 25 LEH0
TP, ZhERD L, JUEFOMIEELRHOEE [Fiky
I 2D Z R0 T, 6 DIIEE R IKEL T
METHZENTEETN, EERDLEORNB AT 72> T
WET,

BEMGHARND L) I1C, EEIX, FTBo#o
AR (PO ROEX) 2—T&35 &,

R (FHFRH B E TOES) 112
EVNIBHOD,

IV BITTRTERTH NG, ZERE ANIREES 3
ZEIL R TEERZREBTIIVE, TOLXENLHDOR L
REZTIEEAREIZL > TREY ., ZNOENEIROERITH
feEZEEHT-HLET, Flo T,

(L XOJRIE, AO ESRMBRY 723 I (o%kH)
WZH D)

Zlh. ZORBEITTISLTVWET, BERITHA L ELEL
W, ERECDDIFEADETEITTL X 9D



WOBET., PYAEE] O EEORE106/110038 %12 H 5 MERORE109/110,

B AR OE [FiES 2l R > TnET, RAZBbE 540 DX

1_|_1_|_1 1
2 2 2

&, MFE=R 0. 785398163397448309615660845819875721049294 411 % 5 2 55

|
T |
Z=2w2—-2+ 2+ z+2+—2+J2+ 2+ 2+/2+/2+J§

NNV NN NN
& OBEZFER L7 DX, H)IREK T,

X ORTH L O A OFEIX, TV~ A— L OHRERTH S ] RZER (HRE) o,
2015412 A DEHTY, URFBIEY L7 A =LA TICIRA TR E £,
OOk
LREREROMBITAT 0 RoE E LI,
IHERE etk DLETT



BORER T bz, 1917 4 (KIE 6 ),

A 98 HERID Z & TT,

o (EJIR) & OFEZ - JEOE (e L TR IBZETICEE) 13,
IRl CERRFFROIRNE 25 E (5 18 Bl 1943) L L7223,
OIS L ERNB I TE £,

EARANHAERTRICHKEORTE 2 LD & &, BEOITE BN S O TR,

WO LEX ZBROBEHUIC A > TW T EARNITII- Z 2720,

HRIEH O . L UHGIEE —BRZ O F O RRER O FIZ,
MRFORRT-ZEDN LD £77,

FE% 2 BURMT L ET,

BWBHFErEAx<7EEy, Hig

3. BN EAINI-FEE

RO T D, KIS sttt (ZFRITEAR) OR%EE TR L £,
{EREA O RFRIECEFN VI AR DO RIS, S BORBERH L Z L3 TITHmDH
NTWELER, 20097 A, IBOROEMNFETH L Z LBHTITHR S E LT,
RHEMECIIZ L, hAIcmkiEo BT
o LI TR B, FRICRED N
EEBEITEERICLHRH Y THA, BELUE
BEEL LTRSS RIFSNRTNIERY £EA,

[fHRE]

AL B,
ZTOEIIF1IORDDL E VI,
hE T OFORIELS L x|
Z ORI R 50,

7272 L, HERIZIE 3.16 2 Hu X,

(AR184E =iy I TTRR)

4. OTUITL L
(R—b—=v [HHOEE] ~FEEZIR TOAD) 678£0 ~)
E T RERRE A O R DN RN D, [E I TRIZE S 2 BIRORAEREE ZH
|7

LET, 2720, #n2X [EZhTREZL Y ) WWEKEZELE (3fEoM % 1{#iz) LT
¥4, AW FEEEOEZ BN L TW - iE=s=nwed,



[FHRE]

SR BHY . FOHILEZED SN & EPERO LN
3SR THIDNT WD, E512, Tk H,
XD X HIZHHE 2OMIMNIEE L TERLTH D,

APOPEES5FE LT, Tk Mo¥RzRko X,

(FREFF B fER)

SAEOHROINEIHFE LY 1 HENSFERLS, < THEDLODRWALGHE [Hrox
T, 8 AWIANZIE Y H &M A A2 F Uiz, BVHIEM ST OMkE. ABOMRIEZEZ 252
ZiFtedDTL X 90 (2015.8. 1672)

PR T 2/ML TENONRWONR, GO XZEEHA O [=MAR] . Z O/NGa g
BRI HEE SO T, 2206 L DRENK OFEEZSIHIE W EET,

~ZDHOFHITLD L, BITREYD 5 HT—FIWMADN TN D, MI7EEEE R X 5 78k
NT 5, H—F (i) OB o 9) BAREGEMIE, hORES T TREm A < H2k
FEoTna vy, ~

Z D%, THEPERZHSER -T2 ER, KO SN IEDN DR, I/ﬂ“j‘/l/ Re& g
FRYRORICHA (OFX) ZEFEN LR ENGELNET, GV . —DUBRSHEA A
T, AHENOHIEA~MN ) R THE 728 () DB, £9, E%ﬁ>?>*9%éa>ﬁmﬁf&t
IKHEZEATT,

BEENKT, 2T ERTF Y RXRTF Y ERXLHT-NN, BLILIOFERLIZE b 1o
kmio&EE%@@wﬁ(@t)fﬁmJkwoﬁ)7kk% BT FEO Y — 2,
ESATEH, L THER THEMBERVELTT,

(HE] - & TRES 2] (E—. 1830)

MEmFE] MRskEE] (AR, 1853, 1877)

M=l & Lo Eo Nel CELGHE, & B HARGE 1965)

[ CMmD AAOE L HE]  (GR)N5e, HRALHiR 1998)

MEmoRE] (&5 RMEN R TSR, 1989)

[Computational Programs Related to Paper Crane in the Edo Periodl]
(RiT)I%. 60SME 2014)

[FHEHORDIFZ ) (HiwE—. AARFERIL 2015)

s IR— A= [HADOEF] (http://streetwasan. web. fe2. com/)



http://streetwasan.web.fc2.com/

OSATE AN 2016.5.30

SRS Wi DR

/ANVERL L 2 [HBDOERE GUE 1 ©IF 2 0 Hifkic M)

57 5(2-¢) 5(2-1618) 5x0.382

~ ~0.955
2 2 2 2
u
_5(2-9)_10-5¢p _, 5 145 _20-5-5J5 15-5V5
2 2 27 2 4 4

K1 2HAEDWEE GLE 1 0IF 2 0fikic g

—1

9

(p-1) 5x0618

_dle- ~1.545
— 2 2 2
L S _5(p=1)_5¢=5_5 145 5_5+5J5 10_5V5-5
S o2 T 2 20 2 27 4 4 4

KER 1 21 CGLE 1 oIF 1 2ikicNeg)

(p-1) 5x0618

=1.545

5
5

2
y
(p=1)_5¢-5_5 1+J5 5_5+5/5 10_5V5-5
2

2 2 2 2 4 4 4

KA DO GO 1 oI 2 0 Hifkic M)

327199 _9=200+32_9_(104_16)~ 118 _(16.18-16)~0.809-0.18 = 0.629
2 2 2 2

u
32-199 32 19 1435 _64 19+19V5 _45-19V5

2 2 27 2 4 4 4

1/6



OSATE AN 2016.5.30

Regular Dodecahedron Volume (edge=1)

ok _@(p+2) ¢'+20° ¢'+¢’+¢’ o' +0’+¢’+o
2 2 2 2 Bl 2

Regular [cOsahedron  Volume (edge=1) “

B 500 3074200 (9°+97)07 29" o' 114297
6 6 6 6 6

0 149 0 +(p+ 97 ) (0 +0 ) m
- 6

P+ e+ o +1-(p+g7) aﬁ

- 6

:(04+(p3+(02+(0—\/§ \(

6

¢
k—l
(k:(o2+1:(p+2:(p\/§)
1
Vi
1:x=vk:1 = x=vk'
d k=¢*+1

JE ok
ki —=1:=
\/_ 2 2

TifagE (IE2 OTHfE) DR
2 2 2

247707 Tk 127k 12

kNk 1k
——XVk!' x==—
4 3 12

LA (NERL 1 2 A D AED)

Koy =2k 9 xoJ5 _ 975
12 12 P 2

(k:(p2+1:(p+2:(p\/§)

2/6



OSATE AN 2016.5.30

/MERL ] 2 HADIHREE GLE 1 oIF 2 0ffifkicNBELT\w»3)

3 —4 -3 —4 —4 41, —4 2 —2 _ _
(p_kx((p,2)3+(p ko p 9 k+207k _o ko+2) _¢7'k-k_¢”x5¢* 597 5(2-¢) 5(2 1.618)z5><0.382z0.955

2 12 2 2 2 2 2 2 2 2
5(2-¢) _10-5¢ +V5 20-5-5V5 15-5V5
2 4 4

2 2

S—EXI
2

IEAEomEHL
3(1+9)+9 =30 +9=2¢0"+¢’ =9’ +¢"
=9’ (1+¢°) =97k

S (IE2 OMiR) OFkE

k0 @
=L L o%k=1
12 ¢ 12

-2

K1 2HEDHERE CUE 1 DIE2 0HEEICHELT VL)

k_2_(0__2><20:k2_10(l,—2 =5§02—10g0'2 =5(p2+5(p'2—15(p"2 25((p2+(p'2)—15(o‘2 :5><3—15(p‘2 :15(1_(0_2)
6 12 6 6 6 6 6 c
_15¢" _5¢" _5(p-1) _5x0618 _
6 2 2
_5(p=1)_Sp-5_5 145 5_5+5V5 _10_5V5-5
2 2 27 2 2 4 4 4

[d—dD1FE 2 0 A ICNEE LTw a/NER2IHE & RI2HEEOEREIZESHE 52, $7-. £l
HobEBHE R B,

-2 -1
IR 2T kO KEE | K12 EOKE — — 5? :5"2’ “1:g

REM 1 21 CIE10IE] 2HEEICHELT L 2)
F2 0mfko&Amic =M (EUEREOEZIDHAL @ ¢) 3ffvTw3, TH

3/6



OSATE AN 2016.5.30

2

LD 2 0WEOLLE ¢ o, Kz 2 x(p) =22

6
2 2 2 2
edge=1 go—:lxﬂxlxﬂxl ¢—:—3xﬁ :('0\/5:(0\/§
24 2727273 24 4 3 2% 3 6
2
edge=¢_l hz(p—\/gxq)_l=(p—\/§
6 6
mipmopsn L3 93 _od3
2 6 3
Y 2J3 3 1 ¢
FE85y D A -ﬂiﬂxf%:xg=%z M AER 2@EE Bl Fod

KB 2HiAOHET 1 LK)

-l -1 -1 -1 -1 -1 _
S @ o 30" 1097 159" _5¢7_S(p—1) _5x0.618
6 12 6 6 6 2 2

~1.545

Ho 2
1F 1 21k (edge=1)% 1 2253 #3 2 FHAEOE S

Hop 2T LT 5 IEAAHEIIE2 0fifk(edge=1) LML 2D T, HEp & FRIF M

p=~k"' Volume = %

FRLOHERT Y, #op Z ERA)2 S, IE2 OHEDOHEMDOFEZ G b D

Lo Nk oK o oK) g i (Bp+2-9-2) 209Nk
2 2 2 2 2

kk 1k

Volume = —x k™' x—=—
4 3 12

4/6



OSATE AN 2016.5.30

edge:\/z
AXDEHE DR (P_2+ :(02+2(0:(03+(D:(P((P2+1):¢_k
27T 2 2 2 1
edge=¢ 1
2
(pkxq)\/k‘l = ¢ ;/E (p—l
ok 1 Nk
A DB fF—>DE X edge=¢@ : XEZT
Hij AN -1 \/; 1 (p71 k
NI K 1 2 EEOBOME (CHASAY) O 90X X o=
E‘Tj ﬁ%@ 1 Zﬁﬁg@ﬁf—)@%ﬁ /k—l +(p—l /k_l :\/F(l-l-(p_l):q)\/k__]

W R 1 2 RO f & 3 DB EE "’_f <ok x%: é

KER ] 2 itk 2 (51 2 5)

3 3 k(p*-2)-5 “1)-5 & 1)-5
Ok 1 o ko 9% 5 2k_K@'=2)=5 k(2p-1)-5_klo+e")
2 12 12 2 2 2 2 2 2
-1 _
_kf5-5_5p-5_5¢" _5(¢ 1) _5x0618 _ o .
2 2 2 2

1E1 21HfAEIE2 OMIRDARNEL WE &

1, NEEL T2 RER ] 21HAF & K1 2HAEOFHIEIZEL k5,

2. MEZLTWw A REM ] 21 E K1 2HEOEREELIF ¢ : 1

3. NEELTWw 3 KREM ] 21tk & /NER T 2 ifARDEEIE ¢ 1 1

4, NEEL TV RER T 21k & /ANER 1 2 ko RmEEIE ¢ 1

(KER 2HAORIZIE 1 2HETT, K1 200k ENER 1 2HEOHIZIE 2 0 HEATT, )

5/6



OSATE AN 2016.5.30

K2 01iADHR GLE 1 oIFE2 OFKICHELTWV2)

INEALT 2 HEDEEED & R DOERE Bx60 (5x12=604K) Z5[\/db DIz 3

—2

-2 —4 5 *2_2 —4 + -1 -2 _ -3 -5 -2 -4 -5 2 -6
07 pgo 30" 05 507207 (0+gT) 57297297 3974297 -2¢" 37 +2¢

2 12%5 2 2 2 2
_32-0)+2(3-8p) 32-199_9-200+32_¢_200-32_0_ 1, 16) 1018 (1615 16)-0809-0.18 ~0.629
2 2 2 2 2 2 2
_32-19p 32 19 1445 _64 19+19V5 _45-19V5
T2 2 27 2 T4 4 4
o°V5

LD NERL 1 2 HEE D AED)

12

ERfABOmEL - ¢%: 1

-3 -3 -3 -6
W (ELf L) off A — A:%+¢2k:g102{§: ¢25 _2_
P’k 120°-9J5 12

KA FS=w (EAATBZOXNAMTOERAEZLD) — - (p“’\/?
RATMOGHWI3 4 8 JiTB 75 DT
IS=¢” Fr=¢" = TG=FG-FT=¢ ' -9 =¢° = TS=TG .. LTGS=45

R AMEONESLE (FERMAK LR - 58) GS=y —  y=¢ 22
EMTAMEONEHLE (FRARSMH - FH+KE) GR=x

UR=UG = x*=(UR)+(UG)'=2(UR)’ = x=URx~2 —(1)

1:¢%dm(¢—UGﬁim(¢—UM:ﬁ—%= UgR::¢%dm=¢—UR::¢%dm+UR=¢,J
¢ 9-
UR(go2+1):(p = UR k=¢ = UR=9-k' —>(2) — 2)=(1) x=¢-k'\V2
‘ X L, kN2 ot 9t 97 5
— DI B B=AxZ=Ax =P ok == -
WEEORHE — y o2 12 12k 12945 125

6/6









International Conference on
Fibonacci Numbers and Their Applications

ElFE?

http://www.mathstat.dal.ca/fibonacci/



http://www.mathstat.dal.ca/fibonacci/

« 2016: Caen, France.












18th

2018
























O0O000bO0o0oobOoooDboooooMbOOONOO
0000000000000
2016 0 80 260 0000000000000 1400000

MOO,NODOOOO
g0 ¢g=1 (mod 4)00000OOOOO.

1 1- n_ gr
a:+—\/a, B \/6 oon ana 6 Nn:a”—f—ﬁn
2 2 NG

(nOOD)O0OOOO.

MOOOOOO
Mn +Mn+1 :%{(O{n _ﬁn) + (an—i—l _ﬁn+1)}
:%{a”(lJra)—B"(lJrﬁ}
b2 470 onggz 49
- ton(et = ) - - 1))
_ 1 n+2 n+2 q_5 n_ an
e T B )
—Mn+2_¥Mn
gooon
qg—1
TMn + Myy1 = M, 4o.
NOOOoooo

Nn +Nn+1 :<an +Bn) + (an—i-l +ﬁn+1)
=a"(14+a)+6"(1+ 5}

—an(@? - T2 4 g - 1)
n+2 n+2 q_5 n n
— (02 4 g2 - 10 4 )
-9
- n—|—2_qTNn-



goooo

—Nn + Nn+1 — Nn+2~

qg—1
4
MOO
MO 07
M, =1,
My =1,
3+q
Ms = =,
1+¢
My =——,
54 10q + ¢°
My=—""
3+ 10q + 3¢*
Mo = 16 ’ 3
7+ 35q +21¢% + q
M, =

64 ’

NOO
N0:2,
N, =1,
1+gq
NQ_T,
14+ 3¢
N3 = T
1+ 6q+ ¢°
N4:T,
1+ 10q + 5¢>
S TR 3
1+ 15q + 15¢* + ¢
Ng =

N7

32 ’
1+ 21q + 35¢ + 7¢3
- 64




MOO,NODOOOD

1+ 1— 1
0o a:—jng%: 2¢?q4 —r000.

ool MOODOOOOd
Mm+n = MmMn+1 + rMm—an-

002 0000
M_, = (—r)""1M,.

oo 3

(a) AA+A6+A@+~-+Mg:;wﬁH—1%

(b) My — M+ Mz —--+ (=1)""'M, = (-1)" (’" — i) My, + (-=1)"* (

rMy =Ms — Ma,
rMoy =My — M3,
rMs =Ms — My,

r M, :Mn—l—Q - Mn+1-

ggobobooooboboo,gooboboobooaoan

r(My + My + Mz + -+ -+ My,) = My 1o — Mo,

1
M1+M2+M3+--~+Mn:;(Mn+2—1).




(b) Sp=M; —My+ Mz —---+(=1)""'M,000.

Mo =M, + M1+ (r — 1) M,
Sp =My — My + Mz — -+ (=1)""*M,,
=My — {Mo+ My + (r — 1)Mo} +{My + Mz + (r — )My} — - - -
+ ()" M Mo + My_y + (r — )M, 5}
=My + (=) M, 1+ (r —D){M; — My + Mz — -+ (=1)"" M, 5}
=1+ (=1)" " Mp1 + (r = D){Sp — (=1)"*Mp 1 — (=1)" "' M, },
(2 =), =(=1)"(r = )My, + (=1)" " - rMy_q +1

r—1 T 1
S, =(—1)" M, + (-1t M, 1+ —20
( )<2—r> +(=) <2—r) 1+2—r
O1
(@) My+Ms+Ms+-+ M L) Moo+
a n—1—\ 5 n ~/a N n
1 3 5 2n—1 o 2n+2 22— 1) 2
T r—1
— My, —
TP RS R oy
1 r—1
b) M- M. M, oo+ My, =[(—)Myy9— ——M>,
(b) 2+ My + Mg + + Mo (2r) 242 22—1) 2
T 1
— Moy — ——.
+2(2 —r) n—l r(2—r)

004 MOOODOOOOO -0000000
My Mgy — My = —(=r)""* M2
aad s NOOODOO
Novin = My Nyy1 + 7M1 N,,.

oo 6

1 1+
(a) N1+N2+N3+"'+Nn=;(Nn+2—Tq>

1
:—(Nn+2—27’—1),
r

@)M—M+m—m+emﬁm44weibm+ew*QiJMH

1-—2r
2—r"




0 2

Nop—1

1

1 r—1
Ny + N3 + N, e+ Nop_1 = =— | Noy, —— Ny,
(a) 1+ N3+ N + + Nop—1 <2r) 2+2+2(2—r) 2
r r+1
_—N’I’L— _—7
2(2—r) 2n—1 r(2—r)
1 r—1
b) No+ N4+ Ng+---+Nog,, =|—| Naprg— ———No,
(b) 2+ Ny + Ng + + No <2r) 2n+2 22—1) 2
r 22 —2r —1
—— Ny, _—
+2(2—7°) 2n=1 r(2—r)
oo v NOOOOOOOoO -ooooooa
Nn—an+k - Nn2 = (_r)n—k ’ quQ-
oo 8
(CL) TMn—l + Mn+1 - Nn7
(b) TNp_1+ Nn—|—1 = an
oogo9
1 2
(a) Mn2:_N2n__(_T)n=
q q
(b) N2 =qM,*+4(—r)",
(C) MTLN’TL:MQTM
(d) Np?= Ny, +2(—1)",
(6) MnNnJrl - M2n+1 - (_T)n’
(f) My 1Ny = Moy 1 + (_r>n,
(9) NuNpy1 = Nopgpr + (=1)".
oo 10
1 r—1 T
M+ Mo? + M2+ -+ M, = —Nopyo— —— Nopy + ———
(a) 1 Mem A MsT + 2qr n+2 2q(2—r) 2 +2q(2—r)
22 —92r —1 2
r r B r {(—r)"—l},
qr(2—r)  q(r+1)
1 r—1 r
) N2+ N2+ N2+ 4+ N2= —Nypoo— ——Noy + ——— Ny,
(6) NZ4No™+ Ng" -+ DT T B B o B R

Pt it O 2741){(_74)“_1}‘

r(2—r) (r+



00 (a) 00 9(a)00

> My? Zész@ —SZ(—T)k
k=1 k=1

k=1
0 2(b) 00O
1 r—1 T
—— Njpjs— =Ny + ——— Ny,
2qr 2n+2 2q(2 — ) 2n 7+ 2q(2 —r) n—1
+2r2—2r——1 2{(—mn+1—(—r)}
qr(2—r) q (=r)—1
1 r—1 T
=—Nopio— —— Ny, + ——— Ny, _
2qr 2n+2 2q(2 — ) 2n T+ 2q(2 —r) n—1

L1 mkjﬁ_ﬂn—l}ﬂ

qr(2—r)  q(r+

00 10(d)0000 ¢=5,r=10000

1 1 1 1
M12 -+ M22 + M32 + 4 Mn2 :_N2n+2 + _Nanl - T _{(_1>n - 1}

10 10 5 5

NOOOODOooOo

1 1 1

=— (Lo, Lop_1)— = —=<(-1)" =15,
10(2+2—|— 2 1) 5 5{( ) }
1 1

=—Lopy1 — =(—=1)™.

~Lonsa = (1)

oo

A Lopyy = LyLyyq + (=)7L,

B 2Lony1 = Lyi(ny1) = LnLnt1 + 55, Foiq
oo

B—A= Ly, 1 =5F,F, 1 —(—1)"!
ooooo

Pl = éL2n+1 - é(—l)”,



00000 10(a)0 ¢g=500000000000000O000OO.

oo 11

M, N, + M, Ny, = 2M 40,

My Ny — My Ny = 2(—1)" My,
Ny N, + gMy, My, = 2Ny,

Ny Ny — qMy My, = 2(=1)" Ny .

~~ o~ o~
St Q
- =

S

oo 12
NmNn—l—l +7rNp—1 N, = qu+n

a3

((1) Mm+n + (_T)an—n = MmNna
(b) Mm—|—n - (_r)an—n - MnNma
(C) Nm+n + ( )nNm—n = NmNn7
(d) Npin — (=7)"Np—p = qM,,, M,,.

—-r

oo 13

(a) (M, Myi1) =1,
(b) (NmNn—H) =1L



o0

MOOONOOOOOOOOoOOoOoODoOooooooooooo
ooood



RECIPROCAL SUMS OF SEQUENCES INVOLVING BALANCING AND
LUCAS-BALANCING NUMBERS

TAKAO KOMATSU

ABSTRACT. Many authors studied bounds for reciprocal sums involving terms from Fibonacci
and other related sequences. The purpose of this paper is to provide bounds for reciprocal
sums with terms from balancing and Lucas-balancing numbers.

Key words: Balancing and Lucas balancing numbers, recurrence relation, Binet form.
2010 Subject classification [A.M.S.]: 11B39, 11B83.

1. INTRODUCTION

A positive integer x is called balancing number if
1424 +(@—1)=@+1)+ -+ Hy—1)

holds for some integer y > x + 2. The problem of determining all balancing numbers leads
to the Pell equation 32 — 822 = 1, whose solutions in x can be described by the recurrence
B, =6B,_1 — Bp—2 (n>2) with By =0 and B; =1 (see e.g. [1, 2, 12]). Balancing numbers
have been extensively studied by many authors. Karaatli et. al [11] expressed the positive
integral solutions of a Diophantine equation in terms of balancing numbers. Liptai [8] proved
that there is no Fibonacci balancing number except 1. In [13] the period, rank and order of
the sequence of balancing numbers are studied. One of the most general extensions of the
defining equation of balancing numbers is the Diophantine equation

bt @) =@+ D) e+ (- 1),
where the exponents k and [ are given positive integers. In [9] effective and non-effective
finiteness theorems for the above equation are proved. In [6] a balancing problem of ordinary
binomial coefficients is studied, and effective and non-effective finiteness theorems are given.
Further, C,, = \/8B2 + 1 is called the n'* Lucas-balancing number [12], and these numbers
satisfy the recurrence relation C, = 6C,,_1 — C,,_o with initial values Cy = 1,7 = 3. The
Binet forms for B,, and C), are respectively

_an_ﬁn

n n
B, — o, =4 +h

42 2
where a = 34+ 2v/2 and 8 = 3 — 2v/2. The balancing and Lucas-balancing numbers satisfy the
identities
Bn—an-H“ = BEL - Bzy Cn—rCn—i—r = CVQL + Cz -1
for n > r respectively. In particular, for n > 1 we have
Bn 1Bpi1=B2—1 and C,_1Cpyy =C2 +8.
The identity
By + B3+ -+ Ba,—1 :BEL
gives
By, 1= B2 - B2 |.
1



The proofs of the above identities are available in [14]. In the subsequent sections, we shall
use the above identities without further reference.

The intention of this paper is to develop certain interesting bounds for reciprocal sums with
terms involving balancing and Lucas-balancing numbers in some combinations.

The reciprocal of partial infinite sums of reciprocal Fibonacci numbers has been extensively
studied by many authors (e.g., see [4, 5, 7, 10, 15]). In [3], the following identities are shown
for generalized Fibonacci numbers G,,, defined by

Gn =aGp_1+ Gp_2 (n > 2)7 Go=0, Gi=1,

where a is a positive integer. If a = 1, then G,,’s equal the Fibonacci numbers. Throughout
this paper, integer part of a number is denoted by |-].

Proposition 1.1.

-1

=1 Gn — Gn_1 if n is even and n > 2;
b |(Sd) |GG i

i Gk n—Gpo1 — ifnis odd andn > 1.

-1

=1 aGn_1Gp —1 ifn is even and n > 2;

e Uk abp—1Gp if n is odd andn > 1.

© -1
(3) (Z ) —Gon—Gona—1  (n>1)

iz Gok
(4) <Z a > =Gop-1—Goam-3 (1 >2)
| \i=n 2k—1

oo 1 -1
5 —_— = Gan_1 — Gan_ n>1
(5) <§ G2k—1G2k+1> dn—1 An—3 ( )

o . -1
6 - = Guni1— Gapn_1—1 n>1
©) _(,;I GQkGQk—I—Q) * ! ( )
(7) <Z G2> =Gyp-1—Gyp_3—1 (n > 1)

k=n 2k
(8) <Z G2> =Gn-3—Gi-5  (n2>2)

k=n ~ 2k—1

oo 1 -1
(9) <Z ) =Gin—2—Gap-a  (n>1)

= Gak1Gay,

In this paper, we shall show some analogous results for the sequences of balancing and
Luca-balancing numbers.



Proposition 1.2.

. -1
(1) (Z 1k> =DBp—Bp1 -1 (n > 1)
k=n
© 4 -1
(2) (Z 2) =B, —Bj 1 —1=DByy1-1 (n>1)
k=n Kk
00 1 -1
n =B,By+1 —Bp—1B, -1 >1
(3) (; BrBris ) +1 1 (n>1)
L . B
(4) (Z C’k) = Cn - Cn—l (n > 2)
k=n
>~ q -1
(5) (Z C2> =Cr—Chy (n21)
k=n k
00 1 -1
=CpChy1 — Cr1Cy +1 >1
(6) (; CkaJrl) CnCny1 — Cp1Cy + (n )

2. RECIPROCAL SUMS INVOLVING BALANCING NUMBERS

In this section we will establish bounds for several reciprocal sums involving balancing
numbers. By using the bounds, we obtain the results in Proposition 1.2 (1), (2) and (3).
The following theorem gives sharp bounds for reciprocal sums of balancing numbers.

Theorem 2.1. For any positive integer n,

1 <§: L 1
Bn_anl b—n Bk Bn_anl_l.

The following theorem provides sharp bounds for the reciprocal sum of squares of balancing
numbers.

Theorem 2.2. For any positive integer n,

o0

1 1 1
< — < .
Bon—1 k:z: B% Bop—1 -1

=n

The reciprocal sum of products of two consecutive balancing numbers has analogous bounds.
The following theorem is important in this regard.

Theorem 2.3. For any positive integer n,

1 _ i L 1
Ban—H - Bn—an k—n Bk:Bk+1 Ban—H - Bn—an -1

The following theorem can be proved in a similar fashion. However, the bounds are not as

sharp as those in the previous theorems.
3



Theorem 2.4. For positive integers n and r > 3,

o0

1 1 1
Br —Br <Z§;<Bg—(3n_1—1)r‘

n—1 k=n

3. RECIPROCAL SUMS INVOLVING LUCAS-BALANCING NUMBERS

In this section, we shall establish certain bounds for the reciprocal sums involving Lucas-
balancing numbers. By using these bounds, we obtain the results in Proposition 1.2 (4), (5)
and (6).

The following theorem provides sharp bounds for reciprocal sums of the Lucas-balancing
numbers.

Theorem 3.1. For any positive integer n > 2,

The following theorem provides sharp bounds for the reciprocal sum of squares of Lucas-
balancing numbers.

Theorem 3.2. For any positive integer n,

1 <§°: 1 _ 1
CR-Ch +1 —C Ci-Chy

The reciprocal sum of products of two consecutive Lucas-balancing numbers has analogous
bounds. The following theorem is important in this regard.

Theorem 3.3. For any positive integer n,

1 - i L 1
CnCn+1 - Cnflcn +2 k—n, Ckck—H CnCnJrl - Cnflc'n +1 .

The following theorem can be proved in a similar fashion. However, the bounds are not so
sharp as compared to those in the previous theorems.

Theorem 3.4. For positive integers n and r > 3

[e.9]

1 1 1
G (e LD D¥e N ¢ o

k=n n—1

4. SOME MORE RESULTS

Using the techniques of last two sections, one can establish the following results for balancing

and Lucas-balancing numbers.
4



Proposition 4.1.

-1
o0
1
(1) (Z B) = By, — By, _9—1 (n > 1)
iz, Bow
[ee] 1 -1
(2) (Z 3 > =By 1—Boyp3—1 (n>2)
i— Dok
[ee] 1 -1
(3) T = B3, — B3, 2 (n>1)
i kz_;l Bok—1Bak+1 n n=2
[ee] 1 -1
(4) TN TN =B}, -B3, -2 (n>1)
[e’¢) 1 -1
k=n " 2k
[ee] 1 -1
(6> (Z B2 ) = B%n—l - B22n—3 —1 (n > 2)
k=n = 2k—1

Proposition 4.2.

~ 1
(1) Z C;) = Cop — Cop_g (n>1)

~ 1
(2) Z c ! ) = Cop—1 — Cop_3 (n>2)

1

(
(
(
(
(

-1
) =C2 —C2 ,+8 (n>1)

~ -1
1
) =, - +8  (n>1
Z 02k02k+2> vl enel ( )

0o -1
1
2 02k>

-1
2 ) = CZanl - 0227173 (’fL > 2)

5. RECIPROCAL SUMS OF BALANCING NUMBERS

We shall show several results about alternating sums of reciprocal balancing numbers B,

and Luca-balancing numbers C,,.
5



Theorem 5.1. Let 1 be a fized positive number. Then for n > 1 we have

0o —1
1
(Z Bm) = Bin — Byn1y — 1, (5.1)
—— = Cip = Clpn_r) - 5.2
(Z Clk) in = Cln—1) (5.2)

Theorem 5.2.

w 71 . .
Z (—D* ) Bn+ Bn if n is even;
By, | =By +Bu1+1) ifnis odd.

Theorem 5.3.

— (—1)* - BZ + B2 if n is even;
Z _ n n—1 )
B? —(B2+ B2, +1) ifnis odd.

Theorem 5.4.

] k -1 . .
Z (-1) ) Bop + Bap—2 if n is even;
= Do —(Ban + Ban—2 +1) ifn is odd.

=n
The following odd case can be proven similarly, so the proof is omitted.

Theorem 5.5.

0 k -1 . .
(-1) _ ) Bont1 + Bap if n is even;
= Bakt1 —(Bany1 + Ban—1+1) ifn is odd.

If two consecutive balancing numbers appear, we have the following result.

Theorem 5.6.
o) -1 . .
Z (—1)k | BuBny1+ Bu1By, if m is even;
“~ ByBj+1 | =(BnBng1 + Bu_1Bp + 1) if nis odd.

Similarly, we can have the following results.

Theorem 5.7.

-1
B3, +B3,_, if n is even;
| -(B3,+ B3, ,+1) ifnis odd.

=~ (—1)k

-1
i (_1)k _ B%nfl + B%n,g; if n is even;
k=n B22k 1 _(Bgn—l + Bgn_g +1) ifnis odd.

~1
i (—1)k B3, + B3, ,—1 ifnisecven
P Bok—1Bak+1 —(B3, + B3, ,) ifn is odd.
] 6




[e.e]

(o) |

For Lucas-balancing numbers C),, we have the following corresponding results. Notice that
C), satisfies the recurrence relation C,, = 6C,,—1 — Cp,—2 (n > 2) with Cy = 1 and C; = 3.

(-D*

By Bog 2

B3, .1+ B3,_—1 ifnis even;
—(B3,41+B3,1) ifnis odd.

Theorem 5.8.

{

Cop +Cop_o—1

m _1 . .

Z (—1)* _ Cp+Cho1—1 ifn is even;

= Cr —(Cp+ Cr_1)  ifn is odd.
-1

i (_1)k _ C% + 0571 —1 ifn is even;

k—n Ci | =(C24+C2)) ifn s odd.

if n is even;

Co —(an + Cznfg) if n is odd.
-1
i (—1)F ) Copp1 + Cop1 — 1 if m is even;
P 02k+1 _(CQR-H + an_l) ifn s odd.
i (—1)’“ - GG +CraCp — 1 if nis even;
= CiCria | = (CuCrgr + CoiCr) i mis odd.

{

02271 + C122n72 -1
_(02211 + C22n72)

if n is even;

if n is odd.

~1
i (-D* _ C3,_1+C3,_5—1 ifnis even
k=n C —(C2,_,+C2 ) ifnis odd.

(e
k=n

02211 + 022an -

1

if n is even;

_1)k

) 1

k02k+2

- (C22n + C22n72)

{

C3i1+C5, 1 —1
_(022n+1 + 02271—1)

if n is odd.

if n is even;
if n is odd.
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abenacci #{& abelucas #4

)l ok
PRATE

HA7 1 R+ y FHEE 14 0AHEES
REEBR KBRS v v/ R
2676/08/26
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HEBY7: Fibonacci # Fp, (&, ¥1HA{E% Fo = 0,F; = 1 & 9 2 #{E=X
Fne2 = Fnea + Fn
TEHINS.
0,1,1,2,3,5,8,13,21,34,55,89,144,233,377,610,987,1597, . ...

E#RIC Lucas 1 Ly 1&, B UMb Lyso = Lnst + Ly 567 9 #4088
Blo=2L1=1%%-THINELTEXS.

2,1,3,4,7,11,18,29,47,76,123,199,322,521,843 1364,2207, . ..
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INSOHIICEAL T, FEICZCOUENMHONTWVS.
(B72YAID & 5> TKER) EEHRAFERDERT

Fn, Ln € Z, Fn+1 > Fn > 0, Ln+1 > Ln > 0 (n > 0) (1)

de Moivre-Binet D A3

sl ) e
(2)

1+2t
_t_tz Zm et ZLnt” 3
LEDIBER (FHELL & DEE)
Fnim _ (1+ \/B)m lim Lnim _ (1"' \/E]m

lim 4
N—oo Fn ( )

2 2

n—oo Ln
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Cassini DA FEODBARAK NnIZH L,
I:n—1|:n+1 - Fr21 = (_1)n’ I—n—ll—n+1 - Lﬁ = 5(_1)n+1‘
HERAFRR

Fno1+ Fnsi = Ln, Lno1+ Lnsr = SFn.

IMERR

Fren = FoeaFn + FmFno1, Lmen = Fmealn + Fln-1.

Bt pAEFRHETS. p=+1 mod 5D & &,
Fn+p_l = Fn (mOd p)’ Ln+p_1 = Ln (mOd p)
p=+2 mod5®D¢& &,

Fnip+1 = —Fn (Mmod p), Lnipr1 = —Ln (Mod p).

()

(6)

(7)

(8)

(9)
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BEIC 2N FE TICH K4 72 Fibonacci LD, 53R, —fik1bidE %
5NTW3.

5 1 : —#% Fibonacci 2% or —#% Lucas # #HEE=—MRICT S
(—#% Fibonacci #?) . #iltX£

[Fn+2 =Fn1+Fn= fho=af1 + bfn)

&9 % (—# Lucas #1?2) .
{5l 2 : Fibonacci ZIEX de Moivre-Binet DR H 5 D—AZ1L.

) (=) = {0 - (=)

{5 3 : tribonacci #l (&&1L) E{ERXDIEF ZE .

[Fn+2 =Fpi1+Fn= Tz =Th2+ Tna1 + Tn]

5/23



fEE D Fibonacci 21D — R D FiE AR =
(1) £k L =B AKX EABIC LIMRENRVLR

FEWEERL , TEW—/&b] %5 1E@E D Fibonacci #UCEE L T
YN DEARDIELUNEDEIAR S SAKRYII>TIEFLL.

U

O L BMICEE D Fibonacci BOEARDELN =< SAKY L
TIERWIIDIFE, TEWELL , TEw—i&ibl .

(2) L L B ARD RIS B M HE B S A I DA VS

NRDIEBBDO A S 7 ) PEEFbHISARVWT E. BICWAIE, {5
D DIERASTARPE E L topics & BBE T 5 —HRIEABRL L.
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S0, ZOBERE (BM7Y)) 7 79 % & BN 3 Fibonacci 21
(B Lucas #) O—ibtx5%2, ZDHEMEES5Z1D5ZENTE
=. SBIEZED—EEHHEICFE L=V,

UF,fHleLT, SEtoR<HAMONH BEOIERATEES
#75|) T 3 tribonacci £

Thiz=Thia+ T+ Tny, Te=To=Tz=1,

EHROICEET 2 EICT B.

ZDILRDRANDEIE AT R (BHEEGRAME) ARYILLR
WwZe& (fatm?) .

U
BERIFESZHIERNOEMELER 13- 12— 1- 1= 027" abelian Tl
WS (ATREBARBOSBEOALLD) .

2 RZIERIZLT abelian DT, 2 F TOEELREEZTWS

7123



iR R
[ BHZIERN abelian ICR2 LD ICEBETNIELW? ]

FITHH—EBED Fibonacci, Lucas 2 BWH L TH 5.
E3CE

_2cod 2 _1+ 6 _2c0d 2 _1-V5
57 )7 "2 57) "

IFREL L.
FLZIZIT2EHD n REEWHR (X Y) & NRRFFFHR
pn(X,Y) =EZ 5.

hn(X, Y) i= X"+ XY + XT2Y2 4 X224 XYL yn

Xn+1 _ Yn+l
5 )

Pn(X,Y) := X"+ Y",
BT QEHOEANHR) : ei(XY) = X+Y, ex(X Y) = XY.
INS=FBHEONMRAIL, WHRHERICHE W TIHEBICERHWND
FOREEIZRT.
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& > T de Moivre-Binet D/AR, & Y, Fibonacci, Lucas #& 2 Z#®
NRELSHFRR ha(X,Y) & nRARFFHHR po(X,Y) ERVD &,

Fn+1=hn( 2cos( ) zcos(gn)),
Ln=pn( 2cos( ) 2cos(§

EEITS.
oFY,
Fibonacci #l —= T2 WM S IER DIF5E,
Lucas #l = NI ZIER DFFIRE,
EHBHED.

BL, 2T TWHHEIKEE & 4 DRFRZIANICH % abelian 72%
BRXOBERALLEEETEDET 3.
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abenacci #{¢& abelucas #K
EIF I NIF TIEFZL (Stilring MFDRIDE &7 51% Fibonacci
BIcHR->TLED) DT,

o f(X) € Q[X] DENF KD Q EDIEARREE 2 Ak,
o TEWFZIER DIFIK1E (Fibonacci) (& 1IE1& B A IER A ZE#05

EVWIERBERED.

INSDRUEADEOEER (Q LDEFRMBIEE) 2 AL
T, r EH n REENMEEN

hg)(xl ,,,,, X) = Z Xip - X, = Z X‘]'-l__,x;’r

1<ig<-<ip<r vi+-+vr=n

ERFANMLIRN
p|(1r)(X1 ..... Xr) = Z Xin

ERHWT, RO & S 7% Fibonacci MDILEREZ Z 5 DIZEARTH
%9.
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abenacci #{¢& abelucas #K

Definition 1
QD r REER f(X) = (X—a1) - (X—ay) € Q[X] ICDWT,

edeg(Qay,...,a)/Q) > 2,
e Gal(Q(a, . ..,ar)/Q) I& Abel &%,

PR YIIDE$ 3. 22T

FO(f) := b, ..., ar),  LY(F) = prlas,. .., o),
Eb=E,

FO() ez, 1<FP(H) <FY () (n=1)

Yo e &, FO (), L) #2heh (f (BT
%)abenacci #1& abelucas #LEERZ &1CF 5.
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cosine abenacci #{& cosine abelucas #X
#51C typical example & L T

f(x) = (x+ ZCos(zfzrl)) e (x+ Zcos(Zrzj: 1))

ELiEE,

2nar 2
) ._
Folyi=hn (—2 COS(Zr—Jrl)""’_Z cos(2r " 1))
2nr 2
LD .= py[-2 =2
n p”( Cos(2r+1)’ : Cos(2r+1))’

ETB (59D EEECEREZERATERSRZN) |

Z % cosine abenacci #1 & cosine abelucas #{ & MR T & 12T 5.

FO —Funl@ =L, e TR T EICER.

n+l —

Theorem 1
cosine abenacci #l & cosine abelucas £ Fﬁ?l, L") 1% abenacci £

& abelucas TH 3 (i.e. (FO) o (FEBEAIER D HKI).

+
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CDEBTIIEEERLELEFEN, BICZOBETINIE
Fibonacci, Lucas #I0IEE ICE WL, HAW—&I{ETHZD Z &
(BRERBVIC) HiF S B,

(1) "FEE DO —Mim & ADARDER (BGR) NMEA D=

L L= ONMZERNI, FFEICELT, EEICSZLOAKN
MENTWS, K> THER FICEER L YiIEHEZIER D abelian

1272 %) EOEANEMEENRIHEBO—KEmN ORI &M, £
TERMEFOHRINMEE AL ARDOEEGRI OHRED ZENHFIN
5 (2L CEEICZEHITHB) .

DX Y @EE D Fibonacci, Lucas BUICDWTDERAKXDAZ V) D
ZLIETDZODE®RICHET B.

RQEARDZ—MILEBZICITASR

STERFRNIE—1TE O Schur KB TH B Z EITEREL T, Thi
& V) — R DFFFERIFREEL (—1T7EL D Jack, Hall-Littlewood,
Macodonald, Koornwinder, etc.) ICEE#A < 13?2
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< |3 Fibonacci I S BFE L 2D, — BRI EZREFEHER
((£2) R Abel HRADEE KA L HHEOHR]

EWVD RBIRBITWY F Wi,
INIFETHEBBMREZDTET—ITH5.

o Abel AR DIROEAFITN (FE) ICAT2HREEH 2
(Kronecker &RAIEA{BRASE) . LA L, RERTFXPARFEHR %
RO RMHEGER E A EDOEER (H 2 \WIEFEER) OZDOHE
HIBMEREVNDIDIE, CNETRLKBEETH-=?2 2hbH
HRNICEERETHL2AREES+RICHEDEEZIONS.

o — A THEM AL Fibonacci, Lucas #UIC D WTIZFEEICE < O
TR INTE/ . PZICFH A~ D abenacci 8 (L VW —#f&IC Lk L
ZDoDERDESR) ICEALTH, BED Fibonacci 8 & BH#kIC,
< DR%= T BMELIH B EHEFINS.
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BROTESHIIHEHLFENRT, r =3D & =D cosine abenacci #&
cosine abelucas %}

FO = (@), LY :=p(@pB7).

BL,

6 4 2
a'=-2 cos(?n), Bi=-2 cos(?zr), yi=-2 cos(?n)

DOHEICDWTEHHBEICHEMT LW,
=2 FO e LY 0B IcEER->THETHEEAWD R I, BRE

THTNEMRTES.
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SEEWNMRICHEVEIEADLRVWERDLNBDT, FHbRICk 2 E
RICEESHRZD (COEZBRZENMEEEHRO—MRH/EAWND) .
BEMERX EHHME n> 0 IS L,

FOL=F®, +2F® —FQ, F® =0, F¥ =1, FP =1, FP = 3,

L(3) _1®3 +2L(3) L(3), L(3) 3, L(3) 1, L(3) 5, L(3) 4.

n+3 =~ n+2

tribonacci #8
Thiz=Thio+ Tnia + T, T =T =Tz =1,

EDEWVISEEE K.
FHELIER L,

s ool 2l

= -a)a-p)1-7).
INIZHBIRXHIERE 49 = 72 Z, abelian (Galois B¥lE Z/3Z) .
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WX EES &, BRI FY, LY 0stErTE S,

n+1’

FO=1, FO =1 FP =3 FP =4 FP =9 FP =14 FP =28, ...

Sloane M7 —% ~X— X https://oeis.org/ Tlk A006053& L TE
IhTW3.

L =1, 1P =519 =4,10=13 19 =161 =38P =57,....

26 5IE A096975.
WINEIL—THO=EOBEST S 7 EDEEICDVWTEREINT
WBH, KLAEZ EFE VTR,
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FEERAIEROERSIFO FEBERIERDERIITH 2.

1<FO<FO<FO<FO<FO<FP<FP <.,

A, LtoflssTEbBEHY, LS G EMAREKEIE A8
IR MERRILEY LD =510 =41
=120, ROABYIIDZ ERDI S,

1 < WP=1< 1P=4 < 1P=16 < P=57 < ...
Al Al Al Al Al
1P =5 < 1¥=13 < 1P=38 < L®=117 <

BEZ—RoBEAE, LD I oWTOZDREREAELICTRATZZ &
T, cosine abenacci ngl DEFMEIIATE 5.
CHIERFRHBDO—RBDATIFEIF AW, #L <, @MAWER.
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de Moivre-Binet M A= DAL

1
FY) = Z(B(e” -7 +8y(8" =" +ya(y" ~a"), LY = " +"+y".

(10)

1 > 1+ 4t — 3t2 =
= _NVEO®m L& (11
1-t-2t2+1¢3 Z n+1 1-t—2t2+13 Z (11)

tEDIBER (FE& Lt & DREEDEELL)

Fim 6 \\" o Lo 6 \\"
r!l_r& F(3) =(-2co =7l r!ggo ng) -2co =7l - (12)
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Cassini DA DL EEDOBAR nICHL,

= (3)

n+2

(FOFS, - FO) —FO (FOFO, - FOFQ)

n+1\ n+l

2
+ Fg)(Fr(?lF?—)l - Fr(13—)1 )=(-1)"

MHERFRN
(3) 3) @ _ 10
Fn+1 + 2Fn—l — 2Fn—2 =Ly
mERT
3 _g® 0 OI=1C)] 3 B BB
I:m+n+1 - Fm+1Fn+l +2FmFn’ - leFn —Fm anl‘

B pERHETS. p=+1 mod 7D & X,

FO  =FP modp). LY =LY (modp).

INENIREHEBD—A&ERD O XD R WRIKERE R DFER.

(13)

(14)

(15)

(16)
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FED

(1)Fibonacci D —k b =& & 2 7=, Fibonacci 8% B%& L 7=
R, T [EERTROFHKETH D] EWIRAIKKD
Wre.

(2) 2T & U, Fibonacci O EME RIC, RMEHEGH & A&
DERDHBZ ED Do 7.

() FZ TZ DOXARICHE L 7=F2 T D, Fibonacci #1 D3k (cosine
abenacci ) =EZ, TOEANHEZRES ML, Zh RS
DDEW—MRIETHB I EEEIDT-.
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SERDRE
BEEILES FO LY CR->THP2 28RV OTEH S,

BREMT REMROT—IELTEHEL2TIWVT?)

o B H D Fibonacci, Lucas # Fni1, Ln ICD WTH Y AL D (RIS
EHO— BRI SIEEHTEARVNL I A) AR, EEAH o725,
ZhOFS 1O ez & RETEH DD, B’ KERBE?

n+1°
ZOmF

e abenacci B DIE A& HHEERIVARTR.

AN ARDRAY (RHDILKDERENLERE) 2RALLTSR
SRR DIF5%ME (cosine abenacci D —ik{L) DER. #ICIE(E
BRAIERO BRI DEEEREE L. TEAXEOILKT &
Z M abenacci & DREEEFAR L.

o HIEHUATIEARC, EZRIK LD Abel AR DR (modular ¥
BCEARBOENE) #ZE2R/HBRICRA LIEREDER
(Kronecker D& RIREB DFELUIK Y ILDH?) .

o ST % Bl DFFIAT RSB Z# 2 K (Hall-Littlewood %
BANEADLDICERZ B?).
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0O0oddGoUOO
Jogbogbodod

2016 U s 261

0o o

o280 80290

1 OO0

«0000000000000000 o(e)000.
ola)=2000000 000000, 6,28496,8128 00000000000
0000000000O00O00oO.

000000000000

6=2%(22—1),28 =225 (2% —1),496 = 2* % (2° — 1),8128 = 26 % (27 — 1)

ooooo.

2000001000 Q=2"'-100000000 a=2°Q 0000 (perfect
numbers ) J 0000000000000 OOOOOOOOOOO.

Q=2'-1000000 QUOD0OD0DO0O0OODOO.

o002t —100000000e4+10000000000000O0.

Q=2"'-10000000000000000,e+10000000000
000000000 «a=2°Q 000000 (weakly perfect numbers) 0000 0O
ooo.

1.1 Ogdd

*O0000 oog.



o1 P=2:0000

p Q=2r—-1 00000 0000

2 (3) 3 6

3 (7) 7 28

5 (31) 31 496

7 (127) 127 8128

11% (2047) 23*89 2096128

13 (8191) 8191 33550336

17 (131071) 131071 8589869056
19 (524287) 524287 137438691328
23%  (8388607) 47178481 35184367894528

29*%  (536870911)  233*1103*2089  144115187807420416
31 (2147483647) 2147483647  2305843008139952128

2 mUO0UO000000O0O0O00O0O

m 000000000000 00.
g=2"'—-1+m: 00000 «a=2%¢0mO000000000000O0.
ola)=2a—mO0000.

02 [P=2m=2]200000000000

a ooooo
3 3
10 2%5
136 23 % 17
32896 27 % 257

2147516416 25 * 65537

a=2%(,q:000000)000000000O0ODOO.

3 L0oog

000 22000000 e=2qO00000000 (half perfect numbers) O
00d.



q=2"'—1+m: 00000 «=2% 0000 mOOOOOOOOOOOO

guo.
000 e=2q0000 mOOOOOOODOOOOOOOO.

gbgobgooobooboobgon.

0000 e=2 0000,

o(a)=c(2'q) = (2°=1)(g+1)=(2°—1)g+2°—1=2a —q+2°— 1.

¢=2""'—1+m 0000

20(a) =4a —2¢+2"' —2=4a—-2¢+q+1-m—-2=4a—q—m—1.
Maxp(e) 0 « 0000000000 DOOOODOOOOOOO

20(a) = 4a — Maxp(a) —m — 1
ggoob.oogoouoooobbboooon.

4 0O0O0OO

q=2"'—14+m: 00000 a=29%¢0m 00000000000 ( perfect
numbers) 00 0. 000000 a=2"¢q0000mO00000000O0O0O0O
(double perfect numbers) O 00O .

Oo0ooOoO0oO0oDboOooooobooooo.

0000 e=2¢¢qO0O0O0,

o(a) = o(2e+1q) = (2e+2 —D(g+1) = (2e+1 —1)g+ 9+2 _ 1 =2q —q+ 272 _ 1.
g=2"'—1+mO000

o(a) = 2a + Maxp(a) — 2m + 1.

gbodobtombOO0b000O0O0OO0OOODODOOODOO0ObOO0,b00D00
gboobdmbOOoOoboOoOobOoOoboobo.



5 U0O0

51 P=2m=0

00000000 ofa) = 2a.
o(a)=2¢000 00000 a=2%,(¢g=2°"'—-1:00,) 00000 .(Euler)

000000 eO00OO0OOOO0ODLOOO.0O0O0OO0OOOOODOOOO0
g,0booodgbobbooodgobog.

m=0000000000000

o(a) = 2a + Maxp(a) + 1.

03 [P=2m=00000

a Ooogd
12 22 % 3
56 23 %7
66 2% 3% 11
992 29 % 31

3230 2% 5x17%19
4730 2% 5% 11 %43
8415 32k 5% 11 %17
16256 27 % 127
28035 32 % 5% 7 %89
491536 2% % 31 % 991
9914264 23 % 17 % 269 * 271

12 = 2243,
56 = 23 % 7,
992 — 25 % 31,



16256 =2"x127 0000000000000 (0000O0OOOO0O).

00o00OoO0oOo0oooDoDoooooooo,0o000ooon:
66 =2 %3 %11,

3230 =2 5% 17% 19

4730 = 2% 5% 11 %43

8415 =32 5% 11 % 17

28035 =32 % 5% 7% 89

491536 = 2* % 31 % 991

0914264 = 23 % 17 % 269 * 271

gogooooobobobbobbbbbboooogg. bbbobboboboooooa
gooooooooo.

gogooboobobbooooooobobobbbodooooobobbboboooo
U0 get DODOODO

goboboboooobooboog.

goboboooooo,gubbuooogbo ioobbboo.obobooooo
get 0.

get HOOOOOOOO.

get HUODODDODOOOOODDOOOOOODLOOO Dboboag.

gooboooooobobooooooo.

oo, ggbobbodgobobobt getdgdobbbooooobbog.

0000000000000 s(e)>30000000000000.

—2000000,a=p%,p<q:00,0000.
P8, Y =¢/p=pg0000,0(a) =2a+Maxp(e)+1 000000000

(pX = 1)(qY = 1) =2 XY + (¢ +1)/.
0000 Xy DOOOO ROOOOO

R=pqg—2p=—(p—2)(¢—2)+2

000 —pX —¢Y 414+ RXY = (¢+ 1) 0000000 R > 0. 000
p=2,R=2, =7

—2X —qY +142XY = (¢+ 1)7.



f=1000.Y=¢q0OOO

22X —@?+1+2Xq=(qg+1)g=¢*—1.

2X(q—1)+1=¢ -1+

0000 ¢—100002=X=¢q+1.
g=2-1a=2¢.«00000000000.

f>200000000.Y>¢00000

Y(2X —q)=2X —1+¢* - 1> F(2X —q).
29X —¢>0000 €=2X—-¢0000

YEX —q)=Yeé=2X -1+ -1=¢+@+q-2
¢=10000000000.0000

Y =¢+q¢-1.
Pl t-1)=¢—-100000.

Y -1)=¢+q—2>2(Y —1)>2(¢* - 1).

gg.

52 a=2%r(r<q:00)00000O

g=Maxp(a) 00OOO0
ola) =2a+q+1

000 a=2%r,(r<q¢:00)000000000.
o(a)= (2" —1)@F 00 2a+q+1=2gr+¢+1000

2 —D)gr=2Tgr + ¢ + 1.

27N (@ —qr) =q +q+1.
A=q+r0000

A+ =g +A+1+g+1=qgr+A+2

6



ooo,

qr =2""(A+1) - A -2

AN=A+100000 A =qg+T7.
oooo

gr = (27" = 1)A' - 1.

No=2¢"1 100000

q’TT:NoA/—l
QO:q—No,?OZF—NODDDD

q0770 = N02 — 1.

D=N2—-100000 g7y =D
e=1,23,--0000,N,,DOOOOOOD gfo =D 0000, q=qo+
No,r=7+N,—100000000000000.

Oo00oooooooon

a=2x%x11%3

a=2*%991 % 31

e<100000000OOO0O0O.

0000200 0000 66 =2%3x*11, 491536 = 2* 31« 991 O
a=2%r(r<q:00)000000000000O0O.O0OC0ODO,200 00O
00 66,491536 U get OO ODODOODO.

55 ?- all_neel1(0,0).
n=8
$a=2"1%3*%11$ 66 a=66

true.

56 7- all_neel(1,0).
n=48

true.

57 7- all_neel1(2,0).
n=224

true.



58 7- all_neel(3,0).
n=960
$a=2"4*31%991$ 491536 a=491536

true.

53 a=2xbxqr,(r<q:00)00000
g=Maxp(a) 00OOO
ola)=2a+q+1
000 a=2x5%¢qr,(r<q¢:00),000000000.
o(a) = 1847,
204+q+1=20qgr+q+1=18(¢qr+q+1) 000

187 = 20qr + ¢ + 1.
A=q+r00000 18gr=18(gr+A+1)=20qr+¢q+10000

—2(qgr —9A —9) =g+ 1.
Go=q—910=r—90000 gro=¢qr—9A+81 000
qoro = qr — 9A — 9+ 90.

—2(q07"0—90):q+1:q0+10.
ooogoooo

170 = qo(2ro + 1).

G:00 2rp+1>2:00000,170=10%17=2%5%17000
1) 2r0+1=52)2r+1=17,3)2rg + 1 = 5 % 17.

1)2rg+1=17,0=10; ¢ =191 =10+ 9=17. 0000 a=2% 17 % 19.

2) 2rog+1="5,90 =34.q=43,2ro+1=5;rg =2,y =11. 0000 a = 2x11%43.

3)2rg+1=5%x17=85,q0=2.q=11,1,=42;r=51. 0000000000
gogd.

0000000 a=2%x17%x19,a=2%11%43 O get.

Ue=3rq000noogng.
gogobgo.
gobbbuogobbboooobobuooobobboooon



54 a=3x5x*xqr,(T<r<q:00)00000

ola) =2a+q+1

000 a=3?*5xqr,(r<q:00),000000000.A=r+¢O00000
o(a) =13%6%gr =13%6% (rq+ A+1),2a+q+1=90rg+¢q+1 000

13%x6*(rq+A+1)=90rq+q+ 1.

0000
12rg + ¢+ 1=T8(A + 1)

g>r+2>7000 ¢g=>11.
ro=r—"7,q=q—11 00000

77 = (12r — T7)q — 78 = (12rg + T)q — 78(ro + 7).
0000000

(1219 + 7)g = (1219 + 7)(qo + 11) = (1279 + 7)qo + 1327 + 77.

roUO000O0O0O0O0OODOOO0O0.

a)rg=0.546=T7¢ 00000 go=78¢=289,r="7T.a=3"%5x%7x*89.

b)rg=2. 546 =31y + 108 000 0O0COOOO.

c)ro =4. 546 = (48 +T7)+54x4 00000 g = 6;9q = 17,7 = 11
a=3%%5x11%17.

ro > 6. 546 > qo(724+7)+ 54«6 00000 324 <T79q0;q90 <2. ¢< 13000
Ur>64+7=13. 00

00000000 a=3%%5%7%89,a=3%%5x11%17 O get.

0000 9914264 = 2317269271 000 00000000000000O0O
00000000000 DO0000oDooOo0g get0ooonoO.

oodo

20(a) = 4a — Maxp(a) — 1.

3,14=2x7248=23%31,4064=2°x127 00000000000.

ooodoooooooo:

1155 =357« 11 (00000000000 OOOODOOO. OO0DOOOO
O0oooooooooono)

483945 = 3 x5« Tx 11 %419 | 3267770 2+ 5 % 11 % 61 * 487.
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04 [P=2m=00000

a goooad
3 3
14 2% 7
248 23 % 31
1155 3xbhxTx11
4064 2° % 127
483945 | 3% 5% 7 * 11 %419
3267770 | 2% 5% 11 % 61 % 487

0000 s(e)=4,500000000.

000000 s(e) >30000000000000.

s(e)=2000000,a=p,p<q¢:00,0000.

X=pY=¢p=pg0000, 20(a) =4a—Maxp(a)—1 00000000
O000. ¢g=Maxp(e) ODODO.

2(pX = 1)(¢Y — 1) = p'(4XY — (¢ +1)).
0000 XY OOOO ROOOOO
R=2pq—4p' =2(—(p—2)(¢—2) +2).

000 —pX —¢Y 414+ RXY = (¢+ 1) 0000000 R > 0. 000
p=2R=4p=7q

6 P=2m=2

6.1 [P=2m=210000

goboobooogn
20(a) = 4a — Maxp(a) — 3.

oooooooooooo:
130 =2x5%13
24616 = 23 % 17 % 181
244036 = 22 * 132 % 192
272228 = 22 % 11 % 23 % 269
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05 [P=2,m=20000

a oooodad
5 5
68 22 %17
130 2% 5% 13
16448 26 % 257

24616 23 % 17 % 181
244036 22 % 13% % 192
272228 22 x 11 * 23 * 269

0000 a=2qr 252, 22422, 2 x sy %¢ 000000, 0000000
goo.

244036 =22 13?219 0000000000000 OO0ODO0OO0OO OO00OO
g.0bbbboooooouooooobobobooooag.

¢=19000000 20(a) =4a—Maxp(a) -3 000000, 20(a) = 4a —
Maxp(a) —3=4a—22000

o(a) =2a—11.

ggb 11obougoobbodaoooobooo.
ola)=2¢—1100000000000000,2%2%132%x19200000000.
gobbbuogobbbooogbbbogd.
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m=2 0000 0O0OO0O

o(a) = 2a + Maxp(a) — 3.

a 0oooo
2 2

4 2?

6 2%3

8 2°

16 24

20 22 %5
32 2°

64 26

70 2x5 %7
128 27

256 28
272 2t % 17
512 2°
1024 210
1652 2% % 7% 59
2048 21
4096 212
8192 213
16384 214
32768 210
65536 216
65792 28 % 257
131072 217
262144 218
524288 219
1048576 220
2097152 221
4194304 222
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gbgobobboboobooboobgoobobobo.

000, 1)s(a) =1,a=2°%2) s(a) =2,a=27 3)a=2%r,r<q: 00000
gboboobbgobb. boobbuoobboobbuoooboooboon
gogooooon.

Ds(a)=1,a=2%2)s(a)=2,a=200000000000000000.

3)a=2%r,r<q:00000000000.000 getO00OO0OO.

6.3 UL

o(a) =2a+ Maxp(e) —3000000.

a=2c00000

a=2°000,0(a) =2 -1, 00 2a+ Maxp(a) —3 =2%2°+2— 3 =2°"1
dd,e=2°00.

000,p:00,a=p°000 o(a) =2a+Maxp(a) —30000000.
e+1

o(a) = ——— 00 2a+ Maxp(a) —3=2%p°+p—3.
p
ooo
Pt —=1=02xp+p-3)(p—1).

oogd

plp—4)+p°(p—2) +4

(p—2)(P*+p—2)=0.
oo, p=2.

2)a=2°qO00000.

o(a) = (2" (g+1),2a+q—3=2"" +¢—3
0o000,2t =2g—2.¢g=2°4+1: 000000

2)*0 a0 s(e)=2000.
a=p'xqf,(p<q:00),00000,X=pY =¢/,p=pg0000
)

(PX —1)(¢Y - 1)

/

a= XY, 0(a) =
p
RO XY OUOoooono

—92XY 4+¢-30000
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RXY —pX —qY +1=/p'(q¢ —3).
0000, R>0.

R=Pq—2p =2~ pog,

000 (pp=p—2,90=q—2).
R>00000 p=0,p=2R=2.
0oo

2XY —2X —qY +1=7q(q — 3).
Y=¢(f=1)000O

2Xq—2X — ¢ +1=7q(q—3).

2Xq—-2X —-¢*+1=2Xq-¢*+1000 ¢—10000
2X —q—1=¢-3000¢=X+1=2°+1:000000.
a=2¢0 m=20000000.

Y=¢5(f>2)00000000.

2XY —2X —qY +1=7q(¢—3) 0000, (2X —q)Y =2X —1=7(¢ - 3).
0000 é€=2X—¢>1.

§Y =2X —1+7(q— 3).

2X —1=q(¢g-3)=¢+3(¢-2)
googo

Y =&6+7q(q—2) =7q(q—3).
Y=¢/>2000

q(g—3) =&Y >¢&¢°

¢ —4q+3> &2 > ¢
ooooo.

3)a=2%r,(r<q:00)00000.
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¢=q+1,7=r+1,0000
o(a) = (27" = 1)gr =2T'qF — qr =2a+ ¢ — 3.
A=q+r0000

2TNA+1) — (gr+A+1)=¢q—3.
rooo0oa,

2N A+ 1) =(gr+A+1)+q—3=qgr+q+7—3.

N=21-100000
qr=(q+7)N+3,90=q—N,r,=r—NDOOO D=N?+30000

qory = D.

e=10000,N=3D=94+3=12=4%3. ¢qo=¢—-3000,=1"—-3
aooo.

O00,q=q—-3=4q=71,=r"-3=3.r=6r=5.a=2%x5x700
aooo.

godoooooooooooogoooon.

a=2xT%x5,a=70

a=22%x11%19 , a=836

a=2?%59%7, a=1652

a=25%19% 71, a=10792

a = 2% 131 % 4159 , a=34869056

a = 2% 563 x 163 , a=5873216

a = 28 % 3203 * 607 , a=497720576

goouoodg ¢g>rdddoooouo

70 = 2%7%5,413 = 22%59%7, 91769 = 26%x563%163, a = 497720576 = 28x3203%607
goodgooooo.
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ZFEBH

fo= " = (=77, 7= B8, T = 158 m ko TRIILTH &V,
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(1) DEEH]
fEil% arctanf & F B & EEOINEERIZED
1 1
g = Sfont1 + fan+2 _ f2n+1 + f2n+2
_m Jont1* fang2 — 1

THD. ZONTUE fonss CHE L. D RHIHEIEIIZED (k=202 L
T)an ' f2n+3 c:%b < 5 0= fQ% '(355 O

(2) DEEH]
(1) 25

1
= arctan — — arctan

f2n+1 f2n f2n+2

THd. ZNZENMERMA X EIHIZIEA T

arctan

1
= arctan — — arctan
2n+1 2 fono

N
Z arctan
n=1

7B, N = coDEE fonis — 00, arctan —— — 0 720, ZOHIZE

fan42
alrctanf—l2 = arctanl = 7 IZZFE LW, O

(H488) Amer.Math.Monthly @ MonthlyProblem,2016 45 H+, $11910 :
IRDFBEL DR % KD XK.

° 1
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“WLW” 74 RFy FH Y 2 B BORRICD

WT
EREER L EEE B O W

TC®HIT
1T, Fibonacci Quarterly (LA F FQ) LIS DOHEEEIC Fibonacei #BEE O E 5 L

720 F LTz, BRA RHEEEEICHE O IE > TV il as —2IlcE & L o & o BRI TAITI
SNTHEEEZR DT, 50 FFTDOIRBUTIE Y D oH D DL & THE &R I & TT.

ZhixE b2< & LT, American Mathematical Monthly (UL AMM) (Z# -7z 3
D/ S T2 ST DWW TR HLICHE L E T
Sury OEH

B.Sury [8] (ZkOEBAEZFEHA L E L7z :

EHES Z,_o" 2¥Ly=2"""F 4,

Sury ([ L 5EBS OFERAIIPIEN THEWVOTHIALEL X 9.
(FEHA) 6 5 OIFFE B OFO AKX T
Seoot2w) R (u+ v ={2w T = (u+ )T S (u—v),
Yot {2v)Futv) " R ={(utv)" T (2 v)"T ) S (u—v).
Zo2XEMZD &,
Yoot Hzw v (u+v) TR I={2w) " T = (2v) T S (u—v).
t?—t—1=0 OR%Za, BELT, u=a, v=8 LBJIE, a+B=1 DT,
Foo=(a™ ' =8""H(a=B)=2 " (25(a"+ B ) (at+p)" ¥} /20!
:(Ek:0n2kLk)/2n+1a
() Zo2X0EZ|MDH L, FERICLT,
221l L ,=5(2,_,*25F,)+2
PELNET.
HEXwong [2] 13T FRBIGEE2 TR LUE Lz, 22T DA T .
(FEFA) F(X):Enzlw(ann)Zx/(l*X*Xz),
L(x)=X,_,“(L,x™M=(2—x)/(1—x—x7?).
L(2x)=X,_,7 2 "L, x"=(2—-2x)/(1—2x—4x?)
=2x,/(1—-2x—4xH)X(1—x)/x=(1—-x)F(2x)/x.
A RkFE (convolution) (IZX - T,
L(2x)/(1—x)={2,_," 2L, x"1 {2, _,"x™]}



=3, o 2, T (2 L x5, 22T k+m=n EBVWTELHETL,
=X _,H(E, " 2F L) x"M =F(2x)/x=X,_,(2"F, x"" 1)
=Y (2R x ™).
x " OREALER L TERZED. O
Marques O EH
W C D.Marques [3] IZROEHAZEA L E LT :

@ Zk=0m3kLk+2k=om3k_1Fk=3m+1Fm+1° ...... (3)

Z4 513 Thomas Koshy [ 1] [Zid#Hi~» Tl T, (1) (2) & T [H LWLARY
ERASTEDIIMETHY FHAN, COEFNRVAENS, LY KRR THONTWIZERT
F.ORE 20 FRIF SRS, Feb =T ZHEA Mo TROERLEHLE L ([5]
Theorem 3; 1 > ¥ —3 v b ETidET. 72383, [4] @ Theorem 4 1X (1) (2) LR,
Theorem 7 % Fi Theorem N E[E U TY) .

EEN
(a) oo p*Fye={p" " (Fus1+pFo)—p}/ (p*+p—1), - (4)
(b) Zyp_p" pkLkz{pn+1(Ln+1‘|‘I)Ln)‘|‘p_2}/(p2-|-p—1)° «++(5)

(¢) 2y 0" p*For={p*>"'((p—2)F3,—Fy,-1)—p} (p2—3p+1)

(d) Zp—o" P*Lox={p"""((p—2)Lsn—Lyy-1)—83p+2} (p*—3p+1)
(&) (a)(b) T p=2 &BHE, 2, " 2°F, ={2""(F,,,+2F,)—2}/5
BLO X, " 2L, =2"" (L, +2L )/ 5 7250, F,,,+2F,=F, .+
F,=L,.,, L,y +2L, =L, ,+L,=5F,,, THHZLNH, (1) (2) FHS
NCTHDH. (3) OFFIE#HET 5. EHEN OFEHIZIE Fob v =7 ZHA %65 DT,
EFRMNDHIBRD.

R FIFLFE2EOERF = B = 7% IHK (modified Chebyshev Polynomials of
the 1st & 2nd kinds) (%, HA¥n & x=2cos0 ZHKLT, t (x)=2cosn b, BEL
o
u, (x)=sin{(n+1)0} sinf EEFZLII, BIRFAIRKRORNENHZLET
toro(x)=xt, ;(x)—t (x); to(x)=2, t;(x)=x.
U, o(x)=xu,; ;(x)—u,(x);ug(x)=1, u,(x)=x.

x O T explicit (2EL &,

LR FET.



Frb vz 7ZERCHOVTOMAENREE [6] 2B\ T, Rivlinid, F, & L, %
t (i)=i"L,, u, ((i)=i""'F,_, (i=v —1) ICk-TEHLEL.

ZOMDOAXEEO T, WOEBPY S ET (PR [5], EHAL).

EHEC

(1) t9n- 1V 5F )=V 5F (30 1)(2m-1)

(2) t2n(‘/_757F2m—1):L2n(2m—1)’

(3) to(iLlyn-1)=1"Loom—1)

(4) u2n—1(‘/_757F2m—1):‘/_757F2n(2m—1)/L2m—1’

(5) Won(W BF - )=LGntiycen-0"Laom1

(6) up 1(iLlop =i '"Foem-1)/ Fom 1

(7) tyn1(iyv B5F,)=iy 5(=1)""'F 5, 1yam tan(iv BF,)=(—1)"
Linm

(8) t ,(Ly)=Lgum

(9) uypya 1 (ivB5F, )=iy 5(—1)""'F, /L,

(10) u,y,(id 5F3,)=(=1)"Lgniens1)/ Lom Un-1(Lyn)=Fyp,
e

(BENDOIEH) F145—0nk ¢ =cosf + ising &LEHFEBOMOARLY,

Yo" (pe'NHE=X, _"(pFfeosk 0)+ i X,_,"(p"sink 0)

7D (pIHMEEDOEE). ZZ2Tx=i(=iL;) & 3(=L,) ZM{ALCEHEZES.O
(EHEM DFEH)
FHN (a) (b) T p=3 &¢BWC, F,+L,=2F,,, & L, ,+3L,=2L_ +
L,,=L,+L,..=5F,.,, 25,
11{2, ™ 3L, + (2, _,""' 3%F,) 3}
={3™" (L, +3L )+ 1}+{3™" " (F ,,+3F,.,)—1}
={3™" " (L, +L, +3L )+ {3™"" " (F, +F +3F,_.y))
=3 (L, +5F,.,) +(4F o +F D))
=3 {(L,+F ) +9F ., )=11-3""1F__,.
EoT, 2, "3 L, (2, " 3¥F )/ 3}=3"T1F .
7o T (3) 1272%. Marques HHIELZ OEHZEFAYIFINTE CTREFT L 72, O
2% C.Padilla [7] 1%, FQ ORI B9I8 DA TIRD 7 4 AT v FE DA BRA kB %K
AFELA, Zhid €N (a) ERE%ETT.



Sn(x)=Zk=1anxk={xn+1(an+Fn+1)—x}/(x2+x—1)0

Padilla OFEFIE ©T02397, L THLT 7N TT
(Proof) One easily sees that
(x2+x—1)S (x)=—x+(F,_, +F )x""'+F _x""%
Hence S (x)=(—x+F ., x"""+F x""%) (x2+x—1). O
S BT Zeitlin 1T Padilla OfFIZx LT, #EOURTNC K0 —RAALXEHFE TN &%
HEELT, priovity #ERLEL [9]:

FHZ BMEHERER U,io=aU, —pU, LHHE U, U, TRZEDHJII
xtLl<T, x2—qx+p=0 D% r,, ry, (r,#r,) &L, S,=r,°+
r,” B L RRABHEY IO :
(1=S,x+p°x) Xy _6" Upyara szpbxn+2Ubn+d_Xn+1Ubn+b
+d
+xUp,q+t(1—xS,)U,.
p=—1, q=1, Uy=0, U,=1 IZKHLT, U, =F, Thh, S, =L, L%25nb,

(1_be+(_1)bxz)zk=on Fbk+d sz(_l)bxn+2 an+d

_Xn+1an+b+d +xFppqt(1=xL)Fgq oecee (6)
FrlZ, b=1, d=0 &35,
(1-x—x2)2, " F, x"=—x""2F —x""'F_,, +x

L72-C, Padilla U220 £7. RVICTH T E T, K[fdnZeno7z& Ut T
Fibonacci Quarterly ORITIEZIZIEL, BRI GHICOHEN - SAFE LD TT.

BEE EFEICHE, KESAEARIXFEOKILC S ADEBEIVIZ L > THAHEFRFET
COMRESNRRNND Z LR E L. A TS VnE L.
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gap> C2v := Group ((1,3)(2,4), (1,2)(3,4)(5,6));;
gap> element_C2v := Elements (C2V);;
gap> Display (element_C2v);
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O 4: Stereoskeletons of ligancy 4. The point-group symmetry
of each stereoskeleton is shown by using the Schonflies nota-
tion. The symbol M represents a central metal [7].

0 2: Combined-Permutation Representations of Point Groups
for Characterizing the Skeletons of Ligancy 4 [7]

point group a list of generators, order, a list of elements

C2v := Group( [ (1,3)(2,4), (1,2)(3,4)(5,6) 1)
G, Order =4
[ O, (1,2)(3,4)(5,6), (1,3)(2,4), (1,4)(2,3)(5,6) 1]
D2d := Group( [ (1,3)(2,4), (1,2)(3,4), (2,4)(5,6) 1)
Order =8
D [0, (2,956, (1,2)(3,4), (1,2,3,4 (5,6, (1,3) (5,6,
(1,3)(2,9), (1,4,3,2)(5,6), (1,4)(2,3) ]
D2h := Group( [ (1,3)(2,4), (1,2)(3,4), (5,6) 1)
Order =8
DZh [ O, (56), (1,2)(3,4), (1,2)(3,4)(5,6), (1,3)(2,4),
(1,3)(2,4)(5,6), (1,4)(2,3), (1,4)(2,3)(5,6) ]
Td := Group( [ (1,2) (3,4), (2,3,4), (3,4)(5,6) 1)
Order =24
[ 0O, (3,4 (5,6), (2,3)(5,6), (2,3,4), (2,4,3), (2,4)(5,6),
T, (1,2)(5,6), (1,2)(3,4), (1,2,3), (1,2,3,4)(5,6),
(1,2,4,3)(5,6), (1,2,4), (1,3,2), (1,3,4,2)(5,6), (1,3)(5,6),
(1,3,4), (1,3)(2,4), (1,3,2,4)(5,6), (1,4,3,2)(5,6),
(1,4,2), (1,4,3), (1,4)(5,6), (1,4,2,3)(5,6), (1,4)(2,3) ]
Dah := Group( [ (1,3)(2,4), (1,2)(3,4), (1,2,3,4), (5,6 1)
Order =16
D, [ O, (5,6, (2,4), (2,4)(5,6), (1,2)(3,4), (1,2)(3,4)(5,6),
4h (1,2,3,4), (1,2,3,4)(5,6), (1,3), (1,3)(5,6),
(1,3)(2,4), (1,3)(2,4)(5,6), (1,4,3,2), (1,4,3,2)(5,6),
(1,9 (2,3), (1,4)(2,3) (5,6) ]
C4v := Group( [ (1,3)(2,4), (1,2,3,4), (1,2)(3,4)(5,6) 1)
C Order =8
4y [ O, (2,4)(5,6), (1,2)(3,4)(5,6), (1,2,3,4), (1,3)(5,6),
(1,3)(2,4), (1,4,3,2), (1,4)(2,3)(5,6) ]
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CLCR(PY"38¢) = 4 {bf + 03 +233}. (10)
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CalcCICF (group, degree, degreefull)
CalcCICF_A (group, degree, degreefull)
CalcCICF_E (group, degree, degreefull)
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#Read ("c:/fujital0/calcCICF/C2v-CICF.gap");

#Input this line to the gap> prompt
LogTo ("c:/fujita0/calcCICF/C2v-CICFlog.txt");

Read ("c:/fujital/calcCICF/CICFgen.gapfunc");
#Loading of CICFgen.gapfunc

C2v := Group((1,3)(2,4), (1,2)(3,4)(5,6)); #C2v
Print ("C2v :=", C2v, "\n");

Print ("Order =", Size(C2v),"\n", Elements (C2v),"\n");
Print ("CICF_C2v := ", CalcCICF(C2v, 4, 6), "\n");
Print ("CICF_C2v_A := ", CalcCICF_A(C2v, 4, 6), "\n");
Print ("CICF_C2v_E := ", CalcCICF_E(C2v, 4, 6), "\n");

LogTo () ;

gob00000dc2v-CICFlog.txt 00000 logOO
goooobooooooooo

C2v :=Group( [ (1,3)(2,4), (1,2)(3,4)(5,6) 1)

Order =4

[ O, (1,2)(3,4)(5,6), (1,3)(2,4), (1,4)(2,3)(5,6) ]
CICF_C2v := 1/4xb_1"4+1/2%xc_2"2+1/4%b_2"2
CICF_C2v_A := c_2"2

CICF_C2v_E := 1/4+b_1"4-1/2xc_2"2+1/4%b_2"2
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(0 3: CI-CFs of Point Groups for Characterizing the Skeletons
of Ligancy 4 [7]
point group CICEFs for total as well as for achiral (_A) and chiral (_C) parts

CICF_C2v := 1/4xb_1"4+1/2xc_2"2+1/4xb_2"2
G, CICF_C2v_A := c_2°2
CICF_C2v_E := 1/4xb_1"4-1/2xc_2"2+1/4xb_2"2

CICF_D2d := 1/8+b_1"4+1/dxc_2+a_1"2+3/8xb_2"2+1/4xc_4
Dy, CICF_D2d_A := 1/2%c_2+a_1"2+1/2+c_4
CICF_D2d_E := 1/8+b_1"4-1/4xc_2+a_1"2+3/8+b_2"2-1/4%c_4

CICF_D2h := 1/8+b_1"4+1/8xa_1"4+3/8xc_2"2+3/8+b_2"2

Dy, CICF_D2h_A := 1/4xa_1"4+3/4xc_2°2
CICF_D2h_E := 1/8xb_1"4-1/8xa_1"4-3/8xc_2°2+3/8xb_2"2
CICF_Td := 1/24xb_1"4+1/4xc_2%a_1"2+1/3xb_lxb_3+1/8xb_2"2+1/4xc_4
T, CICF_TA_A := 1/2%c_2+a_1"2+1/2%c_4
CICF_Td_E := 1/24xb_1"4-1/4+c_2*a_1"2+1/3%b_l+b_3+1/8%b_2"2-1/4xc_4
CICF_D4h := 1/16%b_1"4+1/16+a_1"4+1/8xb_1"2+b_2+1/8xc_2+a_1"2
+3/16%C_2°2+3/16+b_2"2+1/8+c_4+1/8xb_4
Dy, CICE_D4h_A := 1/8xa_1"d+1/4xc_2+a_1"2+3/8xc_2°2+1/4xc_4

CICF_D4h_E := 1/16+b_1"4-1/16%a_1"4+1/8xb_1"2+b_2-1/8+c_2+a_1"2
-3/16%c_2"2+3/16%b_2"2-1/8+c_4+1/8%b_4

CICF_C4v := 1/8b_1"4+1/4xc_2+a_1 2+1/4xc_2"2+1/8xb_2"2+1/4xb_4
Cyy CICF_CAV_A := 1/2xc_2%a_1"2+1/2xc_2"2
CICF_C4V_E := 1/8+b_1"4-1/4%c_2+a_1"2-1/4+c_2"2+1/8xb_2"2+1/4+b_4
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#Read ("c:/fujital/calcCICF/C2v-Enum.gap");
LogTo ("c:/fujital0/calcCICF/C2v-Enumlog.txt™");
Read ("c:/fujital/calcCICF/CICFgen.gapfunc");

A := Indeterminate (Rationals, "A");
B := Indeterminate (Rationals, "B");
(omitted)

S := Indeterminate (Rationals, "S");

a Indeterminate (Rationals, "
a_2 := Indeterminate (Rationals, "
(omitted)

b_4 := Indeterminate (Rationals, "b_4");

_1");
_2");

=
I

a,
a,

C2v := Group ((1,3)(2,4), (1,2)(3,4)(5,6)); #C2v
CICF_C2v := CalcCICF(C2v, 4, 6);
Print ("CICF_C2v := ", CICF_C2v, "\n");

aa_1l :

A"4 + B"4 + C"4

= D4
+ pt4+g”4+r4+s”4 P4

+

+ +Q"4+R"4+4574;

C2v := Value (CICF_C2v,

1, a_2, a_3, a_4, b_1, b_2, b_3, b_4, c_2, c_4],
_l,aa_2,aa_3,aa_4,bb_1,bb_2,bb_3,bb_4,cc_2,cc_41);

Print ("f_C2v := ", f£_C2v, "\n");

LogTo () ;

00 GAPOOOO c2v-Enum.gap 0000000000
O,c:/fujital/calcCICF OO0 0O0O0OOOOOOOO
000000 calcCICFOOOOOOCICFgen.gapfunc
0000000000000 00b0b000000 Read O
0000000000000 LogToOOOOO logO DO
0 C2v-Enumlog.txt 0O O OO0

00 GAPOODOODOODOODOD#0OO0DODODODO
0O Read 000 gap> 0000000000 O0OOOODOO
00000000 DbO0O00ODDbOoOobODbOO fec2vObOO0O
go0oo00oobOdboboobooooag

CICF_C2v := 1/4xb_1"4+1/2%c_2"2+1/4xb_2"2

f C2v := A4 + ... + A"3%B + A"3%C + A"3%D + ...
3x¥A"2xB"2 + ... + 3xA"2%BxC + 3xA"24BxD + ... +
6xA*BxC*D +

A"3xp + A"3%P + A"3xqg A™3%xQ + ...

+
3%A"2xB*p + 3%A"2xBxP + 3xA"24Bxg + 3xA"2%BxQ + ...
6xAxB*C*p + 6%AxBxC#P + 6+xAxBxCxg + 6xA*xBxCxQ + ...
2+«A"2+p"2 + 2xAT2xP72 + 24A72%Q"2 + 2xA72xQ72 + ...
5xA"2xp*P + 5xA"2xgxQ + S5xA2+r*R + ...

3xA"2xpxg + 3*A"2xpxQ + 3xA"2xpxr + 3xA"24pxR + ...
3xAxBxp~2 + .+ 6xAxBxp*P + ...

6%A*Bxpxq + 6xAxBxp*xQ + 6+xAxBxpxr + 6xAxBxpxR + ...
1/2%p™4 + ... + p"3%«P + pxP"3 + ...

P 3xg + p 3%xQ + p " 3%r + P "3xR + p"3xs + p "3%xS + ...
4xp 2xP72 + ... + 3xp 2xPxq + 3xp 2%P*Q + ...

2xp 2+q"2 + 2xp"2%s72 + ...

3%p 2+g*Q + 3*p 2xsxS + ...

3%p 2+gxr + 3xp 2xgxR + ...

10#p*P*g*Q + ... + 6xp*Pxg*r + 6xp*PxgxR + ...
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O 5: One pair of enantiomers and two achiral structures for
oxirane derivatives with the composition A2B2.
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0 6: Six pairs of enantiomeric oxirane derivatives with the
composition ABCD.
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a pair of enantiomers

O 7: Six pairs of enantiomeric oxirane derivatives with the
composition ppqq.
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3.2 ZJ4RFvFI
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Sap1 = a,b

Sap2 = aba
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S(a,b),5 = a,b,a,a,b,a,b,a,a,b,a,a,b
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1FIH®D 2 5£05] (—1 FIH) BFEBEOFIL A B,
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iz, RB)IH-oTHYES 2HAZRLTWITIEV A Y 7RSI Z2FHETLEI LN TE S,
UrIIZ, —131H, 03IEZ2ELY 1Y 7EFIDO—EH %R,
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BED &5 8t mn 2% o (THBES B 2 D, BEE 2 BN S ¢ OIERUE % B ATEET H
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DAY TEHIPD 2 DNIFHEEE L, TOLEDIIDEZ KD, ITFIETDRID 10 EHR
WZEITL2DNEIFEOLBMEL, TD 1 DEDF DM, TUTEBUAZESHOELETDH 2,

|1 2 3 4 5 6 7 8 9 10
(m,n) | (1,1) (1,2) (2,1) (1,5) (3,3) (5,3) (25,1) (12,4) (61,2) (196,1)
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5 F&oH

A VE=AN=Ta VOB TH2YEDEERGIE T AV THF % U7,
BERHDELUZDONTIET A Y TS & W7D HIEEME§2 FETH D,

S 3R
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33: 3-8.

[4] Weisstein, Eric W. Wythoff Array. MathWorld-A Wolfram Web Resource. http://
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On the sum of cubes of the Catalan triangle numbers
AIFFHE

SOld, Catalan triangle CDWTODF UWERELRBN T D.
_nia, P.J.Miana, N.Romero ERAOEHRBDIESTHD.

§1. Catalan triangle
Catalan triangle (B, ) & UTFDLIICEESND.

1=k
2
Bnk:=é( n)
T on\n-k

Shapiro |4, HIJIFMZBICIRIBDMEZ B, , TRL, TN LEDLDIC

MIBDCEZETUIZ([M1]1ZESR). IRETELEORICIDERIT D ENSB)

Shapiro [& B, , & Catalan number C, —%( n)d)ﬁd)i@%i%b\@@%’éﬂ_‘\ LCLB.
n+
[ G) ZB = n+l

(11) ZBnkBmk Cn+ml (\:’<|"’ ZB 2n1;

A

(i) B,, = E C,,Clz .C,

\ ijzl

S B ICONTREDESBTENDNBES SN,



§2. 2RFEHDUSEZS D

CCTI, 2BRADIIIZZSTHICDONTRISNTND S ED, #FH<
DD DIZCEIEDUVNVTIEND.

/- ;(Z) & Franel Number &\, BUERTEIET BT EHTEE,
=0
Franel (I TRDEERNEFT TUND.
(n+1F £, = (702 +Tn+2)f, +8nf,_,.

X2, V. Strehl I KD ROBFRISIFBICETRRY (12],[8128).
HEHIR]
CNICREERT, IROBEFEAZRDITE.
Se-of) 5SS
=5IC, CNZ R. Tauraso DUATDKDICHLKR LEEBBZES X IZ.

ZFNIX Amer. Math. Monthly [CHZREE U TEBEHINTLD.

Problem11844 (Ohtsuka and Tauraso [4]). m>n=0[CXT LT,

3

D R

BRIJFINECKDESZAHARELUCND(5ISH).
RIZ, Problem11844 [CRSET D FTREZE(\THL.

FTME1. m>n=0 & r=1 [CXTUT,

o) g



§3. On the sum of cubes of the Catalan triangle numbers

S B, 0 B, ICONTRELERTRETSS. CNETIE, Y B, %

LR TRR CEEBRRASNTIELN BZEBNEB D).
LU, S Bl % “Strehl DAT DESIC BIOBOINTRENTES.

§ 201 ZEZMBALUTCMUTOBERREANZES CENTED RBONFESHR).
T8 1 (Ohtsuka, Miana, Romero [6]).

”B3=J;2n3_i b?%f]' j
o "2l n 2\ n J&\n\n-1)

IZIEBIC, MFOREED.
1({2n "
— B, .
2( n ) 2 nk

ES5IC, ROKXDICESHZADCENTED.
TIE 2 (Ohtsuka, Miana, Romero [6]).

2\ 2n—k—j2

LIS )

CC—C BE&Ed TSN THL.
F 18 2 (Ohtsuka, Miana, Romero [6]). T p=1[Cx3 LT

1(2n 1
— B’ .
2 n 2 n,
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