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Abstract

AWTIE, 74 R Ty FEEEDY OFENES [7 1Ky FH] 2L,

THEHOEMEDOR 2175,

1 7148+ yFF
1.1 EF

UFRD S, &7+ 1K)y FX7F| (Fibonacci word) LEHT D1,

So = 0
S = 01
Sn = Sn715n72 (TL > 2)

S8y & Sq & Sy DXFHEREL T B,
Sp DEMOD 5 HIFLATD LD IZRIND,

So = 0

S = 01

Sy = 010

S; = 01001

Sy4 = 01001010

Ss; = 0100101001001

S, DM & 2 2 R FINE Sy, & FE, HRT 1 AFw FXFEFN L IES,

o, DTNOEI 2 EET D,

FrThzsHL

IFibonacci word (ZI& “7 1 RF Y FH” & “T 4 RFYFXFH) LD 258 OHARGELFEN D 55, AR TIEUTS
Y UTEBEINDEDE 7 111y F3XFF| (Fibonacci word), A& U TEHREIND ED% 7 17K+ F%| (Fibonacci

word sequence) YU} DZ LI D,



S, = 1—S4(n) (5)

DL E, s, #714KFvFH (Fibonacci word sequence) &SR, 727ZU. S,(z) % S, D
r+1 XFHERY BTHEL TS,

Sn

0,1,0,0,1,0,1,0,0,1,0,0,1,...
Spn = 1,0,1717();1,0717130;171707"'

1.2 —f%IE

% n FBHOHEIZIROM U 72 A (Closed-form expression) IZ&>TRIND [1] .

2+ [(n+1) ] = [(n+2) ¢ (6)

EEU o i *2*/‘?’

THY. |z] BKEETH B,

1.3 tIErsl

B4 LD % D% % B OEEINE T L b7 LT, BEOLDY % 0. KFEOLD
Va1 eUREE HIYHINAFNELT 4 RF Yy FHNZR>TWD,

ZDEDITEMPKFE2EIM T2 2 22L& > TR 5N 25 % YW (Cutting sequence) &
5%,

1: 74 KF v FHOYIWF (Wikipedia & V) [1])
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2 TARFTYFIERTITYI XL

URIZ, 74 8FYFH (74 R Fy FXFH%2EL) 285HET 27005 L0H%RT2,
71027 Z Ak ECMAScript 2015 (ECMA-262 6th Edition, ES6) ##l® JavaScript % T
L7,

2.1 TEEZFMALLEE

const s = [];
s[0] = °0’;
s[1] = ’017;

function fibonacci_word(n) {
let ret;

if (n < 2) {
ret = s[n];

return ret;

¥
ret = fibonacci_word(n - 1) + fibonacci_word(n - 2);
s[n] = ret;

return ret;

¥
let num;
num = fibonacci_word(5);

console.log(num); // => 0100101001001

V—Zd—R 1. EFEEZMALZHE
2.2 —fRIEEZFALLEE

function fibonacci_word_sequence(n) {
const { sqrt, floor } = Math;
const ¢ = (1 + sqrt(5)) / 2;
let ret;

ret = 2 + floor((n + 1) * ¢) - floor((n + 2) * ¢);

return ret;

}
const zeros = (n) => new Array(mn).fill(0);
const arr = zeros(13).map( (_num, i) => fibonacci_word_sequence (i) );

console.log(arr); // => [0, 1, O, O, 1, O, 1, O, O, 1, O, O, 1]

V—A3d2— K 2. —{RIEZHMAL-FE

2.3 IS EFIELEE

2y — 21D URL 7 52 HEH]: https://gist.github.com/butchi/991bf£7a1068c93d7a00eeale92289e5
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const { sqrt, floor } = Math;
const ¢ = (1 + sqrt(5)) / 2;
const zeros = (n) => new Array(n).fill(0);
function fibonacci_word_sequence_array_with_length(n) {
const gArr = zeros(floor((m + 1) / ¢)) .map( (_num, i) => (i + 1) / ¢ );
const iArr = zeros(floor((m + 1) / ¢ / ¢)).map( (_num, i) => i + 1 );
const cuttingArr = gArr.concat (iArr);
cuttingArr.sort( (a, b) => a - b );
let ret;
ret = cuttingArr.map( (num) => Number.isInteger(num) ? 1 : 0 );
return ret;
}
let arr;
arr = fibonacci_word_sequence_array_with_length(13);
console.log(arr); // => [0, 1, O, O, 1, O, 1, O, O, 1, O, O, 1]

V—A3—F 3: YIkszFA L 2GR

3 BERILDEUADIGHA

EEIESOEEBOHEIZIE., —BTid=a— N UEREDELTRD HNE D, FHelhe
BODDHENT 4 RFYFERP 7R >y FHEHNDE Z L2 > TRHIRZHENTEDDTIE

BOMEEZ, EUGEERF L, TO—-FEZRET S,

3.1 74 RFyvFIHOBE
PRDES 27 4 BRIy FHORE a, 2EHT D,

—_

Qg =

an, = Zém—i—ao (n>1)
m=0

HIHIFLL R TH D,
an =1,2,2,3,4,4,5,5,6,7,7,8,9,9,10, 10, 11,12, 12, 13, ..

3.2 74V 785

74 75 (Wythoff array, 74 A ZEIFIEE) W ZATOEDITEHEIND 2]

8] -



Wi = [lme]e] (10)
Wiz = |[lmple?] (11)
Wm,n = Wm,n72 + Wm,nfl(n > 2) (12)

ZODEBMNOHHEE L, Wm,fh Wm’,g BREEKRDBZ ENHEKSB,
Uiz, —2%H., —-1%IH. 0%IHZ&ELUAY 7EAD—E% R,

10 1,1 2 3 5 8 13 21 34
2 1 3| 4 11 18 29 47 76 123
2 2 4] 6 10 16 26 42 68 110 178
3 3 6|9 15 24 39 63 102 165 267
4 4 8|12 20 32 52 84 136 220 356
4 5 9|14 23 37 60 97 157 254 411
5 6 11|17 28 45 73 118 191 309 500
6 7 12]19 31 50 81 131 212 343 555
ZIT, RTHb»d

WY, TV 7SO -2 FIHERICEELZ a, IT-ET D,
F, -1 HHIBFFEEBII T 5,

3.3 H#EEEDER

BED &5 7« Ry FEOMITERIITINE S 2 Z A RIIZSNTVWDA, 78 L T7+
RFYFERV AL ELT 1Y TEINE, EOFIZOVTEREY &5 2 BUIE BRI
EECR

. Wn,k _l
N el -
iz, Wo_o=ua, THEZENH, —2%HE -1 FIHOBY &5 8d. LdoMEIZLY
DFDEIIIRTIENTED,

Wn)_g Qp,

_ n 14
ot 5 (19
2T &Y, DT O AMRAAVEN NS,
. Gn 1
= Sl 1

an

B O CERIE RAT B L B S H GO é ~ 0.61803 IZ# % ITES < = & A3
ATx,



o _ 2,

1 1

e _ 2

2

s _ 3 _

3 3
a921 - 14 o
51 — ™ 0.666667
a9 15
— = — ~0.681818
22 22
a3 15
— = — =~0.652174
23 23

3.4 R

ai00000 _ 61805 0.61805 & 72 1)

= 1 ,
~ 0. RO TOREWEREYG T2 2 L N TE -,

100000 100000 ” 0.61803 C f EWEZIGS S Zeh 7

Bl 10 DR EFHTIEARL 2ORESFHUCTE, FHEBTORMMEREZ Y b7 N

BEAOTAEDICEERTRE RS,

3.5 ER

Sl A SR OTHI E TRATD AN S 2205, A ERIZTRE £ RIS ICREA TS 2 L b
b, FHEROA—H—DIUTAFOE LT, MV I T X 5 TR 5,

4 FED

TARTYFHNET 4 RFY FERTAY THES, ERILEECEDY BH D,
74 Ry FHIOFENEZ TIC, AR TIIERILOHDFEHTIELZREL N, TOMIZE I F
TEBRFBEEZEZDIENTES,

ZE 3R

[1] Fibonacci word - Wikipedia, https://en.wikipedia.org/wiki/Fibonacci_word.

[2] KASUKA Yoshiharu. 2006 4£ 9 H 19 H - ¥ a2V —7 1 X on the Web, http://www.
jewelryeyes.net/log.cgi?dat=69j.

[3] Weisstein, Eric W. Wythoff Array. MathWorld-A Wolfram Web Resource. http://
mathworld.wolfram.com/WythoffArray.html
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9. WOENSHDET,

E1 DA I m DX
Fn+1 — Fn — Fn—l =0 Fn-‘,—m — Lan + (71)m n—m — 0 (1)
Fori® — Fupi By — B = (1" | Fon” — LB P + (D)™ F = ()" Fy”
FosiFoy = Fp” = (Z1)" FoimFn-m = Fp? = (=1)" 7" F”

EEORIF, 74 KFy FREEHT 2WLATT,
EHORIE, 74Ky FRICET HEERZNT 2L & A8 T 2HERTT,
FERDAIL, Cassini’s identity XN 5, FHICHEHREERTT,

AT, EOEXR2EAFBBEEZEZDZ L VWS L IA06HBOET, HIREDOE X HIX

Mz 10x] 25 EEmMOR] A& WS E DT, £ F D Cassini’s identity bﬁﬁﬁ’é‘é‘lﬁéiﬁ
X, A TFOERTHDLEZET., ZOLHFORIL, Catalan’s identity & WS ZRIBFIFSNTWBELR
HEAXTT,

AL - ERZRed aE2Em ORIF. ThhEh, L - AFOEEARTHAIEEZXET,
202 ADFIIEAAER %2, THERIZE W,
T, RIZZDRDIGHIZDOVWTEZITAEL & 5,

A EDX
Fruym — LinFp 4+ (—1)™F_y = 0 (2)
DAl UTRORE#EITET,
oo ome) 2(2m—1)
F‘;%+;zm 1 [Qm/l 2; P" ®)

FIRRDBEFEIZ L D,

1 F7LFn+2F’rL+4Fn+6 - 480

EWVSFHENEZIZTE XY (BEHERIREAMAER 2 2H).,

* e-mail:qgb01362@yahoo.co.jp



2 Fopm?— LpnEyinF, + (—1)"E,2 = (=1)"F,,> OISFH

FH o,

Frim? = LinFrymFp + (=1)™F,? = (=1)"F,,?

OISl LTROXEBIFET,
m,n €N & UT,

F17L+m2 - LQan2 + F—m+n2 = 2(*1)nFm2

MR D LD CEHERR XN B R 2 2D,

(6)

ZORIE. WAD F, DHPTARTEHORIZE>TVWET, REEREEXRTT, 51, ThxzflH

LT,

m,n € Z,w = 4mn(m? —n?),x =m? —n? +2mn,y=m2 +n%z=m? —n? +2mn 35L&

Fp2® — Ly, Fp? + F,2% = 2(-1)"F,”°

cwd, HEXZEHTEET,

3 F>L%ZRELTH#%

BHIOR (1) 2BWT, LD F % LIZEESWMABE VS ZL2ER 5L, ROKEED,

il 1 DX

fH7E m DA

Ln+1 —Lp—1,-1=0

Loim — Lol + (—1)™Lyp_pn = 0

Ln-i—l2 - Ln-l—an - Ln2 = _5(_1)n

Ln+m2 - L’an-‘ran + (_1)an2 - _5(_1)nFnL2

Ln+1Ln71 — Ln+12 = _5(_1)71

Ln+an7m - Ln2 = —5(_1)n+mFm2

EBDIEIZIRD X 5127450, BRIZHETE L85,

iz 1 oKX 7 m ORX
F Fn+1_Fn_Fn71:O Fn+m_Lan+(_1)m n—m =0
L] Lnst —Ln —Tn1=0] Lozm — Ly + (1) Ly =0

Iz, FEE TEREORF 2RI OVWTRBRLTWS, Thbb

71 DR

2 m DR

F| Foi’—FopFa—F°=(-1)"

Frim® — LinFrymFn + (—1)™F,% = (=1)"F,,2

L Ln+12 - Ln+1Ln - Ln2 = _5(_1)71

Losm® — LinLpymLn + (—1)"L,% = =5(—=1)"F,,”

F Fos1Fooy — F° = (-1)"

Fneranm - Fn2 = (_1)n+mFm2

L L7L+1Ln—1 - Ln2 — _5(_1)71

L7L+7VLL7L—m - L'n2 = _5(_1)n+mFm2

(7)

LB, 2UHADEE. F o L L WS EMEC & >T, (=5) (5255 2 & GRS HES 2\, 2 hES

RINCERT 27201552 EHRT D,

% g(XlaX27"' 7Xp) S Q[XlaX2a' o

f]( y T C_V) = g(xn-&-a(l), Tpta2)" "

n
S At

y Tn+a(p)

ZOEEDOE LT, WD LI IZFHTE S,

X, &L Bl a = {a(n)},z = {x,} KHLT,
) TE#ET 2,



WP g(X1, Xo,-, X)) €QX1, Xo, -, X, & X1, Xo, -+, X, D2UFERLT 5,
g, F;a) = (-1)"C = §(n,L;a) = =54(n, F; a) (11)

EFRTED, 720 Cld n ITEBRZER LT 5,

ZZTHTL S (-5) LWHIBEROEKIMTHS 5B ERSED L, B & EVWHEBRON S,

11
Zid, Cassini’s identity D L NX—Y a v 2BETELHI T3, T48bb, Q= (1 O) 12k o T,

Lnyw L

Ln+1Ln—l - an - Ln Lnil - }Qn+1 + Qn_l‘ = ’(Q + Q_l)Qn‘ = _5(_1)n (12)

Th5,
M EDoHNIZED,

BF82 a={a,} P an1 —an—a,_1=0%~TL9T 25,
9(X1, X, X,) € QX1 Xov -+, X,] & X1, X, | X, ® 20 HRET 5,

§(n,Fia) = (-1)"C = §(n,a;a) = (ma_1 —ao?)j(n, F; a) (13)

EFPRTED, L C n ITEBERRERE T 5,

DFED, fERIT aa_1 —al =a12 —aja0 — ap? THBEFELW,
2200 FR-IE, BB TIKEHIZBSNTWERY, HDEWE, T TIZIEHINT, BB S2WEThE L
Ny,
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BRI 1 QRO K5 R HKEEATE Y (LD D E D 2L Th D,
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~ I
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/ G G - G
Z 2 Tmxn DR DG E DB EW () E KT LEFRT D.
ZO—EEEm N TETZENEETHS.
IHEFEEWEZNIE T T THGRICB T S EBIMARDGEAE OO b W2 5.
N—T DI NS L DR, ABRERTZRWTZ 7802 5.

H LM LEGERCZ O REIXH HILTWAE NG LIVRWDS, FARFARZRY TIE R 637 n
Slele, FEEEITRD D Z LT L.

X 1 4

BRI Z O— LI LW - om A EE L TE X 5.

FITm=2TEHELTEZS.
BARKMINZEBEZDELLTO X127 5.

%
W(z,l) =1 D 2

X 3

W(le) =4
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THEE A DI TR D OBENERSTZGAEEZLND. (Kb55H)

o TENEG IN- 15D L7 5.
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DL EnFEAOBET EKOBBRD 4580 FIET D.
I TCTHADEE L BADEBEDEE CHASIT L TEXS.

(1)HERCERD D & X
DL En—-1EHE TOBEDR EICHFQDOBEIIRE L 20,
2 DELEIZIBVTW (g,-1)18 ) DRIETTIERH D DT, 3Wi,-y)@ . (X8 /)

/

/7 X8

W3-l

(il )M BEN B % b X
Drtrn — 17 H £ TOR T 5 THEMES B 5.
TR

\ad

TEREBEDOLMNTEEDR > TN D, 1> TEMDE S TIIA L TWDLIRERH S,
THICE 2, ARITEIZH T TV DREDOHEE O EL2ENHEIL< &

)

-
—
-
—

/

-1 n n—2n—-1 n
We,n-1) - Wz,n-2) 9

Won-1) = Wen-2l 0 L7025, (K9 Z2M)
e~ TW(Z,%) = ( ) + (11) :4W(2/n—1) + W(Z,n—Z)

{W(Z,O) = 0 ,W(le) = 1
Wen+2) = Wi nt1) = Wen

IhEfiE &

(2+v3)" = (2-V3)"
2V3
BPEHHND. Lo TWeumD—RIEA KD D Z LR TET.
[RIRE D FHE CIEF \SEHETILD D DW (3 ) DI DN T H RO BN D.
Wi COWTEETZRE > TRV, AEBEIZIN TR, ZHORIEYTH 5.

Win =

~ O %%@t@\W@m@ﬁMﬁéifé%_Motﬁﬁfﬁ%WOTLiot Z 0Nk %
BUFIERT. o TUMOWHER % ST 5 E CORITIEI Y AVE L TND = &I 5.



BATIFFELIFTHTHY, WezaROLLE LEKRDEZ T EZHND
WQWD BT 4X4 D16 D, BENERSTLESLLEDICHRE LN =T DHLRED 1
WY 25T 150 EH L. (K4 2W)
FIRRICE 2D L4 % D 2X2 DZER] (2 OEEIFSNE TRV AEITE LYY 225 4 Hmon
NDNZEER BT DG DB W (g DA —HF —IZ78 5 TN D,
%of DG, BENTER D & EDHEOREIFIT L.
TN EZE RV T ROBIEIAETHL Z b, 2O —F—F34"MRY LE£ED.

//

X 11

// n—1 n n+1

TN ORI RREEEZD. HEREIn+1THDLZ LITHEET D.
VIBEREIR S [EBBED 7230 Z O A TIEICB T 2R OB &0 Ea, & T 5.
Z 2 CRRRICEENRE o TV D LT 5.
ZDEEZOHEDOBITROBEDS E BRI AT TELLND.
ZOSGEEMNIT 2X2, HHNE2X(n—-2)E o> TN,
ZNENOREDEE FFiklTas, a, . ThH 5.
o THRHZBEN T2 > TV D EDOEITa, a,_, THD.
FENWTNTERSTZE L THLEZFTIIEDL R,
Wr TABBICHRN X T2 & XORAOITa, a,_p, & BED.
ZDZEDBALE OMA TEENE 72 D856 OFIX
n—1
Ap Ay

#=1

W~ TZ DOREDEDa,l

6L1=1,d2 =4
n—1

Apt1 = 4" — z ApApn—t, (’I’L = 2)
#=1

ORI L - TERFT N TE B,

CETHHEIRAOBRTHS. BAEMNICITa, a,_ Dz L5722 AT, RUbLDO L%
TLESOIC, BRELTEPIREIRoTLEST.
IS —fRICW (g 0y = @, D3R Y SLO.
L L, YEERN 72 I OFHE I AR Do Tz, ZORITONVTOBLRIIOLIZHR RS,
—EEIINEW g n42) = AW on41) — W(Zn)@ﬁﬁﬂﬁgt@jiﬁ%ﬁ’bb\f“%é.
LrL, DEDOIZ0FHE I ZAZIY LT 720ld, Z OEMERI XD 513E 2 b n—KED
ELIHTHS.



FTZOMAEBIEL THD.
BHRMICHEEEZRATHZ LICKVE S HAETEHEL. UTFIZEREZRT.
(a’l'a’Z'aG)a"l-)a’S) = (1r 4') 15; 56; 210)

ERRICEHET AL TED X< oA, 2 TOEEFES Z LIZLVROEBEEZEH L TWS., nlE
WML D L 2R b D THD. Ldvbaga, /20 CHENHE X DEISED LT L OO S.
EHIZFNDAN BB NIV TWNA DT, IFEFICEME LD L7 > TN A.

LINL—DFBERFERLINRDHY, INEFHAELE S LB & 0T L LTE O ORUIC /AR
AMHOTZENIDNRH 5.
ZHUT— R X T B E RN ERIIR O THE b5,

C():l
n

Cn+1 = Z CrCn—#

£=0
FrronEFFHET A LICLY —REAELN., UTORTREINS.
Cn = n%l(zf) s L (M rommse g b0 () =607 5.
HARKIZ 1 (o, €1, €2, €3,¢00¢5) = (1,1, 2,5, 14,42) TH 5.
LI 0 RIS LTS, BhidlE 2 O E A TE 2O TR E B X7, 47
SEIMIVTW D I DENSERUC L LIRAT B 2 L idHsk o7 UL, faxid L Tz
ETHBBRRWERZ Aol 7.

KiZZ D Zo0ESNOFEE B LA a, + c,}(n 2 1)i%
{a, +c,}=2,6,20,70, 252,..LbFKE5D.
—RED XD RHEFNINDI G0N, BRI ZOBFE Mo T,

(M), Wb ABAOZRHBORISITHS. (K 12)

X 12

1 6 15 20 15 6 1
1 8 28 56 |70] 956 28 8 1

1 10 45 120 210 252 210 120L 45 10 1
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)

en D MPRERAL, #FT B La, = ( T

Ko THEOMLto e 2T )T s LT

COFERFITIIEF ISR E REE 22T
BRANNI AR DN O ZFAO R ROM; 2 FIH B ZICHZ5. (K 13)

X113 1

1 6 150 20 (15 6 1

1 8 28 |56 70 |56 28 8 1
1 9 36 84 126 126 |84 36 9 1

1 10 45 120 210 252 210 120 45 10 1
BIZTNEFRAT 5720 CTHD. I TEBICHERE R L THD &

n

2n+ 2
Api1tCpyq = 47 + Z (C/&C,n_/& B a%a%_l&) +2a0an = (’I’L +1 )

£=0
DRSS FREINS.
INEBFAFNEZHOCTIER L LS EES . LL, ZOoOHFINXT LR DEEEZIRND
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Abstract We inform here a Pongsriiam’s result, deciding all the rational numbers for which the

generating functions of Fibonacci numbers is an integral. (CMdJ,Vol.48, No.2, pp.97-101; 2017)
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Soilj = 210+7x20=413 HET L, FEELEW
S il = 413+8x47=789 HLT L, REELAEL
STl = T89+9x76=1468 HEY L, FEELAL

> jlj = 1468+10x 123 =2608 7= L, FEE LA

BE ER (IRLUXY K¥k

74 8Ty FEIOBRGER 2017 8 A 25 H 13 /17

FEHE

TZETORRBEREZEDDERDED LD,
EEfER 1<k<10ICBVWT (keN&F3))

2

Moili = 3= L (kn)=(24)

ﬁ:ij =21 =1Lg (kn)=(48)

BE AR (MRUKXFE X#Fk) 7 4 K3y FEIIOBFRR 2017 F 8B 258 14 /17

k

P T

Jj=1

RIS B EED (k,n) 1, (k,n) = (1,1),(2,4),(4,8) DHTHS.

2,1,3,4, .. Lk o, Lk 1,0, L1, Le—1,2Lp 1, .., Falp—1, Fro1li—1

k
1 if k is even
Fiilk_1 =
ko1t {1 if k is odd

—3 if kis even
Fre ol 1= ,
ko2tket {3 if k is odd

74 £F v FEIOBEHR

EE RILET - RV 2 hEG
Po=0, PL=1, Poyo =2P, ;1 + P,
QO = 27 Ql = 27 Qn+2 == 2Qn+1 = Qn

A

I-HI
it
i

k

Jj=1
WEIIT B & XD (k,n) &, (k,n) = (1,1),(2,3) DHTH .
BE HE (AL K#B%) 74 K5y FEIIOBRK 2017%8RA 258 16 / 17

SERORE

E&H MKk
Up=0, Uy =1, Upyo = aU,11 + U,
Vo=2 Vi=a Vip=aV,u+V,

el

K K
Zjljj = U, (resp. ZJVJ = V,,)
j=1

Jj=1

BNEIIT B EED (k,n) L TRER .

0a=10D¢E TJ4RFyFEIIE) 2HE5
0 a=20&E RILEFER)Y 2 HEF

74 8%y FEIOBER 2017 ¥ 8A 258 17 /17




A BN ED 2 [ D abenacci 2

B ook = (B R #H)

B =

KIFREEL D R WRHRE & W S Bl 5, Q EDORERIZR abel ZIHAUZ AT L 72 Fibonacci
DAL (abenacci ) Z#E AT 5. HIZZ DRI & LT 2IRZIHNIZAHE U 72 abenacci £X
IZOWTCEm L 5.

1 Introduction
B 72 Fibonacei 8 F, (&89S Fy = 0, F, = 1 & iifb =

Fn+2:Fn+1+Fn

TEHRINDS. TNSOBFNEAL TXIERFIZZ K OWEVPR S NTE D | b2 2B, Hhk,
— AL BT 5.

5 T% < @D variations DB LE I NRH 5 B, Fibonacci ORI 1T, H 5 W ikE N % i
FRATZRBWEERE WD OIFRZIZAETIE R WL S IcBbh b, £ 2 THEEDRRTITHH
B D B WRFRE S WO Bl o, Q EORERIZR abel ZIHAUZfIHE U 72 Fibonacci 2D Hkak
ZEALURZ. 97205 (1) Q EBEHD monic Z2EEELRILD abel £ IHA

r

FO) =) ap

k=0

XD ay, ..., &, (ii) r ZED n IR5EEXNFRN

Wy ay) = ) at e

AR U 72 KBk
Eoi(f) = h(ay,... )

T, (iii) IEAEEFIERAME & 72 SRS {Fop1(f) bnzo, & TQ EBEHIZR abel ZIHA f (ZfFl
U7z Fibonacci B F, 1 (f))] CIERZ &2 5. 2 INEERETELDT,

*g-shibukawa@ist.osaka-u.ac.jp



abel + Fibonacci = abenacci

T Q E®D abenacci 8, HIZ deg(f) =r D& &, Fo1(f) & r BEOEBBRE D20 HFER %
723 DT, Q Er D abenacci L& FERZ & 129 5.

ZDE2izED B Lt (FFioE& L D 2 DRMELIHA L abelian 1272 %) 35 O BRI
PEE LR D — G2 &, BEERVEIZH RO BGR D 5 7€ S & 5 WIFRE IZRWHLRIZ -
TW5. WEEDFEFR Tl classical 7% Fibonacci 2 &4 R5 & LT

" g 2rr 2w
Fn“—hfl)(—cos(2r+1>,...,—cos<2r+1)) (1.1)

EEEL, BT FU), 23Q b r B0 abenac BT > TW3 2 & & bR S,
Z Z THENIERE D abenacci BOPIE #2175 . FiZ Q k2 B D abenacci MO PEZ1T D .

2 HIEHAELED1EDabenacci
FTr=102Z%2EFERTS. Z0r X, Q LEEHD monic FERARE 1 IRD abel ZTHA X

fA) =A—aecZ[\
LHIB. DY FEHED 1 LHOEARILTRE hy(z) — 2 BROT
hn(a) =a"

7%, TR OB O T, EEHBEFHIEFDBIN 05541 a0 > 1 THB I N
bhb. DFD 1L EOBBD L TELESINQ L 1D abenacci BTH B Z &30 h 5.

3 ABEHE LD 2D abenacci #

IRWT2HDGEE2EET 5. ZDHE, Q _EEEK® monic 72 EERURE 2 YRD abel ZIHZ
I, a® + 4b DSEFENT R 52 WEE a, b 2 W T

FO) =X —ax—beZ[)

YEITL ZOLE fOWE
a++va?+4b
2

a4 =

L9 5. 2EBDTERNIRL IHA

n n+1 n+1
. ; x —x
_ } : Jjn—j _ 1 2
hn($1,372) = 1Ty ~ = ————
- T1 — T2
j=0

2



CRALZED%E F,1(f) = hplay,a ) 25, 2D L E h, B XORFREEO R (Wron-
ski BEFRR) &0, Fo(f) &

Fo(f) =0, Fi(f) = 1, Faga(f) = aFpa(f) + bFu(f) (3.1)
iz 13T oD, 72 f D Galois fHF Z/2Z W Z abelian TH S Z & id X\, &
CE By (f) DEMERFAIEHAD £ 705 a,b DRMAEZRETENIX L.

Fix LD —MIZ, a,b 2 FEE LT (3.1) 272 3THBE {F, 1} ITK U TIROFERIK D 32D,
P:={(a,b) eR*|a>1,a*+4b>0,(a—1)ay +b>0}

LB TITHEEPIX

U:={(a,b)eR*|2>a>1a+b>1},

V:={(a,b) eR*|a>2,a°+4b> 0},
ZHWT

P=UUV

YD EIIEETDHE, MFDEIIZMRTES.

ZDEE, {Fui1}nso P (IEE) FFHFERAD LS
Fil=1<F=a<F=a+b<F,<... (3.2)
222 ODFRMERBUTD LS IR EoND.
Lemma 3.1 ([S]).
(a,b) € P <= {F,11}n>0?" (3.2) 2729,
Z DA E IO USIRD RZE S
Theorem 3.2 (EAEH).
{Fi1(f) o M Q 1 288D abenacci £

i
a® +4b € Z 2V HETIZAR L, 2D (a,b) € P.

3



4 SEROERE

Q E 2% TD abenacci BUIFHERIZILE T E /2. SHEOFEE LU TlE 3 LA ED abenacci
BaERENDS. LHrUIBMEIX2BETL TR LD, —ROLIENIZE L TRIRDER %
15 2 IIMEBICHL < 20D, £92IRETERAD 3R EOZIHAIIMSAZ 1 abelian
Wi sawn, HIZQ LRSS BT AR 25, A CTIEMEBRFAIEFDEDF =y o
LD IR S0,

Z ZCYMH L abelian TH B Z L 230D > TV AR RZIHA.2E X, D Q O
& ZDREMRAL 2582 NH L HAORRME D EAERFFERAD 2R U 5 Z L A EIZZ 5.
ZZTHEZAONDDIILLROHITH 5.

(1) 3EDEH

(2) 4P DG E

(3) ZH 2 IRARIZAT B9 % K HEIK 722 abenacci 28

(4) FHMR & 2 DOEARIZ AT 9 5 EEHER) 72 abenacci £X

728 21X (1) 3D AL, simplest cubic field Z &8 % 3 XD abel % HX
fa()i=2" —az® = (a+3)x—1=0
MELNRIZIRY , (2) 4 FEDHE X, simplest quartic field Z E & % 4 XD abel ZIHA
fa(z) = 2" —az® — 62> +ax +1=0

MEBRNRIZRS. TS5 DIGE, BMEIZT Cicbh b, & & IXIEHEBHAIERDMES o > 1
PEMETH S Z D05, DX D EIROD abelian DEFRME D &, BERME X 1F4E B R A M
DiFaw N 2IRDGE L D B/ BRI 5.

5 BELA B0 abelian Ofil& LT (3), (4) B’d 5. ZO8E, BAMEIZIZIZEINCA 2 D EHE
BIIERAMEDF =y 7 DL <705, RICHEREWE BN 5Dl (4) TH 5. FilERL
ZDIE I NI MARD BRI IMADGE D, T ORI CEMEEFIEFI MO F =y 7 1%
FEWANZ o7z, £ O/NS LI ARIZ B U TIXIEMEME X BRI 2 i 72 T 2 WS ZE S 5 DT,
ED XS G AT R RIERADEZ - SRR OB S EROBETH 5.

S 3R
S] WTk: BEERLBIESZ D ZEBER, KL IF—2017HT7 A5,
23-25.



Convolution identities for Tribonacci numbers
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Abstract

To,T1,T2)

Tribonacci-type numbers TT(L are defined by the recurrence

relation

Ty(Lso,shsz) _ TT(LT:()17T1,T2) + TT(L7_102,T1,T2) + TT(LTOE;TLTQ) (n > 3)

with given initial values TO(TO’T1 ) 1, Tl(TO’T1 T2 — 1y and TQ(TO’T1 )

0,1,1 . . . .
T5. Hence, T,, = Té ) are ordinary Tribonacci numbers, which se-

quence is given by
{Th}n>0=0,1,1,2,4,7,13,24,44,81,149, ... .

In this paper we give some convolution identities for Tribonacci-type
numbers with binomial (multinomial) coefficients.

1 Introduction

Convolution identities for various kinds of numbers (or polynomials) have
been studied, with or without binomial (or multinomial) coefficients, includ-
ing Bernoulli, Euler, Genocchi, Cauchy, Stirling, and Fibonacci numbers
([1, 2, 3,6, 7,8, 11]). One typical formula is due to Euler, given by

an (”) BBy = 1By —(n—1)B, (n>0),

k
k=0



where B,, are Bernoulli numbers, defined by

T > z"
pr— :nZ‘EBnH (|lz| < 2m).

In [9], Panda et al. several kinds of the sums of product of two balancing
numbers are given. As an application, the sums of the products of two
Fibonacci (and Lucas) numbers

Z Fk:m—i—rFk(nfm)Jrr and Z Lkm+rLk(nfm)+r )

where k and r are fixed integers with k£ > r > 0, are given. In [10], Ray et
al. consider the higher-order convolution identities for balancing numbers.
In addition, let u,, and v, satisfy the three-term recurrence relations wu, =
atp—1 + bu,_o (n > 2) with ug = 0 and u; = 1 and v, = av,_1 + bv,_o
(n > 2) with vy = 2 and v; = a, respectively. Then, explicit formulae for
general Fibonacci numbers u,, and Lucas numbers v,,, namely,

n n
Z <k17"'7k7’>Uk1“.Ukr and Z (kla"wkr)vkl.uva

k1+»~+kr:n k1+.4.+k,’.:n
k1,..es kr>0 k1,..es kr>0

n B n!
ki,... k) koo

is the multinomial coefficient.
In this paper, we give some convolution identities with binomial (or multi-
nomial) coefficients by using the generating function.

are given, where

2 Convolution identities with binomial coef-
ficients

For convenience, we shall introduce Tribonacci-type numbers T T T)

isfying the recurrence relation

, sat-

Tlsosi2) — T T | p(To D) | Tgog,Tl,Tz) (n > 3)



with given initial values T\ = 7 7T — g 701 —
Hence, T, = T8 are ordinary Tribonacci numbers, which sequence is
given by

{T}n>0=10,1,1,2,4,7,13,24, 44,81, 149, . ..

([12, A000073]).
The generating function with binomial coefficients is given by

L ax Bx YT __ (50,518 )x_n
t(x) = 1€ 4 2™ + 3" = ZTnO b o (1)

where «, 3 and 7 are the roots of x> — 22 —x — 1 = 0 and given by

V194333 + v/19 - 3/33 + 1
B 3

57—2_(1i\/—_3)\3/m—(1¢¢—_3)3 19 + 3v/33
o 6

= —0.4196433776 £ 0.6062907292v/ —1 ,

= 1.839286755,

satisfying
at+ft+y=1,
af + py+ya=-1,
afy=1. (2)
Since
¢ +ca+c3="1p,
cra+ e+ cgy =11,
aa® + e + eyt =T,

we have

s

Bla=7)
Cy = B

( (

(see e.g., [3]),
First, we shall prove the following two lemmata.

3



Lemma 1. We have
1 o
C%eax_‘_CQ ﬁx_{_cge'ya::2_§ T0 Ny T2 ’
n=0 nt

where

Ty = 2(4T3 — 6T} — 217 — 3TyTy + 9Ty + T Ty)
T =Ty +4T¢ + 515 + 2T, Ty — 6TW Ty — 8Ty Ty,
Ty =2(=215 + 317 + T + 7TToTy + ThIz + 510 1T5) -

Remark. 1f Ty = 0 and Ty = T, = 1, then 75 = 2, 17 = 3 and T35 = 10.

Proof. For tribonacci-type numbers s,, satisfying the recurrence relation
Sp = Sp—1 + Sn—2 + Sn—3 (n > 3) with given initial values sy, s; and sq,
we have

o0 xn
die™” + dye + dye’™ = Z ngsomm)_

n!’
n=0

(3)
Since dy, dy and d3 satisfy the system of the equations

dy +dy +ds = s,
dia+ doff 4 d3y = s,
d1a2 +d262 + dg’}/z = S92,

we have
d, — =507 + 51(8 +7) — 52
(@a=B)(y—a)
4, — Z50 + s1(y + @) — 59
(a=B)B~-v)
d; — —spa 3 + s1(a+ ) — 59 '
(B=7(—a)

Since d; = 22¢%, we have

—5087 + 51(B +7) — 52 _ 99 (Toﬁ’Y —Ti(B+7)+ T2)2
(a—=B)(y—«a) (= B) (=)

4



By using the relations (2), we have

a?=2—(B+7)+ 5y,
(B+7)?=1+(B+7)+ 57,
By =—(B+7) - B,
By(B+v)=pBy—1.

Thus,
(—8057 +s1(8+7) — 32) (a=B8)(v— )
= 50(=208+7) + B2+ 1) + 51 (=28 +7) — 287(8 +7) +2)

+so(=(B+7) + 38y +3)
= (=80 — 251 + 352) By + (=350 — 251 — 52)(B +7) + (S0 + 451 + 352) .

Similarly,

2
(T057 —T(B+7)+ Tz)
= 20Ty + 21T — Ty + T7) By + (-2 T — Ty + T2 (B +7)
+ LT+ TE+Ty).

By solving the system

—50 — 281 + 38y = 2Ty Ty + 2Ty Ty — T2 + T2,
—380 - 281 — S9 = —2T1T2 - T()2 + Tvl2 )
So + 481 + 389 = 2137 + Tf +T22,

we obtain that

TR — 6T? — 2TF — 3T,Ty + 9TV Ty + Tu T,

S0 3
11
) T2 +4T? + 5T% + 2T, Ty — 611 Ty — 8T Ty
1= 9
22
) =218 + 3T + T3 + TToTh + ThTs + 5T 1
2 = .
11

By replacing sg, s1 and sy by s0/22, s1/22 and s5/22, respectively, we get
the result. It is similar for dy = 2205 and d3 = 220%. ]



Lemma 2. We have
1 [oe)
o367 + 30167 4 c1cpe?® = 39 E o1 T2) L
n=0

where

To = TT2 + 6T% + 272 + 5T\ T, — TyTy — 9T\ T,
Ty = 8T + 1072 + 772 + Ty Ty — 9Ty T — 15T1 T,
Ty = 17TT2 + 24T2 + 8T2 4 9Ty Ty — 15TyTy — 2514 T .

Remark. If Ty = and Ty =15 = 1, then TO =—1, Tl =2 and TQ =7.

Proof. Similarly to the proof of Lemma 1, we need to have d; = 22cycs.
Equivalently,

—s08y +51(B+7) — 89
(@ =P)(v— )
22 (T0704 —Ti(y+a)+ Tz) (TOOZ/B —Ti(a+ B) + TQ)
(@ =B)(B =)y —a) '

Since
(—80/37 +s1(8+7) — 82)(5 —)?
= (5 + 7)(—350 + 251 — 82) + 57(—580 — 281 + 352) + (80 + 481 — 82)

and

(To’}/Oé — Tl(’j/ + O./) + TQ) (T()Oéﬁ — Tl(O{ + B) + Tg)
= (B+7)(=Ty — Tt — ToTy + Th'Tz) + By(T7 — ToTy)
+ (Tg + T + Ty — ToT, — 2T T)

by solving the system

—389 + 251 — 89 = —Tg — T} — TyTy + T1 Ty,
—5Sg — 251 + 359 = T12 —ToT5,
so+ 48y — sy =Te +TE + T35 — ToTy — 20Ty,



we obtain that
TT2 + 612 + 272 + 5Ty Ty — ToTs — 91 T

So = )
22
8T2 + 10T2 + TT2 + TyTy — 9Ty Ty — 1571 Ty
51 = 5
22
| ATTR 4 24T + 8T2 + 9TyTy — 15T4Ty — 25T T

S9 = 22 .
By replacing sg, s1 and sy by s0/22, $1/22 and s5/22, respectively, we get
the result. Similarly, we obtain that do = 22c3¢; and d3 = 22¢c¢s. O

By using Lemma 1 and Lemma 2, we get the sum of the products of two
Tribonacci-type numbers with initial values Ty, T} and 75 with the binomial
coefficient.

Theorem 1. Forn > 0,

5 (oo

k=0

n

]. * n i & B
2nT(TO T3, T50) 2 -1 kT(T07T1,T2) )
-5 ( r23 (M)
k=0
Proof. First, by Lemmas 1 and 2,
(c1e** 4+ e’ + ¢ 3e77)?
— ( 2 2ax+62 Q,B:E_I_CQ 27:(3)

(C%@an —|—C2 2Bx +02 271)

61026 (@+B)z 4 (eqelPHNT 4 63016(7+°‘)x)

1102 4 coezet™)% 4 cyeietA))

- (T3 T5 T3) ) - x_li - (To,ThTz)(_x)k

Z a2 ¢!22ZT’f k!
k=0

[e.e] )n

=2 <~ /n Fop Py T
TO? -~ -1 kT(TO:Tl»TQ)_ )
EPILELLCIC 0 - ol (Ve

n=0 ) n=0

/\/-\
o

—

Q

[\

(‘\5

On the other hand,

o n 2 o0 n n
(To,T1,T2) ZE_ o n (To,T1,T2) 7(To,T1,T2) $_
(z% g n! ) - Z0 k <k> g o nt
n= n= =0

Comparing the coefficients on both sides, we get the desired result. ]
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Now, we shall consider the sum of the products of three Tribonacci-type
numbers with trinomial coefficients.

Lemma 3. We have

Bl

C1C2C3 =

where

T =T+ 2T + T3 + (2T + To)TZ + (2T? — 20Ty — T T, — 2TH T2 .

Remark. If Ty =0 and T; = Ty = 1, then

1
C1CoC3 — — .

44

Proof. Since

(@ =328 —7)?(—a)?
=—-@Ba+(a-1)B8+1)(B-1)By+1)(y—1)
= —(27aBy+9(af + By +ya) + 3(a+ S+ 7) + 1)

X (afy — (@B + By +ya)+ (a+ 5 +7) —1)
=-22.2=—44

and

(Toyar = T (v 4 @) + T2) (Toa — Ti(a + B) + To) (Tofy — TA(B + ) + T»)
= Ty (afy)? = TeTi (B +7) + By + a) + y(a+ 5))
+ TTs(a + B +7) + ToT5 (o + af + B7)
+ TTE (vl + B)(B+7) + aB(y + a)(B+7) + By(y + a) (e + §))
— o\ Tz (ya(a + 28 +7) + aB(a+ B+ 29) + By (20 + B + 7))
+ TP ((y + a)(a+ B) + (a+ B)(B+7) + (B+7)(y + )
—THa+B)(B+7)(v+a)+ T3
~ T ((y+a) + (@ + 8) + (B+7))
=T

Y



we have

C1C2C3

_ (Toyer — Ta(y + @) + 1) (Toas — Ti(o + B) + Tn) (Toy — T1(B + ) + T3)
—(a=B)2(B =)y —a)?

T
44
OJ
Lemma 4. We have
1 [o@)
3 e 3 Bz 3.y _ 0,11,13)
+ che” +cze’t = 1 Z 1.12)
n=0
where

Ty = 5T — 24T2T, — 30Ty T2 + 617 + 9TET)
+ 48Ty ' Ty — 151015 — 6TV Ty + 3T
Ty = 3T 4 24T3T) — 1072 — 15T3T, — 1211, T

+ 18T2Ty + 9T\ T2 — 6TV T2 + T3,
TQ — _5T03 -

6Ty Ty + 18Ty T7 + 6T + 9Ty Ty

— 12T, TVTy — 12T Ty + 310 Ty + 1210 Ty — T .

Remark. If Ty =0and Ty =T, = 1, then Ty =Ty = 3 and Tp = 5.

Proof. Similarly to the proof of Lemma 1, we consider the relation

d = —s087 + 51(8 +7) — 59
(a—=B)(y —a)

44(ToBy - Ti(B+7) + To)’ a4
(@=Fpla—npF

Since

(B+7)*=2(8+7)+287,
By B+ =—B+7)+By—1,
BB +7)=—(B+7) - 287,
Byt =(B+7)+1,



we have

( soBy+s1(B+7) — 82) (o — B)*(y — a)?
= (5087 — s1(B+7) + s2) (—14(8 + 7) + 487 + 16)

= (B +7)(—4s0 — 251 — 14s3) + Bv(—2s0 + 1051 + 457)
+ (1459 + 18s1 + 1652)

and

(ToBy — (B +7) + T)°

= BTG = 36%9%(B + NTE Ty + 36v(8 + 1) To Ty — TL (8 +7)° + 38°7* T3 T
—687v(B+ VT T2 + 3(8 +1)°TE T + 38910 T3 — 3(8 + 7)1V T3 + Ty

= (B +)(T3 + 3T2T, — 2T — 3T2T, + 3TTy — 3T,T2)
+ BY(6TET, + 3ToT? — 2T} — 313 Ty — 6Ty T\ Ty + 3T Ty + 3ToTy )
+ (T — 3ToTE + 6Ty W Ty + 3T Ty + T5) .

Solving the system

—4sy — 251 — 1459

= T3 +3T3T, — 2T} — 3T3Ty + 3TPTy — 3Th T3 |
— 2809 + 1051 + 459

= 6T2T, + 3T, T2 — 2T% — 3T2Ty — 6Ty TV Ty + 31Ty + 3T, T,
14sg + 1851 + 1654

=Ty — 3TyTE + 6Ty Ty + 31Ty + T

we obtain that

Ty T T
SDZE, 51:ﬂ> SQZE.
By replacing sg, s1 and sy by so/44, s1/44 and sy/44, respectively, we get
the result. Similarly, we obtain that dy = 44c3 and d3 = 44c3. O

By using Lemmas 1, 3 and 4, we get the following convolution identity
for the three tribonacci-type numbers. Deonte the trinomial coefficient by

n B n!
ki, ko, ks )  kilkolks!’

where ki + ko + k3 = n and kq, ko, k3 > 0.

10



Theorem 2. Forn > 0,

n (To,T1,T2) (o, 11, T2) (T, 11, T2)
E T, T, T,
(kla k?a kS)

ki+ko+kg=n
kq,kg,k3>0

on— kTT T T*)T(TO,T1,T2 nT(To,TLTz) ff .
- <3z( ) 317 +3

Proof. First, by Lemmas 1, 3 and 4, we have
(c1e™® + o€ 4 c3e7™)?
— 3( 2 2ax —|—C2 2Bx _|_02 27$>(cleaz —|—0266w +C3e'yx)

—2(cPe 3 3az +c3 3Bz +C3 37:5) +66102036(a+5+v)x

2z)"
_ T,T,T)(
- 222T v n!

n
T, To) L

(To
" n!

n=0

3x)" 1 <= 2"
_2 TTQ,TlTQ)( 6_ -
44Z n! + 44;:071!

3 =1 nk@II)mﬂmﬂ
S

1 - y i
_ nT(To,TLTz)
29 Z 3 + 29 Z
n=0 0
On the other hand,

0o 3
E T TO,T17T2
n=0 .

_ n (To,T1,T2) (To,T1,12) (To,Tl,Tz)x_n
o Z (kh ko, k3> T, Ty, Ty, nl

k1+ko+kz=n
k1,ko,k3>0

Comparing the coefficients on both sides, we get the desired result. O

Finally, we shall consider the sum of the products of four Tribonacci-type
numbers with trinomial coefficients.

11



Lemma 5. We have

axr x X 1 - [o,11,T xn
czlle + c%eﬁ + cge7 = =i ; TT(LTO:ThTz)m 7
where
1
To (5T — 106Ty Ty — 1I1TYTE + 104ToT] + 36T + 40T Ty

T 242
+ 21613 T Ty — 1021, T2 Ty — 10812 Ty — 81T2TE — 6Ty Ty Ty

+ 105TETS + 18TyT; — 36T\ T + 4T3),
. 1
Ty = —(13Ty + 72131y — 51TZTE — 108To TP — T} — 39T T

T 242
— 6T Ty + 210To TP Ty + 36T T, + 27T Ty ),

|
Ty (=27Ty — ATPT, + 210T3TE + 721017 — 36T + 1573 Ty

T 484
— 16Ty Ty Ty — 228Ty TP Ty + 64T Ty + AST Ty + 204Ty Ty Ty

— 6T2T% — 40Ty Ty — 8T T3 + 7Ty) .

Remark. If Ty =0and Ty =T, = 1, then Ty =2, T} = 14 and T, = 21.
Proof. Similarly to the proof of Lemma 1, we consider the relation

4
—sofytsi(B+7) —sa ATy —T(B+N+T) o) 4
— 4g4ct.

P oS B Py EI o ¥

Since
B+ =2(8+7)+487,
BB+ ==28+7) -2,
By (B4+7)?=—-(B+7) —36y+1,
BB+ =208+7)+By+1,
Byt =28y -1,
we have
— (—8057 +s51(8+7) — 32) (a—B)P(y—a)
= (5087 — s1(B+7) + s2) (—=56(8 + ) + 1687 + 108)
= (B4 7)(—16s9 — 5257 — 56s3) + 57(36s¢ + 4051 + 1655)
+ (565 + 72s1 + 108s3)

3

12



and

(ToBy — Th(B+7) + Tz)4
= BTy = 4B° (B + TG T+ 65°7%(8 + ) Ty Tt
— 4By (B + )’ ToTY + (B + ) T} + 48°° Ty Ty
— 128%9%(8 + NTETV Ty + 1287(8 +)*ToTETh
—4(B+ )’ VT + 6677° Ty T — 1267(8 + 1) ToTh T
+6(8 + ) TLT + ABYTTS — 4(8 + ) TWT5 + T
= (B4 ) (=8TPTy — 6ToTE + S8TYT} + 2T + AT Ty + 12T Th Ty
— 12TTE Ty — 8TPTy — 6T Ty + 61Ty — 4Ty T5)
+ BY(2Ty — ATYTy — 18TGTY + ATy + 24T W Ty + 121017 Ty
— 8TPTy — 6T T3 — 12111 T3 + 6T Ty + 4Ty Ty)
+ (—ATY — ATPTy + 6T3TY + 8To T} + To Ty — 12T0TETy
+ 12Ty Ty + 6T T + Ty) .

Solving the system

— 1659 — 5257 — 5655
= —8T3Ty — 6T T? + 8Ty TP + 2T + ATgTy + 12T Th Ty — 12T, T2 T
— 8TV Ty — 6151y + 617Ts — ATy Ty
36sg + 40s1 + 1659
= 2Ty — ATST, — 18TGTE + ATy + 24T TN Ty + 12T, I7 Ty
— 8T Ty — 61313 — 12Ty VT2 + 61T + 4Ty T3
56509 + 7281 + 108s4
= ATy — ATST, + 6T 1Y + 8Ty T + Ty Ty — 121011 T
+ 1210 T + 61715 + Ty

we obtain that

T T T,
80:@7 81:@7 82:@.
By replacing sg, s1 and s by $0/484, s1/484 and s5/484, respectively, we get
the result. Similarly, we obtain that dy = 484c3 and d3 = 484c3. O

By Lemma 5 and above results, we get the sum of the products of four
tribonacci-type numbers.

13



Theorem 3. Forn > 0,

T(To T, T2)T(T0 T, T2)T(T0 T, T2)T(T0 T1,1%)
Z (kla kQa k37 k4)

ky+ko+kz+kyg=n
Ty koo, kg kg >1

1 "(n) k(o Th T) To, T T
= — |44 3RO, — 3 4T )
484< ~ \k

> (2; (l:) (_l)iTi(fo,fl,zg)> (jz::: (n ; k)(_1>j7}(T07T1,T2)>) .

Proof. By Lemmas 4 and 5 with the proof of Theorem 1, we have

> 3

+62(

(1™ + 26 + c3e7*)?
= 4(3eP 4 3307 4 3e¥17) (e + e + cze?7)
. 3( 4 4az+c 6451: +C§€4’Y$)

— 6(01026(‘”’3)”5 + coe3ePTNT 4 g eI

Z T (To,T1,T5) (35') Z 4;4 i T o, T1,T5) )
n=0

n=0 ’ n=0
2
— 1 n k (fo,fl,f2)mn
+6<Zﬁ2(k)(—l) i 7
n=0 k=0

1 & n To i1, &3 o Ty T) L
_ - 3nfkT( 0,11, 2)T Lo 9 gn(To,T1,T2) 2
11 ; e (k> n—k ful a4 T n!

s (0 (5 ()

=0

]

It would be possible to obtain even higher-order convolution identities,
but the forms seem to become more complicated.

14
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A PIRAA ERER 72 Fibonacci 2 HRIZ DWW T

PN RPN S

201748 H 25 H

Fibonacci £ F,, IR DMt A TEHEI NS,
Fo=0,Fi=1 F,=F, 1+F, 5 (n>2).
Fibonacci P FEED & Z | Fibonacci ZE & WS . HHBRFZEDN SV HEND 5N DB,
F, 7% Fibonacci 8 = nldFBEF 4

WE — I IZ AL L2\ (Bl Frg = 4181 = 37 x 113). #fEERRIC L b, 2D
Fibonacci MR Dh > TW5 (cf. [1], [2], [3]). L# L, Fibonacci FEE MR IZ/FAET
LZME D IMIRIBREETD 5.

ZOMED L HAM %% Z 5. Fibonacci ZIHRA F,(T) XX Dt N CTEHZI N D.

Fo(T) =0, Fy(T) =1, Fo(T)=TF, 1(T)+ Fp_s(T) (n>2).

BN O Fo(T) 13k n — 1 OBEBRBEZHATHS. £ F,(T)IT=1%2AT5¢&
F,lz—%% 5.

Bl 1. 0 <n <101ZB\WT Fibonacci ZHERIFIRD L S5 12725

(T) =0, (T) =1, F(T) =T, Fy(T) =T +1

(T)=T3+2T,  F5(T)=T*+3T*+1,  Fs(T)=T°+4T> 4 3T,
(T)=TC +5T* + 612 +1,  Fy(T)=T" +6T° 4 107> + 4T.
(T)

Fio(T) = T% 4+ 8T7 + 21T° 4 2073 + 5T..

Fibonacci ZHAD Q L TORERMEIZEI L, Webb & Parberry 14X [5] TR DGR %
RLUTW5,

EIE 1.
Fo(T) 7 Q I «—= n 135

AWEIFFIHILARF DAL F K & OIFEMETDH 5.



ARETIX, BRA EIZE1T 5 Fibonacci ZIHEADEEMME2ER T 5. R B picxL,
q=p EDITN» S HREE F, TR R (1 #2,p) WU, pe (Z/I1Z)" DLE
% g/(p) T&ET.

FHER 1.
(1) p=1 mod4DE &, F(T) " F, L R2DIEn =208 EITR5.
(2) p=3 mod 4, | WHEFHREB LT 5. F(T) N F, EBENITH D Z & LIRD (1)-(iii) A3k
MBI LIFFEETH B,
(i) =3 mod 4,
(ii) ged(l—1,7) =1,
(it)) gi(p) = 5% orl—1.
Bl2. qg=p=3,1=7TDLE. (2) DM ()(i) 27 .
3=1 mod7, 32=2 mod7, 3°=6 mod?7,
3=4 mod7, 3°=5 mod7, 3°=1 mod?7.

WoTg(p) =6=1-1FXD (2) D&M (iil) BT, o TERERL LY F(T) lEmod 3
LETEEITH 5.

Bl 3. g=p=3,1=6TDLE. (2) DFM()3i) 2iizT. —H, ap)=22< 5 &b
(2) DA (i) 172 X W, Ko T Fer(T) i mod 3 LA TH D, FEEE, kD & S IZH
Bz ns.

Fer(T)

= (T2 4T + 27" 4+ 27" 4 2710 4 76 4+ T4 4 1)

X(T%2 + T8 4 T 4 T4 4 T2 4 70 4 76 4 277 4 1)

X (T2 +27%0 + 27" 427" + T 4 272 + T% 4 27° + T + 7% +1) mod 3

KRR 1 DM S S EBRS. oy = icos () £ BIFE R(T) & oy DREANSHA L —
5. (BIEEGRT X < IS h %A 77 VAR BIT 55D 5 KA D 37D,

E(T)Ef1<T)fs(T) mOdp Aand (p):Pl"'Ps-

FE381E F,(T) @ mod p TOBEIARETH 0, Hi8IE (p) D Q(oy) TDFEA T TNVHIRTH
5. it>T F(T) D mod p EEEITHEZ 21X (p) B Q(oy) THEAT TN THBZ L LA
HTH 5. HELIZHMMRDEZHED S (p) B Qo)) TEAFT IR B5RM2EETEIL
TE/ERLIPEONS.



FHER 2. p=3 mod 4, ged(r,2p) =132, 2O E, GRH (—#) —~ V7)) %
REST X, F, EBERIZ: Fibonacci ZIHAMMERIZFAET 5.

Z OFEBHIZIX Lenstra DIRDFERZ H W 5.

EH 2. a, b ITHWZERZIEDRI, t IFHRFEEELWVERE TS (6 £0, £1, ged(b, t) =
1). GRH ZARE T UL, IR& 72§ R PERIZFAES 5.

Il=a modb, g¢g(t)=1-1.

KERRLEEEH 2P SRD IS ITEFER2PEIPNS. a=2 mod r 2D a=3 mod 4
72T ax LD, B2 51=a mod 4r 1D g(p) =1 — 1 Z 723 FE ] D3
BRIZAES D, TOX D LIFERMRE 1 OFRM (1)-(1i) 223, /o TERMR2 2155.

KEH 2 1ZB U, Lenstra i & b —f0#ER%Z2 5 2 T»wad. L <& Lenstra [4] @ The-
orem 8.6 Z2EDZ k.

BB p— 2D — A RAB.

IR 3. q=2"295LE, F(T) BF, EBEIE R 2DIEn=20L EIZR5.

SE R
[1] C. Caldwell, "Fibonacci Number.” http://primes.utm.edu/top20/page.php?id=39.

[2] J. Brillhart, P. L. Montgomery, and R. D. Silverman, Tables of Fibonacci and Lucas
factorizations, Math. Comp. 50 (1988), 251-260.

[3] H. Dubner and W. Keller, New Fibonacci and Lucas primes, Math. Comp. 68 (1999),
417-427.

[4] H. W. Lenstra, On Artin’s conjecture and Euclid’s algorithm in global fields, Invent.
Math. 42 (1977) 201-224.

[5] W. A. Webb and E. A. Parberry, Divisibility properties of Fibonacci polynomials,
Fibonacci Quart. 7 (1969) 457-463.



FESEEZ D S
2017 8H 25 H

I SUTE YR N

il

i 7K

1 EEBOFITHE

o(a) ZHRE a O O ETS. 0(a) =2a 22T a lF2—27 Y v RIZ
L DEEHEMENTZ. 0(29) =21 -1 F2—2 VY FOFKRULEZANTHS.

q=0(2°)+m DEHDEE a=2% &2 m EZITFITBELZREOTERE L
W,

m=00DtEeIZa—27)y FOEEHLEVWERIZZE2HE LS. Zh
BFER TR O NIRREDOFEROV L D,

—fDGED o(a) =2a—m %79, TORZWZT a 2 m 721 FITHEH)
U7z (Jh5%) DD L WD,

SHEHEHITS.

1.1 SZEEOHEX

emod4d e e+1 2¢ % q a a mod 10
1 1 2 2% 3 6 6
2 3 22 %7 28
4 5 24 % 31 496
6 7 20 % 127 8128

16 17 | 2'%%131071 8589869056

8
6
8
212 % 8191 33550336 6
6
18 19 | 28 % 524287 137438691328 8

N O O N O N
—_
[\
—_
w




1.2 m=1

o(a) =2a—1 Zi7=3HlE a=2%(=1,2,3,--+). TDXIIT e IZHFRDA
WRBAREZDffR%E C Mg nd.

1.3 m=2

2 I VEABEILZGE, ¢ = 22T + 1 DPFEBUIREDTe+1 122 DRE,
Thbbet+r1=22ELZLNTES.

—HRIZF, =2 41 27 2 LBV, INDERIZR SRS T Vv E
BEwnd.

T VIET7 oV BIE T RTCERZ R PR, IZEL EFTEIT V.

2. q=2"" +1 DFEK

e e+1 emod4 2° % q a

0 1 0 3 3

1 2 1 2% 5 10

3 4 3 23 % 17 136

7 8 3 27 % 257 32896
15 16 3 215 % 65537 2147516416

m = 0,2 TEXBIWRDP 57320,
m=2 D& EZMIE 2°¢(q: FEH) OBUNPRYZS0. ZOROMEIE
WILOME, £7-1F ATURE WS I m =4 DEEEES.



1.4 o(a) =2a—4 OHBHE

m=4 D& & o(a)=2a—4. ZOMEE/NNYAVTFHELULE IARDERMNT
7.

% 3: 0(a) =2a—4

o FHRESRE o)

5 5] 6

14 [2,7] 24

44 22, 11] 84
110 [2,5,11] 216
152 [23,19)] 300
884  [22,13,17] 1764
2144 [2°,67] 4284
8384  [26,131] 16764
18632 [2%,17,137] 37260

a=110,a = 884,a = 18632 IFfR7ZH% s(a) = 3.
s(a) = 3 DFRIIMIZ 2D 253 26rq, 2 <r < q: FE) ODELTWVWDE. Zh
S 2 ERIEOMEIFIENS. D Blfg 2 H 1 5.



1.5 m=-12D&E
m=—-12 D& EHEXNL o(a) =20+ 12 %727

K4 [P=2,m=-12] 2

a  SRRB R

24 23 % 3

30 2%x3x%b5
42 2% 37
54 2% 33

66 2x3x11
78 2x3 %13
102 2%x3x%17
114 2%x3%19
138 2%x3x%23
174 2%x3%29
186 2% 331
222 2% 3 %37

fiffe UTC a=6p,(p+#2,3: F) M DTERHIET.

a=6p ZBEHE VD, 6.2

a=24=22%x3¢a=54=2x33 IZVDODIWERMRTH 5.

PAERZE 512, AR o(a) =2a+12 1ZI3fEE LT

HHEME o =06p,(2<3<p: TR IFMRIZHD oz BEfEE NS,

MEBIR a=24=2°%3 ,a=54=2x3 DML EBEDOT A ) 7 VRD
STEHOMNH 5.

ZDOMDELHB0H L.

FHEOER TR EI T TE BB DLAMRIZIE ABCD ©4 ER5HH 5
ZEeNONB (LA LitHIER W)



2 BEMR LxEH

o(a) —2a=—-m

D BHE 0 = ap(a: BE, p>a F) »ddLdT5.

o(a) —2a = o(ap) — 2ap = o(a)(p+1) = 2ap = (o(a) — 20)p + o(a)

2D To(a) —2a=—m ZBRVHT &

(o(a) —2a)p + o(a) = —m
WAz
(0(a) —2a)p = —o(a) —m
ZIZTp XERIZHDERLDT
ola) =20 =072 o(a) = —m BEY D, ola) —2a =0 I12LD ald5E
2.

Z 2T 2000 R D KR TAGBEERBDOAMFE] Z2ET 5 L EFIEDER
MTELHDT a=2°(r=2" - 1:38).
L7zD3o To(a) =2a DT, m = —2a.

SERBOFIBETTEZR 0(a) — 20 = —m T B EENH B LT HLHV
SERBINEG LT
I DOREHSICEREEZ Ko/, TLTINE —ROEOHAITEZLLD

3 REBOTEH

P aFEREL, BE mIZBLTo(P)+mDPHRBqDEE a=Pq%mT:
AT E) U 7R P DORRFE D SRR D 582 & 5.

m I EITRBE U562 EF 25 Z L ITEETH D, 2T K - TRIZED R
{lgor-.

P=P—-128XL.

Po(a) — Pa = (P — 2)Maxp(a) — mP. (1)



Maxp(a) 1& a DERRFZEHRFZHELTWVWS.

ZOXRZEWZF a Z2m ZIFETBELZEDL P OLEDOHEMDTEB L
38

JEDFEEC P, VATRE) : m OFRMDEEED HIEN

2

4 B BUfg
MOSEREIZBWTH B B2 T,

S
ol

Po(a) — Pa= (P —2)qg—mP
ZEWTBHME o = apla: €8, p>a T PbdLdT5.
p I X—EDERLDTRIZH D .qg=p IT7825.

Po(a) — Pa = Po(ap) — Pap
= p(Po(a) — Pa) + Po(a).

Po(a) — Pa= (P —2)qg—mP %ffio>T
p(Po(0) — Pa) + Pola) = (P~ 2)p — mP.
p CELHBE
p(Po(a) — Pa — (P - 2)) = —Po(a) — mP.
ST p DRI Po(a) — Pa— (P —2) 20 5L L o(a) =—m.

E#& 1 Po(a)=Pa+(P-2) DL &
a ZJE P DJRZEDHSERE (hyperperfect number) £\ 5 .

Po(a) = Pa+ (P —2) Off o IZIERE KET 5. (IERRH)
a=Plr (rnFEH) LB5DTW =Pt -1 &L
Po(a) =W(r+1), Pa= (W +1)r.

W=r+pP-2 (2)
r=W-—-P+4+2=pPtl_1_pyo2=pHtl_py41.
EFxR2r=Ptl—P+1 2B HDLEa="Pr 2BF0BTZLEEHEND .

a= Plr 32O —BbThH b, TNl (hyper perfect number) &
WD,



4.1 FATHR
1970 #£1Z Minoli and Bear I% k hyperperfect number %3 A L 7z.

& 3 ko(a)=(k+1)a+(k—-1)=0D& &
a % k—hyperperfect number £\ .

R 1 P =k+1 D3FEHT,Q = PP—P+1 E RS a = P1Q 1Z k—hyperperfect

number.

Minoli, Daniel (Feb 1981),

Structural issues for hyperperfect numbers,

Fibonacci Quarterly, 19 (1): 6714.
Minoli, Daniel (April 1980),

Issues in non-linear hyperperfect numbers,

Mathematics of Computation, 34 (150): 6397645, doi:10.2307/2006107.
Minoli, Daniel (October 1980),

New results for hyperperfect numbers,

Abstracts of the American Mathematical Society, 1 (6): 561.

ZIZT74RFy FEIOEMEIHTWS.

4.2 FIRELIGBRER
JEDFE: P, EATBE) : m OEZEOMSELE (hyper paerfect numbers ) D
K
EE4r=P —P+1+m HPEHDL ¥,
a=Plr ZIEDVREL: P, FATBE) :m ORBEOBTEEE NS,

RIZZDFERZRDL. W =Pl _1 8. EHKIZTXY r=pPHH1_p4
1l+m=W-—-P+m+ 2.

Po(a) = Po(Plry=W(r+1)=Wr+W.
Wr=(P* —1)r=Pa—ri2&?
Po(a)=Wr+W = Pa—r+W.
r=W-—-P4+m+2IZE0D W—-r=P-2-—mZOTROFEXE X 5:
Po(a) = Pa+ P —2—m.
EE 5 Po(a)=Pa+P—2—m OffzKHFEL: P, FBE :m OIRHEOH

FEMDSEREL & F72 D Maxp(a) BHA TWARUTIER L 72\,



4.3 EtEH
P=30¥¢ xHRRAIL

20(a) =3a+1—m.

#5:P=3m=0;

a factor
21 3x7
2133 33 % 79

19521 3% % 241
176661 3% * 727

#F6: P=3,m=2;

a factor
9 32
27 33
81 3
243 3°
729 36
2187 37
6561 38
19683 3°
59049 310
177147 31



KT P=3m=4

a factor

7 7
39 3x13
279 32 %31

178119 3% 733

# 8 P=3m=6;

a factor

7 7
39 3x13
279 32 % 31

178119 3% %733

#£9: P=3m=10;

a factor
11 11
35 57
51 317
2403 33 %89
20331 34 % 251

54723 3% 17%29% 37
68643 3% % 29 % 263
103683 3% 17 %19 % 107



# 10: P=3,m = 12;

a factor
13 13
Y 3% 19
333 32 %37

15609 3% 112 %43
179577 3% % 739

#11: P=3,m = 14;

a factor
25 52

#12: P=3,m=1T;

a factor
17 17
69 3% 23
369 32 x41
1221 3% 11 %37
20817 3% % 257

149765 5% 7% 11 % 389
180549 3% % 743

#13: P=3,m = 18;

a factor

19 19
387  3%2x43
2619 33 %97

10



5 P=3D&EED BIBDTEH

P =3 FTRE) : m ORMOZE2ED HFERIE 20(a) = 3a+q¢—2m 12725,

ZZTa=2p (T<p:F) HRoTRTHE L LS .(L7zd o THRITERIZ
»H5).

ola) =0(21p) =32(p+1),q=p 72DT,

20(a) —3a—q=064(p+1) — 63p — p = 64.

20(a) — (Ba+q) = —2m IZ&NUEX, m = -32. U7=h>T 20(a) = 3a+q+ 64
W3R o =21p DD 5.

D21 2% P=3,m=0 CORNDEZEETH>72. (¢ =Maxp(a) & L
7z.)

B

# 14: P=3,m = —32;

a factor
231 3x7=x11
273 3xT7x13
357 3xT7x17
399 3x7%x19
483 3% 7% 23
609 3x7%x29
651 3*x7x%x31
777 3% T %37

11



7% 15: P = 3, m = —32;continue

a factor
7077 3% 7%x337
7209 3% % 89

7287 3% T x 347
7329 3 %7 %349
7413 3% 7 %353
7539 3% 7% 359
7707 3 %7 %367
7833 3 %7 %373
7959 3 %7 %379

TAYT 27209 =3 %89 AFEN T\ =,

7% 16: P = 3,m = —32 ;continue

a factor
772989 3% 7 * 36809
773241 3 %7 % 36821
773469 36 %1061
773493 3% 7 * 36833
773787 3% T * 36847

TA VT 2773469 = 3% % 1061 3R N T W7z,
FULKIEEFEE R —LR—Y (fiH % ) HP:itakashigeru.web.fc 2.com % 2%
{EEW

12



FA T —REEDFHm U DN T
BN RS SIS SRS TSN RO R
2
FA T —FEEELHEROME RO R EE 2 5. Z OB, BEIZRDLONBFA 7 —REEOTHL 0N TH 5.
4 T RBIBO I SV TI 3 RIS E TR IS BIc £ 5> T2 BTG, = OFFlistA Hik

kT 22 LICR>THA T —REKE TOO BRI L TAHA 77—z S0 HRROME ROV, Fiz, TA 77—
REBIEIC DWW T BRI L L S 1, FHiiomkibEEZ 5.

1. IZTL®HIZ
EARENIZH LTN EEWCHERN L0 /NS RAREOEEEZeN) L35 LickoT

EEDEKEAA TS, £ o()=1Lt95.
s

p(3)=2, ¢p(6)=2, p(9)=6.

I A T =B OMHEIZON TN O ELHMOENTNEEDERBENT 5.
A 7 —B o MEE
O MENAEZEWIELRABREKETD. 2ok x
@(mn) = p(m)p(n).
@ prHFEHLToHL,

p(p)=p-1

p(p")=p"-p""
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101 50 1| —55.7259 | -51.2384 | -45.8024 | —-39.1289 | —30.8597
102 4 94 | 36.78299 | 41.3186 | 46.81179 | 53.55358 | 61.90406
103 51 1| -56.7075 | -52.1238 | -46.5734 | -39.7633 | —31.3317
104 12 80 | 21.80252 | 26.43443 | 32.04199 | 38.92036 | 47.43321
105 6 93 | 34.31317 | 38.99326 | 44.65802 | 51.60466 | 60.19863
106 13 80 | 20.82441 | 25.55269 | 31.27466 | 38.28957 | 46.96461
107 53 1| -58.6638 | -53.8873 | -48.1081 | —-41.0249 | -32.2689
108 9 90 | 29.84859 | 34.67332 | 40.50973 | 47.66116 | 56.49823
109 54 1| -59.6385 | —-54.7655 | -48.8718 | -41.6522 | -32.7342
110 5 100 | 38.87504 | 43.79627 | 49.74716 | 57.03507 | 66.03399
111 18 75| 13.38909 | 18.3586 | 24.36675 | 31.72288 | 40.80267
112 12 88 | 25.90369 | 30.92149 | 36.9869 | 44.41125 | 53.57186
113 56 1|-61.5812 | -56.5151 | -50.3924 | -42.8998 | —33.6584
114 4.5 105 | 41.93451 | 47.04895 | 53.2289 | 60.78966 | 70.11179
115 22 71 | 7450724 | 12.6135 | 18.85073 | 26.47968 | 35.88252
116 14 88 | 23.96746 | 29.17859 | 35.47311 | 43.17024 | 52.65374
117 18 81 | 16.48471 | 21.74422 | 28.09604 | 35.86134 | 45.42545
118 14.5 89 | 24.00248 | 29.31037 | 35.71949 | 43.55296 | 53.19765
119 24 71 | 5.520766 | 10.87705 | 17.34348 | 25.2451 | 34.97034
120 4 112 | 46.03955 | 51.44425 57.968 | 65.93777 | 75.7435
121 55 11| -55.4412 | -49.988 | -43.407 | -35.3691 | -25.4829
122 15 92 | 25.07863 | 30.5802 | 37.21859 | 45.32462 | 55.29123
123 20 83 | 15.5989 | 21.14893 | 27.84466 | 36.0188 | 46.06579
124 15 94 | 26.11967 | 31.71816 | 38.47123 | 46.71348 | 56.84081
125 50 25 | —43.3591 | -37.7121 | -30.9017 | —22.5913 | -12.3837
126 4.5 117 | 48.16264 | 53.85811 | 60.72587 | 69.10431 | 79.3922
127 63 1|-68.3152 | —-62.5712 | -55.6461 | -47.1995 | -36.8314
128 32 64 | -5.79249 0| 6.982482 | 15.49707 | 25.94537
129 21 87 | 16.73064 | 22.57167 | 29.61152 | 38.19416 | 48.72261




130 6 118 | 47.25424 | 53.14381 | 60.24103 | 68.89172 | 79.50029
131 65 11-70.2217 | -64.2836 | —-57.129 | -48.4102 | -37.7216
132 5 122 | 50.3028 | 56.2895 | 63.50147 | 72.28824 | 83.05691
133 27 79 | 6.82776 | 12.86303 | 20.13239 | 28.98718 | 39.83585
134 16.5 101 | 28.35316 | 34.43703 | 41.76378 | 50.68658 | 61.6152
135 18 99 | 25.87901 | 32.01148 | 39.39562 | 48.38642 | 59.39497
136 16 104 | 30.4053 | 36.58638 | 44.02792 | 53.08671 | 64.17515
137 68 1| -73.068 | —66.8383 | -59.3393 | -50.2126 | —39.0443
138 5.5 127 | 52.45917 | 58.73752 | 66.29387 | 75.48861 | 86.7367
139 69 11-74.0132 | -67.6863 | -60.0725 | -50.8098 | —39.4819
140 6 128 | 52.51476 | 58.89041 | 66.56158 | 75.89224 | 87.29985
141 23 95 | 19.04319 | 25.46751 | 33.19609 | 42.59469 | 54.08201
142 17.5 107 | 30.57203 | 37.04503 | 44.83104 | 54.29757 | 65.86455
143 30 83 | 6.101294 | 12.62298 | 20.46641 | 30.00086 | 41.64748
144 12 120 | 42.63096 | 49.20135 | 57.10221 | 66.70457 | 78.43078
145 28 89 | 11.16104 | 17.78014 | 25.73842 | 35.40869 | 47.21446
146 18 110 | 31.69153 | 38.35934 | 46.37506 | 56.11321 | 67.99852
147 21 105 | 26.22241 | 32.93895 | 41.01211 | 50.81815 | 62.78294
148 18 112 | 32.7537 | 39.51897 | 47.64957 | 57.52348 | 69.56773
149 74 1|-78.7146 | —71.9006 | -63.7126 | —53.7708 | —41.6471
150 5 140 | 59.81745 | 66.68023 | 74.92572 | 84.93533 | 97.13839
151 75 1| —=79.6501 | —72.7385 | -64.4356 | -54.3581 | —42.0757
152 18 116 | 34.88276 | 41.84309 | 50.20347 | 60.34876 | 72.71049
1583 24 105 23416 | 30.4251 | 38.84294 | 49.05605 | 61.49706
154 1.5 139 | 56.94961 | 64.00751 | 72.4828 | 82.76372 | 95.28399
155 30 95 | 12.48361 | 19.59031 | 28.12306 | 38.47177 | 51.07126
156 6 144 | 61.01798 | 68.17349 | 76.7637 | 87.1802 | 99.85887
157 78 1|-82.4473 | -75.243 | -66.5953 | —56.111 | —43.3532
158 19.5 119 | 35.08783 | 42.34099 | 51.04612 | 61.59818 | 74.43511
159 26 107 | 22.62331 | 29.9253 | 38.68791 | 49.30772 | 62.22374
160 16 128 | 43.15916 | 50.50999 | 59.33006 | 70.01763 | 83.01269
161 33 95 | 9.695363 | 17.09505 | 25.97259 | 36.7279 | 49.80198
162 13.5 135 | 49.23193 | 56.68048 | 65.61549 | 76.43852 | 89.59159
163 81 1|-85.2311 | =77.7337 | -68.7412 | -57.8505 | -44.6185
164 20 124 | 37.30613 | 44.85243 | 53.90239 | 64.86085 | 78.17179




165 10 145 | 57.84377 | 65.43895 | 74.54638 | 85.57254 | 98.96237
166 20.5 125 | 37.38175 | 45.02582 | 54.19074 | 65.28458 | 78.75327
167 83 1| -87.0799 | -79.3869 | -70.1646 | —59.003 | —-45.4555
168 6 156 | 67.45876 | 75.20063 | 84.48051 | 95.7097 | 109.336
169 78 13 | -76.0022 | -68.2114 | -58.8741 | —47.5772 | -33.8722
170 8 154 | 64.53713 | 72.37685 | 81.77169 | 93.13619 106.92
171 27 117 | 27.07683 | 34.96548 | 44.41781 | 55.84994 | 69.71242
172 21 130 | 39.61687 | 47.55445 | 57.06426 | 68.56402 | 82.50517
173 86 1|-89.8428 | —81.8562 | -72.2889 | —-60.7216 | —46.7018
174 14 146 | 54.69794 | 62.73341 | 72.3582 | 83.99319 | 98.09157
175 30 115 | 23.23897 | 31.3234 | 41.00568 | 52.70826 | 66.88522
176 20 136 | 43.78033 | 51.91372 | 61.6535 | 73.42366 | 87.67916
177 29 119 | 26.32201 | 34.50437 | 44.30164 | 56.13939 | 70.47339
178 22 134 | 40.86402 | 49.09536 | 58.95012 | 70.85543 | 85.26791
179 89 11-92.5937 | -84.3133 | -74.4011 | -62.4282 | -47.9373
180 6 168 | 73.94899 | 82.27831 | 92.24806 | 104.2885 | 118.8578
181 90 1| -93.508 | —85.1297 | -75.1025 | -62.9945 | —48.3468
182 9 164 | 69.03524 | 77.46256 | 87.5473 | 99.72278 | 114.4489
183 30 123 | 27.57884 | 36.05516 | 46.1974 | 58.44039 | 73.24482
184 22 140 | 44.12274 | 52.64809 | 62.84782 | 75.15832 | 90.04104
185 36 113 | 16.66696 | 25.24133 | 35.49856 | 47.87655 | 62.83754
186 1.5 171 | 74.21149 | 82.83488 | 93.14961 | 105.5951 | 120.6343
187 40 107 | 9.756315 | 18.42874 | 28.80097 | 41.31393 | 56.43137
188 23 142 | 44.30145 | 53.02292 | 63.45265 | 76.03307 | 91.22869
189 27 135 | 36.84689 | 45.6174 | 56.10463 | 68.75251 | 84.02628
190 9 172 | 73.39262 | 82.21219 | 92.75692 | 105.4722 | 120.8241
191 95 11-98.0613 | —89.1927 | -78.5905 | -65.8077 | -50.3777
192 16 160 | 60.48499 | 69.40268 | 80.06241 | 92.9126 | 108.4206
193 96 11 -98.9684 | —90.0016 | -79.2844 | -66.3668 | —50.7807
194 24 146 | 45.57854 | 54.59438 | 65.36911 | 78.35411 | 94.0182
195 12 171 | 70.12576 | 79.19067 | 90.02291 | 103.0753 | 118.8174
196 21 154 | 52.67326 | 61.78726 72.677 | 85.79678 | 101.6168
197 98 1|-100.779 | -91.6159 | -80.6686 | -67.4815 | -51.5835
198 1.5 183 | 80.76913 | 89.98132 | 100.9861 | 114.2406 | 130.2164
199 99 1|-101.683 | —-92.4212 | —-81.359 | -68.0371 | -51.9834




200 20 160 | 56.86615 | 66.17654 | 77.29629 | 90.68552 | 106.817
201 33 135 | 31.41508 | 40.77459 | 51.95183 | 65.4084 | 81.61773
202 25 152 | 47.96429 | 57.37292 | 68.60766 | 82.13155 | 98.41867
203 42 119 | 14.51378 | 23.97153 | 35.26378 | 48.85498 | 65.21985
204 8 188 | 83.06354 | 92.57042 | 103.9202 | 117.5787 | 134.0213
205 40 125 | 19.61359 | 29.1696 | 40.57685 | 54.30266 | 70.82294
206 25.5 155 | 49.1639 | 58.76905 | 70.23381 | 84.0269 | 100.6249
207 33 141 | 34.71449 | 44.36879 | 55.89104 | 69.75141 | 86.42701
208 24 160 | 53.26535 | 62.96879 | 74.54855 | 88.47619 | 105.2294
209 45 119 | 11.81648 | 21.56908 | 33.20633 | 47.20123 | 64.03203
210 3 204 | 96.36788 | 106.1696 | 117.8644 | 131.9265 | 148.8349
211 105 1| -107.08 | -97.2295 | -85.4773 | -71.3479 | —-54.362
212 26 160 | 51.47148 | 61.37156 | 73.18131 | 87.37792 | 104.4413
213 35 143 | 34.02368 | 43.97293 | 55.84018 70.104 | 87.24489
214 26.5 161 | 51.57613 | 61.57456 | 73.49931 | 87.83034 | 105.0487
215 42 131 | 21.12885 | 31.17646 | 43.15871 | 57.55694 | 74.8527
216 18 180 | 69.68183 | 79.77862 | 91.81837 | 106.2838 | 123.657
217 45 127 | 16.23507 | 26.38105 | 38.47829 | 53.01089 | 70.46143
218 27 164 | 52.78857 | 62.98374 | 75.13848 | 89.73825 | 107.2661
219 36 147 | 35.34232 | 45.58669 | 57.79892 | 72.46585 | 90.07106
220 10 200 | 87.89633 | 98.1899 | 110.4596 | 125.1937 | 142.8762
221 48 125 | 12.45059 | 22.79336 | 35.12059 | 49.92181 | 67.68158
222 9 204 | 91.0051 | 101.3971 | 113.7818 | 128.6502 | 146.4872
223 111 1| -112.44 | -101.999 | -89.5567 | -74.6213 | -56.707
224 24 176 | 62.11487 | 72.60529 85.105 | 100.1076 | 118.099
225 30 165 | 50.67013 | 61.20978 | 73.76697 | 88.83665 | 106.9052
226 28 170 | 55.22564 | 65.81451 | 78.42919 | 93.56597 | 111.7117
227 113 1|-114.219 | -103.581 | -90.9083 | —75.7045 | -57.4816
228 9 210 | 94.33739 | 105.0247 | 117.7544 | 133.0253 | 151.3253
229 114 1|-115.106 | —-104.37 | -91.5826 | -76.2446 | -57.8676
230 1 208 | 91.45011 | 102.2359 | 115.0806 | 130.4856 | 148.9397
231 15 201 | 84.00684 | 94.8419 | 107.744 | 123.2161 | 141.7472
232 28 176 | 58.5638 | 69.44812 | 82.40773 | 97.94686 | 116.5549
233 116 1|-116.879 | —105.945 | -92.9283 | -77.3222 | -58.6372
234 9 216 | 97.67844 | 108.6613 | 121.7359 | 137.409 | 156.171




235 46 143 | 24.23612 | 35.26821 | 48.40027 | 64.14045 | 82.97932
236 29 178 | 58.79403 | 69.87539 | 83.06493 | 98.87211 | 117.7879
237 39 159 | 39.35218 | 50.4828 | 63.72983 | 79.60399 | 98.59662
238 12 214 |1 93.91056 | 105.0905 | 118.395 | 134.3361 | 153.4056
239 119 11]-119.531 | -108.302 | -94.9397 | -78.9316 | —59.7853
240 8 224 | 103.028 | 114.3065 | 127.7259 | 143.801 | 163.0241
241 120 11-120.413 | -109.085 | —95.6082 | —79.4662 | —60.1664
242 27.5 187 | 65.14638 | 76.5234 | 90.05781 | 106.2668 | 125.6434
243 72 99 | —23.2941 | -11.8678 | 1.724107 18 | 37.45331
244 30 184 | 61.26566 | 72.74126 | 86.39063 | 102.7334 | 122.2634
245 42 161 | 37.82564 | 49.35054 | 63.05738 | 79.4671 | 99.07378
246 10 226 | 102.3858 113.96 | 127.7244 | 144.201 | 163.8843
247 54 139 | 14.94627 | 26.56977 | 40.39155 | 56.93508 | 76.69503
248 30 188 | 63.50692 | 75.17972 | 89.05898 | 105.6694 | 125.5059
249 41 167 | 42.06779 | 53.78991 | 67.72662 | 84.40391 104.317
250 25 200 | 74.62888 | 86.40031 | 100.3945 | 117.1386 | 137.1283
251 125 1 -124.81 | —-112.989 | -98.9374 | —-82.1264 | —62.0602
252 9 234 | 107.7517 | 119.6218 | 133.7309 | 150.6088 | 170.7515
253 55 143 | 16.31347 | 28.23285 | 42.39943 | 59.34413 | 79.56333
254 315 191 | 63.87543 | 75.84414 | 90.06818 | 107.0797 | 127.3754
255 16 223 | 95.43761 | 107.4556 | 121.7371 | 138.8155 | 159.1876
7. ZFE ik

(1] fiim%, BFomELziEto ks (1), BRECAT
[2] fiim%, BEoMEEIIto k5 (D), BREH

8. Wi

ATEDFEEZ L TF S o T mlSEE, RICHOMEOREXOERZ 5 AT RS-
TERBENEREAEZIZILO LT HART 4 BTy FHROERR, GRAETHMENTE D F
BHATLIZE S Teim e € U TR MRS 22 o 7o KRB R AR L i S A O e A2 D7 12 PR <
OB 2R LET.



B2 ADEICHIR %= {F 17 7= Wythoff @ 2 LA L

AGRES, il E— (ERFERFE RaREHEEE)

1 W5AOHICHIRZEMIFHINY T —L4

AEO 7 —=240%, =4 (Nim) &5 XiEN2 2 NEODT =L T, WS 2P DADLU»SKREIAH%
OG> THRBIZAZ SN >G5 75 —LThHb, ZOL—ILDEEE EREOS—L L E
S, BBRBIZAZW -T2 H2REL T2 BEOT—4L £H 5D, SHEEY B30I, EHRFEOLEDY
T—LTh5,

Fix, HETHSADOEBICHIRZATS, ETFRTRRICEETZINS L WS IRED T T, BRADLD
B OB THRTFBHBETHE2PERTUHBETHE0NME D, £-TOHEDEFHHRIL, FHEBEHE
ANy IZ2HERREHANVTAS Nim #l LIEEN S IEHOMEZ AW CRREINE ZehHsnTWnW5S,
LHOHGEIE, AW E ERTIARDT, AVXBWEGEIIBRFLBELE RRT, ThDoeTDE;
BIEEFHBETH S, 21LHL (m,n) (BLDOADED m & n) IZD2WTIE, BA/NIWEHEEIZKL TA
i, BEBBES, (m,n) =(0,0),(1,1),...,(kk),... > TWVB I LRG0 5,

ART, #Hiwz 3B LIz —fb35720i12, Ny TONmH @ 2RDESIZEDS, m,neNy D23
B % (BHEOH 2858 T) ROLIIZRLTHL,

m=agx2%+ag_1 x2 + . +ayx22+a; x2+ag (a; €0,1)

n=>byx24bg_1 x297 4 by x 224 by x 24Dy (b; €0,1)

ZZTmn D2ERTLOHINEDEED, T=1x22+1x2+1,3=0x22+1x24+1DLDIZ0x2"
A, BRALERUMICHATEL, I SICEHBE a;,b; Z 270K Fy = Z)2Z DIGEFE R 5, T8bbH
0+0=1+1=0,140=0+1=12ULT, ¢;=a;,+b; (0<i<d) &F 5,

ZDEE mnecNy D NimH mdnc Ny i,

m@n:cdx2d+cd_1><2d*1+~~+02><22+cl><2+co
TEHIND, m=T,n=3DEEIL, T03=412k53, ZOREEHVS L, B P = (mi,ma,...,my,)
2, n lH UICB I 2 BT B & 722 BB+ 551,
mi®me®---dm, =0

LB ETHbD, H-o7T Nim fIHS 0 UADEZE & BJEH P = (my, ma,...,m,) &, LFBLBETH 5,
HIPR % (1 7256 DA D 7 — L OBFBBE CEFELBK) OWREIZE, ThENORFHOREL KT
Grundy 8 (77 VT 1 —8) L WOIEABBKETHE L TBL LHifThD, LM P »56 1 FTBAT
A[RE7RE P & P OREREEIEAT,

P— P

ERTZEIZTD, KIZTCN (ZDHED N FHRBEERERT) DL EIiT

mex(T) = min(N —T)



EUT, BET O RNBRAE LIPS, FTKRTREREEZ c LU, RTRE Peec DI VT 14—
g(P) % g(P)=0 3%, AF N(P) TP O#EHHE2ADELELL,

9(P) = mex{g(N(P))}

LRIz ED B,

SCN&d5, HIRMEDTILFHLEE, IUNSMDEDZZENTELHDE s seSIZRONEZ
xRS, ZOHIBINAZAID 7 —LDRE P DT I VT 1 —8% gg(P) TRT L E, HIREL OGS
CHBRIZRD 2 1%, FETH 5,

NN

9s(P) = mex(g(N(P)) =0 < JFH P \3BF BB

ERIHREZE, GIRMELDO L ILFLOBED, JE P =n D777 —8Z, gn)=n THBZL
Ban5b, ARTIK, S ={s1,82,...,8- | 0< 81 <9< --<s,} LIRET D, ZOERES S IZxt
U, Rl P =n OFEGEHEHESEDOES Nn) ik, Nn)={n—-s|n—-s>0s¢€9)} THd, £7=
gs(n)=mex{n—s|n—s>0(s€S)} THYRDEMMPKLT 5,

Theorem 1.1 775 7 1 =85 {gs(n)} & BEK THZ, $4aDLEHD a>0,p> 0 1T LU TRAK
ﬁj_éo
n>a==>g(n+p)=g(n)

(F:ZDpaITIVT 14 —8F {gs(n)} DEIEIELR, )

FRERICARES S BEAoNTGEIZ, Al p & a 2KDD L SITIIROEHNEHTH 5,

Theorem 1.2 % a > 0,p > 0 BH->T, #EHTSd a<n<a+s—1D s, lD n iz LT
g(n+p)=g(n) PRILT 2L,
n=>a= g(n+p)=g(n)

COEME S ={1,2,... .k} \THEHALTREHES,
Example 1.3 S ={1,2,...,k} D& &, RXBKLT 5,

{gs(n)} = {0,1,2,...,k,0,1,2,...,k,...}
972bBba=0,p=k+1,9s(n) =nmod (k+1).

72 S NS = 00 DBBIZY T VT 1 =45 {gs(n)} 7, B a>0,p>0,qg>0 TR LTREM-T
ZENDH 5B,

n>a=g(n+p)=gn)+q
IOYE gs(n) i, IMENERNE 2HOLEW, p 2BM, ¢ 2B LES. M

Example 1.4 T ={1,2,...,k},S =N-T DI, {gs(n)} I&, INENEPEZFEDS a=0,p=k+1,q=1

"C“Z@éo J:DIEEEc:liy gS(n): |:kn_|_1:| ti’%éﬂéo



2 Wythoff D2 LA L

Wythoff DAFEL D 77— &1, 2IHALICAWT, 1206 A% 4% 57210 Tr< 22005
FRIZHACBDOAEZNS FIELTFT T —LTH D, BEH P = (m,n) DIV T 1 —8% g(m,n) &35,
g(0,0) = 0 2 SIRMAEIZ g(m,n) &2 BARRNZRD B Z L IZWEETH D DY, g(m,n) & m,n THRIZERT
AU 72 RDFEE, REZH SN TWARW (GEREREE), UL LBFBBET b5 g(mn) =0 £&5
(m,n) KD BT LIFAEETH > T, Wythoff (1905) IZ K5 RXD &K 5 WERAK SN T W5,

Theorem 2.1 (Wythoff(1905)) ms % mg =0, ms11 = mex{mg,my,my +1,...,ms,ms + s} £\
Wb TED D, ZDL EBFBLBE (m,n) &
g(m,n) =0 < (m,n) = (ms,ms + 5) £721% (ms +s,my) THRE D, £72 m, I&, TV REE [2] L3

@%¢:12¢5%%w1n%:bﬂT526M60

Remark 2.2 FAOEHOIMIZIE, © 42 =1 (a,b> 0,a RIEFHH) ORI FT

I = {[al, [b)[2a], [28]. ..., [nal, [nb], ...} DHIZLTOEREA 7 1 HENS L5 JW.S. Rayleigh (The
Theory of Sound (1894-96) tET M) TRIN/EHEH W5,

Wythoff DALY 7' — AD 25 V5 1 =8 g(m,n) B LTIE, BADE D BIRKZARIZH ST OARN
B, RO &S BEERH STV,

Theorem 2.3 (Dress, Flammenkamp, Pink (1999)) m %Z[EE L7z & &, Wythoff DAY 7 — LD T
T T4 =8 g(m,n) FIENAMEZE D, $abb, 5 amn >0, pp >0 BH>T

n > Ay, = g(m7n+pm) = g(m7n) + Dm
PMHALT 5, (F:ZOHERIC A = M2 =p, DT 5, )

Table 1. g(m,n) OHERAE (p, B L an), (Dress-Flammenkamp-Pink(1999)
£0)

m | 0 4 1516 |7 8 9 10 | 11 12 | 13 | 14 | 156 | 16 | 17

Dm || 1 12 124 112 | 24| 24 | 24 | 24 | 48 | 48 | 96 | 96 | 96 | 192 | 192

am || O 9 | 27 | 37| 92| 102 | 127 | 224 | 227 | 347 | 382 | 613 | 693 | 771 | 865
m 18 19 20 21...43 44...67 68...70 71...90

Dm || 384 | 384 | 384 768 1536 3072 6144

am || 919 | 1032 | 1165 | 1252...13849 | 14190...51898 | 53873...58059 | 60650...126851

3 EZAICHHIRDH 25 Wythoff DAELY 77— A

ZZTlE, WS EADBICHIRZ (1728 & Wythoff DAED =L DT T VT« —BDH7-3
MWEEZHNT 5, —EIZHNSZHDOEE S = {s1,52,...,8- | 0 <51 <89, < s} ([ZHIRT B, f>THE
FIZK VM P = (m,n) Ok,

N(P) ={(m —s;,n),(m,n—s;),(m—sg,n—sk) | si,85,s, €85, 2T

m—s>0n—s;>0THYH , THITm—s, &n—s, 1T >0}



D& D W% AT 72 Wythoff DFAELD 7 — LD T T VT 1 — K
gs(m,n) = mex{gs(N(m,n))} i&, ROWE% =T,

Theorem 3.1 ZDEFDILT 0<gs(m,n) < 3r.

Theorem 3.2 (L, Af& (2017)) LEDHSDORT, m 2EET DL, WNEADEBITHIRZ T 72
Wythoff DFHLD 7= LD F 5 > F 4 —8 gs(m,n) \ZJELIMEZE RO,
Thbb, 2 apn >0, pyn >0 D3> TRADELT 5,

n = am :>gS(m,n+pm) :g(m7n)

7D Theorem 3.1 D ERIE, gs(m,n) = mex{gs(N(m,n))} T N(m,n) DEEPE* 3r fATH 5
ZEirohtd,

Theorem 3.2 1%, m (2B 2RMIEIC L o TREAI ND, 9 m =0 ORHE, HIRN SO 1 ILALO
GEWCIRET2DTIELWIZ &35,
m0<m' <m-1) DEEE, gs(m',n+pm)=g(m' ,n) B n>a, THRITDILREL, TNEND
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A hot & cool inequality which appears on macro-irreversible heat transfer
2017.09.26
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Abstract

Mixing two masses of water at different temperatures to discuss thermal energy transfer is very basic
demonstration for junior high school students. Applying elementary concept of entropy in thermodynamics

to the mixing hot and cold water experiment derives the following inequality.

x>y>z>0
x?y*zY > xYy?z*

It seems that physicists saw this inequality first in the middle of the nineteenth century, that is, after
Rudolf Clausius made a presentation about the second law of thermodynamics and entropy (1854~1865).

However, details are unknown.

Aurues shows how to derive the inequality physically, with some mathematical extension and proof by

co-authors.
IZU®IZ  Introduction
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1. HEEBLDOZERR Mixing hot and cold water

Mixing for rapid heat transfer / Contacting

"

A post Bpost

pre pre
Fig.1.1 Mixing (Contacting of) hot and cold water
Table 1  Mixing (Contacting of) hot and cold water
Specific heat capacity
: 1 cal/(g- °C) Apre Byre | A+B | Apost  Bpost
Weight (g) 200 100 300 200 100
Temperature (°C) 40 10 30 30 30
Heat energy (cal) 200x40 100x%x10 | 300x30 | 200x30 100 x 30
(zero calorie at 0°C) = 8000 = 1000 = 9000 = 6000 = 3000
Heat transfer (cal) pre — 2000 pre + 2000
Conservation of energy 9000 9000 9000

Subsystem A 5, 200 grams of water at 40 °C : 8000 cal
Subsystem B pr, 100 grams of water at 10 °C : 1000 cal

y

Whole system A + B 300 grams of water at 30 °C : 9000 cal

Subsystem A po5; 200 grams of water at 30 °C : 6000 cal

D 2000 cal

Subsystem B poq; 100 grams of water at 30 °C : 3000 cal

Fig.1.2 Mixing (Contacting of) hot and cold water

Fig.1.1 1%, FFHEPA LTI L FERTT, Table 1 (HRELREDO—HITT, £LD D
Fig.1.2 O F R0 L9 W int LitE A, 872 D1 OK OBl CIIEEENC R 2 E L ¥,
ZDORNCERARDOBNMRREICEKT TLE S OT, BFIXEET D Z LIk BEBH2HERL

WEIZ., BETHLHETHLREEFC LI, BOoN-0EeSn-) LTHEENRE/TH
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BRoE, b —d NRE T LBE Q | TIRELZNLTHY ., EikiEEEl >08, KUK
EERBON, 2 bt —DEANIT TV ADHENTL o TRLNIZFERIKS &5 2 2T,
ZOFFIEIRT VRRHBIC R 506 T,



2. FEHBLFEIC LS RERZEKMAETITS Contacting a hot air balloon with a cold air balloon

SEICBWTEBEIN K Z 572 & & OBICOWTHAT 5 B, e RICE - 5 %6%
BB S TWNWDH ED X D e XX —4 | KT R LT —ZE D> T ] £
HFZEERBREL WS Z LT,

SR OTERL & THIR, B RO LIEIR, A OFEE & 58, CHO B & RTE 72 83, ﬁF@’%ﬂiﬁ
THREIZEATHLHLETY, 29 LEABRARTHLND bOIE, L F—LERIT
NFX— HETZ R LT — EZRALX— (K7 vy lmpgx—) &b\of:ﬁ%/z?‘ﬁiiﬁ@i
KX =D FRERNZITR T 2L X — (2280 L T <BRRIZIB W THIEL L T2 —Rpry e iiE <
R

TR E - T MEFZ R AT =N R —(ZED > T I HRF 2 L E T2,
R o 72 R 2T DS, M L2 BV E T IOV TRIZEHMI L TR E £,

BHEDRVERICKRE AR DY EREELMLTEHNL TS ELET (Fig.2.1.1), ALK
HORNCITEER SV | HOMEAT & Foxhm & ﬁﬁﬂébfwémf\%#ﬁ#ﬁ%ﬁbéka
FHGEL TIFIELTLEWET, 22T, Bz An, Lk sZ L2k T, Hx@nL
Bz EmTEET,

IOV ERNRLD [Hhbftd) &, WYl MEFE W | EFATEY, HFoRE X
% | IXFBEEERE | CAME LTV ET RV — DY BLENL Z 5 TR |
AHFIRXLX—LIESZ 8D ET, N OHEFETIREIE L TOZRAFT—TIERL,

(A fEFEZ LTS, fEFEE L TEDRL TV D=L F— bW EFIClbn iz ¥
—] DZETHLEHMLTEBNTRWEBbILET, ffF- L F—1L, BERTRLF -
TRAFXF—D LI, EXHENIZ LT TEERHA, #

h Pushing force . Distance moved
Work (= Pushing X | in direction of the

\ force pushing force

Motion

Frictional resistance force Distance moved

Fig.2.1.1 Work

#MEEREED ] LT, EFRE L TROINEHERREDL LV OERTHY | [FHE) L [FH ITHETS
EWRTIEH Y A,
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FEEANCHfE CEZ 52 ETTMN, 10kg DALY 20kg OEEZENT HFNKRE RN ELELE L
F9, 20kg OFE%E 30m BT L XX, 10kg DFEE 10m BT LED 6 [FOZRALXF—%
%%Li#o%Lf\%ﬁ%ﬂﬂ%ﬂbkﬁ%z*n&*— X, TRTE LEEE OR TR ()
THXAF— Q) IZEDY, FHOTHERIE Y W& /BRI 2 £7,

ZOZEMNS, AR LADOBE VAR AL ULORE S THIK & Fig.2.1.2 Ok 522 £,
HFE, B (KO movement) DMERKE INZEHSTWETA, BATIL, m%%k%é
WANTNRT T, MEOEHSTLHEH TR LF =R THY | (TR T3, i
DM ENNTNT T, RILHEE AL, EWHETH, ﬁﬁﬁ%%@f%&wT%émﬁj
k%&ﬁ%%&bkfé_kﬂ?%iﬁﬁ/mgszoVNwﬁﬂkbifﬁ\é<ﬁu%ﬁ%
BWRZRfoCWET, i 11 o8 X TR &, b st ofEE Y T, LirLl,
MERLREIDATIANTROT TRERMEF] TTERVRBIZHLEFAET,

1
U
1

,

Core image of “heat” p«

\ﬁ‘ii“‘i'“ \’)

-~
e, ————————

=1 Core image of “work”

\

1

1
]
1
1
1
1
1
]
1
1
1
1
I
1
1
1

I

— —
— \}

\ —. . —. 1
Particl N, —Aligned 1
article ~ —_— /]

Movement “s~__ /

-
—
-
--------------

I

VAVAVAVAVAVAVAV S
Heat ray ngne NN

g

Fig.2.1.2 Difference between work and heat

Forces in alignment yield the maximum potential destructive force

~T
'_J hl
P,

Fig.2.1.3  Work is useful, but heat is useless

Fio, BT EOR 3 E O L XIS U TERI (BWR ; heatray) Z 4T L CEd, #
IZMERRE EDBANATART T, R FDOMERORE ID AT AT OEE T RLF— & ﬁ%%
JEI 72 EISRT NG OBENFFOBM T RN X =2 E L O TR LT —L LTNET,
TRAX—(TEH T X LF—DOREI LHBETLOTRREZERT 52 LBZLNTT,



BB, BHEORECBEE AR EA 2T ON L —Y— (Laser) CT9, L —V—%&{FHFExT
X — LI FEE AN, EEEHEAZD ERINDE ZAPEFERELTHET,

MEFIFRICI D £, BUIRICIHERAL EEbhd &, 1BV - TR E 2 ITEREZIRD
7o, SREENPLTILTEDLEIICLIZY, RITLSTWD TIERWD B X DD EET
T L, 20X I 7L IR TWDOIFE TR, EBCIIEFE D) Z L%
L TRBEET,

Fig.2.1.4 [Tk +DOBE) & B A2 TR LI b DT, [TRATWS ) Ak L T\ BH:
TOEEE 2 FEIZTTORLTWET, O &DF, 2R ricit@ETthsd RUMEICHUEST
RS EWVHEENTY, ZOEBT R —PNADRF> TV AIEFEZRXLX—TT, ADEhX %
kD X9 ETHEKOBEBEAHI L THEFEEZ L TOET, bI0EDE, A>TV 5HEE
KT A NI AT RME ERESOEH T, ZONT AT REH) T R/ X — LB O BT %
N =2 BbELORAOBT FLXF—TT,

Aligned common movements in a “flying stone” can work

Individual specific movement I (o
~
Common movement ‘V\’Tp
_’
@—

Heat ray LEN ,)—b /g

Fig.2.1.4 A flying stone has aligned kinetic energy (work) and thermal energy (heat)

Fig.2.1.5 1%, TR XF— IR0, | BABRRE AQ | 1XZITED) LW o Z &%
AL TWVWET,

a “hot stone” cannot work “heat transfer” can work

% 5 Cold body

Hot stone
Fig.2.1.5 Difference between work and heat

Aligned movements

Heat transfer (=aligned movements) occurs from hot to cold.



EIROMAEPRIR OIS 5 L SR SRR O BAOBENEE Y £97, 1RE
ZTHBLT 5 Z 0 L5 RS TR FOEBIOMENZEA S, DEVHFRLF—ITEEL S
EBEXDIENTEET (MEBEAIHEHIE, BT HETROVEBRMATER2VEEBbhET), [#
R IIE T 2L F—TIER < fEFEZ XA F RO TRIZNES] DT,

FHROWIRIIRE R RN X =2 o TOWETR, TRHI TIHMITORIZHLIYLHEFA, K
BOMKERE LT XTET, AR —O—HNEF RNV —TEIR L, RICLDZ ENTE
T4, Ao x ¥ —0FF (HREOEE) TIHMOEIZHNIZR2NDTT,

Fig.2.1.6 1%, miROME OK) SIREOWE OK) & OHflE T, Bl L —nflFzrxL
X =TI U AT 2T ET, KT, RiroE#ZKE THL B TET, MIRMATIE
REANATIAZIZHEAT o TV ET, KR TIHNELIANTARTIZEI T > TWET, NT AT O
TR XL F—2RK L TVET,

ZORTH, KEOHS EERNEREN LR L (HE) ThL LT TOET, i
fh & AR IR DB X BTRMEDSERASES 7205 & . BRI K X 70 B IR I &
£ KEOH SR LA2OTRED b OB E HIAAL T 5D Tl ) £ A, 20
ARG & IR AN 7> 5 BOBBIE, 7 LI X OB X 720 THx V¥ — T/ < fEHn o
-0,

Fig.2.1.6 1%, &ET, BEENDIEA N TOET A, Fig2.1.9 1%, SE T, EhHhEN
HOLGEEHOTWET, LRS- T, ®ilk - SESIKE - REOHEITEZ D Z L1k, 57>
O EREDETFETFZEVITIZ LTl X 9,

AL, HHEROTWANWARERZRITLET, B, DI TTX 5 kME (T L)
LWV CTESHEIE. EL O LIEU X D REECE TR OBEIREIZRY £,
WIS ERES &  o RO RN K 2 MEMIEE /R DT, T H X A=V NMU TV THEARLRD
—C‘\TO

High temperature

He
A ﬂ'ansf-e'_

‘ Low temperature
Wi
Vv
. |

Fig.2.1.6  Heat transfer is not heat but work



Fig.2.1.7 1%, Kt OHE->E/0EE & L TN DEB S, BRI RAVTE O X 9 7o
FTHYD., LI ->T (fhoik & OFEEENEEN COCTEBEEREL T WX HIcihATh) SMBE
DEBZRTHZ LIXTET, MERCKEINATIATRED), DFVEE L TN Z L%
PR L TWET (F o7z B RWEZE 2 SR ELAGES) L TWO MR £ ONEIBEE O 72012
HEZINF =PRI LT —IIEDDL LV IFETIEH Y THEA),

Quantum mechanical picture of “aligned movement”
Work Heat

- = S Gy ®
= Gl o\
Qe 8 69

Resistance
Any aligned movement changes into random movement by friction

Fig.2.1.7  All work change to heat by friction

Fig.2.1.8 (T, mid Ok & RIROFE A HM S E72 & ST Z 2BEB ORF 2R L TV E T,
BRI ER) 22 SITEME LTV ETS,

[ & RN T T ORFEE) (BY 23, £OE LA SAREMITIEDS > T A A= (=
MO L0 b, BEEN TG TAEE LW )RR R LT =0 EL, =X =2 BH)
L TRENFEHE L TS A A=Y (BRIOK) OF5H, BUZHR->TWnL EEZDBNET,

Hot Thermal diffusion? Cold Hot Heat transfer Cold

TR
[f‘: ¢ \"/‘\\_:_f ::}

Fig.2.1.8 Heat transfer from hot to cold iron bar

D & AR AR OBMIENIE, RANTIRKROEEENH Y | BRI L VRIERICH» ) K& 2=
RNF—DOBEPEZ D £, BMEBOKEY TF, =XV F—BEHOMZILA5->TEY,

—
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MFIEFT R —TT, BALIEBICKERIT 5 L. KBFRITRATIZD | BN OOEINTZY
TLOZLENHYEIN, 2O LIEBLBRIRMICHE TE 5 [MlEE) T,

BARRE ANETe 1 L T2 s o T Bl DI O IR WEEH TIREZEZEE L 2 K 912 4, IREE
DA CTE 5y TIEEIR BARIRIC 2 O =3 L —OBE) (s ={(t9) MEZV £T, H5
D DB K > TR R L F—IZED Y | BB OIRE S MATEE L THEET,

b, fEFEBOBENERPIL TEE LT,

RELFELCLIBRIEVBENIOVWTHERET, MWENZDOLDIFRIILEY A, ES
. TR (BT 2R 72K DNEFOBAT XL X —DZERIM B 2L CnEd, ki1
NHHWLHMEIZ, DEVANTARTRAECEONS> T LONRENTT, LrL, BEOHIK
(AR LIREOMIR (i) BT 52 ik, SEM» SIRERIZm D 9 Z2E Ok 0B
P Z DL, Ao LF—NEF R F =T TRICE D T,

Fig.2.1.9 1. @mEOWIE OK) LREOWE OK) & ot ¢, oL ¥ —2flfo L
—ICHE U2 TWET, BERFRALTHS (FEOESIEFRLETHD) EREL, K
DOESTENORESEZRLTWET, AL SERERICKNEE L TE 7, [BUBITET
3L, HEETHD] EEDLNTHE L L ZRWVWTL LI, JEHEIC L > THE L DKL
ThdEWd Z ik, ZOKBEFATDDONRKIEEFZOT, ETHEHHELLTVEEbi
£, BEETELIBOBTIL, EHETELIWERORNL, AEICIE 8RR AQ | &
WO fEFETT, Fig.2.1.6 & Fig.2.1.9 IZBWT, IRELENZR 2 IZHi& E Lz, BmEiE. &
i SENFRHCE Z D £77,

e
High pressure Hf‘at 0; ﬂow
St

Fig.2.1.9 Flow is work

RELENS, & HICAT AR —ICHTLEETT, Lo LREICHTEADOL, (L%
EWVHFELOBFMERENE I ITE L ONET,

ZiuE, JENI0GE. Bl BRTT viksS] tnwolzk oz, [EhEZTTEWiRko~ 7o
IRIEEN W H B THEICHER LT WD T, IBEOSREIT, #EitimiSBEEZE0H D L2
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AT, VKL, #EL, 7 vy T EFIBET 5 L5 RIEOBEMEIN e FEIT
B, WIRANZITHER LEES | JEN L HARD LT L OBRMENELS DDA B2 bR
F9., ZOBMEOEIIL, (HFEOREZZ [HxBEER CHMiT5Z bR TVET,
BEZDHD EZATIZRICRZ VNS [ < BENEERE) NEEICFEL WD EEX D X
INZTHNIXENTLE I, NELBET D LT I FEZRLF =PRI LT — (28D, ¥
¥ T T LIZRL B R > TL 2O CTRIRMZ2PHEOBENTIE Z 57000 T,

MEFEEBOEWD] X, BTy b= 32 HfEd D & X ITBE LB E T,
TlX, Kz ffio ThEHEB LRI LI REREZL-TAHAEL L I,

Fig.2.2.1 IZFEROEEf 2 R L CWEJ,[F CIRE R CEOZEKE AN W 2ME( A & B)
ZWEV CER LR WROHRICANE T, LU, 2 MOEMITER - FETHY , mEOMIC
EWTEVE DA NEESN TS D ELET, Z0dhE, Bt A ZET 5 & Bz
—ORIZE Y EM A OZERUTER - @EICe 0 9, B B 1I3Z LT aeno T, Bl A
LD L R - AREOREEDHERF SN E T,

Partiti .
artition Heating Warmer _ Colder
T : Low Temperature - 4"‘9» , T i - High Temperature
P; :Low Pressure 3» . ) Py :High Pressure

Fig.2.2.1 Preparing hot and cold air balloons in a fixed-size space

Fig.2.2.2 1%, 010 ZEVBRWNZRICKR I D Z 2R L TCWET, [ 500%, #ETHE
JEAIZHMECE 5 2 LT, mEDEM A 1IWIEL TIREORM B ZEBELET, [Ei 4 ©
ik = [EW B OEME) 13, 13 (ENECL > TR 2BWEERE) T, ZOfFT R L¥—
DT A OB VX —XJEY . BWE B OB R LF—IHH 2 £7

The partition be removed. Work Heat transfer

Expanded Compressed Spontaneous averaging Ty'Py
PLTI PTT?T

Any mechanical work changes into heat in the end

Fig.2.2.2  Contacting of hot and cold air balloons in a fixed-size space

[FRFIC, MO A 2 SIRROESM B (212> TREEIC KL > TEZ 2BMEB NG E D £
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T, ZOBRR (EFET R F—) OSTETEM A OB LR —(3Y . A B OB RV
F—ITWAEY, BEEICILBERBIL, ENEICL2BEE L BRICEDZ L BZ0VE~RD
nET,

JENZEIZ K 28R (=(h9) SREEICL B8R (=14F) OMITICRMZERH L7720
R A LR B ORE SIIKDO L ) RIETEM L E T, &), mEZZ T TUhS<ERHINT
JEM B X, WIZEA A A LIRL TITE £7, BEAICIE, B A EM B . RUED -
RE L 72> TREIOEMITILE Y £, IRESENOFEITHD D Zitb DA, }?&%L
TWTH AR FICEREITT, KTIEESIT L TWET D, heat transfer & AREHIIZ
work T,

b UIE I X D BMRR L IR E 210 X 5 B OMEITICRERFR Z2 8 I AU, Bh o K& S0
b4 52 &S, —KUTHER - SR TL X 9, Fig.2.2.3 1%, mmmfkﬁmﬁF@WF
HIRELIESGEE R L TVET, Fig.2.2.3 1%, BG L AKZEELIHFHRBOERLEFE L Z L4272
[T TVDHETDOZ LD T, FTHNEZ 2 NXEEAICEfETE 5 EEVET,

Work & Heat transfer

simultaneously
':.’0.0_0 o.o
I:> :;4.;:).1"?: Bpre I:> @ I::> A+ B
LK [
Ty-Py T;-P; Spontaneuus averaging Ty Py

Any mechanical work changes into heat immediately

Fig.2.2.3 Mixing hot and cold air in a fixed-size space

— R B D AFIETIE, Fig2.3 DX )7y AT A TmHMTIbIET,

Subsystem B
Subsystem B

Work

Fig.2.3  System used to describe thermodynamics
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IR A ELTYY U —NOBBEKEEZBEEL, /MR B &L LTUIEY OKRKREEREZBELE
T, VI UH—EEDEVERLIEVTAHIENTEET, VAN ATABICENTA LY ICLE
D, EELZYTEET, IMENLDONTEAR N EZHLIZD BN TEET, X &S
WL L2, RICH LR LY 7258 & T, (EFHELRIRMICIEZ D2 LR TEL L OICLT
WET,

IV TRAE, TORIBRVAT ATHRONET —ZOonbrr bre—2R R LEL

FR, T b u = OWARBIL, 3L RIS L 5 BEIE L L OEIRT b 7T
<7,
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3. 79TV URIZEBy bubt’—B{bDFE KR Entropy change (AS) found by Rudolf

Clausius

Fig.3.1.1 1%, Fig.2.2.2 OFEBROEH R ZA T [Before & After] OAH iV 2H DT,
EiR - EEOYIR KR - AR EOMRE ST 5 & WWERONE CREEBIC LS ED LS
REGNAEC LI &b, BKMICERIC/ARD Z IXHENCRRT 2 2 LT, Zo#ic, %ii
OMIREBREEN SIS N RIETHE L T2 s, BRICHEELRE L IO T LE- L
WO oz L, FTRIVZIFETA,

AL OHET M E N —HRIT, WHEITEZ 5N &2 [IRaR] EF0ET, 2ok o7k
ANREPEIIRHERARMEE TH Y | WM E I I BV RN HOGRZRERT T 0 ] L) T &
TEHY Tt A,

Warmer Colder Isothermal - Isobaric

Macroscopic irreversibility

Fig.3.1.1 Before & After of temperature difference

REASIENZDGH D L ZATHHE (BERE) BRELET, ZOFEICL > TERONE
SN LE T, LR RBEI SR EFATOHDIAROEILDE L 1Z, 20X ) 2 ftFEx 3L
XF—IZ L HEEE T, WERONHCRIEBICELZ EOL I RBIBNAET LS &b LI,
EOXIRMEERRID, EOLHEELRANECTE LT, EFT R — 1T RKAICE
TRVX—IZRDDT, TOWERD TE)7: Before & After] XA L THDH EWVD Z L& R
LTCWET, B2 After] TIE, ROPITBAT R X —0NEHIT0M L, REZENE 2D
~ 7 a RA IR IE A LIS R CLEWE T,

Foi=h, 1872 After] O HFUE Heat death (BAWASE) & &N F 4,

L7zmo T, 1872 Before & After] 72172 x5 L TEZDHLE. HEOZ LIXEBETHH
BERRL RV ETOT, JEHOBLEEKT S E Figd.1l2 DX H I Z &N TEET, B,
BETL2HEOREEIEZ AQ>0 L L, FADOKS + TRBEOMEZRLTWET,

Subsystem A  Subsystem B

m—

Fig.3.1.2 Before & After of temperature difference
15



AN FFH D7 7 77 A (Rudolf Clausius) 1%, 19 fkdrhA), RO K> Lt a2EEXF LT,

WERICIZ, BB LIEETRES [ZToFAE— S | CWORBERH DL LEZ DL LENTE
e HOWE T, D=, RIEE AQ #5x5&, RO hrv—iX AS = (AQ/T,) 7=
Tz 5 (K3.1),

AS = éTQ e o oo o (K3.1)

Bl z1E, 100g-10°C OANFFOT Y b B—DHESEIZT AR TH DTN E, 10°C - 30°C D
IREZACRFIZ B L 7o NG D7 — # Z W UE, 100g - 10°C D7KAH>5100g - 30°C DRKA~ZEAL L
felEoxzy hn B —ZUIFERETE LW BRTT,

X301 &2 R, KOEE —E L GE L7c 86, 100g-10°C DK% 11°C I L7t &=
e E—2 LV, 100g-11°C O/K%E 12°C IZ Lz &=y hr b —Z{biZ/hanEns Z &
DHERTEET (DRPKRELRDZ20T), BEZIIEU Ty br B —2Z{LDEAEWRERR D
DT, WEBRRE VRIS CTHETOIMNEDH D Z LD 7,

T T, RHEASRICR S L D I AL T, EE ] GR A oz boE—
L% B oot —%2Mzbé. % (A+B) o= bub—linbtnrZl) ZREL,
Fo (FEOFtEZET D720 ’)W@@@V##&iwk%<&w HDHWIHR A LR B DR
FENEL LR WREICAEBEI R AQ N+ a4E 2 T, Figd.1.2 ORBEDO=T
Fe B —Z b ZFHR L THEL LD,

MEREBPESNTEY , ROy ba =21t ASgysem 13 IR A DT> FrE—
At ASy LSRR B oxr hunbe =2k ASp LDOERILRLHDT

_=AQ | AQ _ (Tyg—Tp)AQ
Assystem_ T + L T > ( .« + «(:3.2)

ZORX3 21, FOXHIRBEETHLHRYLET, TIT, ROXIBRIENEZFET,

WERIT (DEV T RLX—T), = b tE'— entropy &\ D IREEREAFF > TV Ed, B i*ﬁ‘?
WZEHR BIRIRIZA > TRENT 5 2 & (=~ 27 B RAlith) oI TE 52 & T,
¢T\@é&%ﬁ%%@¢ﬁumgﬂwizw#—%@#%é&%\ﬁiwwi/bnt—MM
THRLET, RREOZ L =R KT 2 &5 2AE O, ZROPCTHTICHERET,
PAC 7220 T, BFRIIRZE (RAWny7eZifb) RiEle s &, RO b E— TR LT,
ZOEIZHEIC AS >0 70 ET, c Ik | BB 2EE] | LrrovE T,

TN TR 7 After] ICEET A L, RO hua B — I AEE 720 | ~ 7 g KAk L%k
LETAS >0 12725720 AS <0 IZRo7=0 LAaRns. B2 E LTI AS =0 Z2E5HbE9,

- :VC‘\\ T ]\D EO\__.&aj:,fﬂZ))\ 1/\0f:b%ﬂ%%b’(b\é@iﬂ%%fifﬁi [/J: 50
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Jelz, BAAKEOIRRE SN E PV=nT=Q LHEMILL T, T=Q/n EFEL.IRE T |
. IR 2R T 2k 1 HY4 720 OB R XL X —] ZBRLTWEH L, )
TEERHERILE L (I MROBEICT A0 OEMAL O THEIZIIMEL EEA).

FALCEICLT, = b =X ZZER L TEXDLZEICLEL L D,

A
AS =St == e (X3.9)

RIRDBE LT HI-DIHEST-ZORNS, = b B — RT [BbR R Z ~7- & DR,
NEEZE), PRIFofE# (B n )] ICBEFRLTWAELLNEWNY ZENRDbND £,

W OWREZALOHPANTIL, R OMEEITE M L EE AN, K 3.3 TR O A RIS
CTCBEESETWET, B EIX D 1 E4720 OFHN R R L X — | OfRETT, T L
TR X — 2L DRAONRT AT A& OESR)] 2k Lz r¥—T7, 3.3 X, K
FDONTNRF R EOFBEEINPHM L 221y hrE—IRESRDENDI ZEEZEKRLTHY
7, = b E—TRFZEDOLOOEETIEAR L, MO LODEETH S LD TT,

pEETIC, X3.3% dS=nx (dT/T) . AS=[dS L LT, REZE{L T, » T, OAT
5L

T. T, 1
lez dS=n lez ;dT, St, — Sr, = n{logT, —log T} = nlog(T,/T,)

T:

ASeromy =mlog(f=) « v v (R3O [0S

ERVET, EEORETCZOXNELT HDIE, Sr =nlogT OLAETHY, RIIH = K
—IX PRI EEE ) TREDL LNEW) T EDREND BILET,

Sr =nlogT =« « « « « (33.5) RO 5%

BEE T 28 DRt 1 E472 0 ORIV — | ORERHIX, Dhi < iRE = T4
B LX— &) ZEIZR 0 £, 2R X —OYERITIE [MLAT™2) (& - WHERITO T 1X
B 9, RE T OMERITIT [MIPT2N™Y] 72O T, = habt— 2% 0 Dhi F-H X IR |
OB IEIL, =X —OWERRIE [ML2T™?] £720 £,

L)L, = b E—I (X —FDHDOTIEH Y EFA, = bt —IZ20TlE, WA
WARIRNH D TN, Z2TIE TZp2AF—0Eit] 12> THPALTWEET,

ZORON—1F, HREXY XY DT FETT NUBA T TimEal T A2 E 272 [
it D LEMY Allegory of the Cave] T (Fig.3.2.1), AMOEEOERIZ L > TIRZHZ LD TE
BOWEDFEELAT T LNFOET, AT 7 2 EERLD Z LD TERW AT, O H THEIZBR
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STATTOEERTWET, ZL T, WOLE LML TRWDO T, A2 EEE LA L TR
BETER L TWE E7,

Plato's Theory of Ideas

Fig.3.2.1 Plato’s allegory of the Cave

HIIHEFTETH- T, BOEETEHD Y TN, TEOAMIZ, 202 LIZK ST
iﬁ%z@g&Z% HANRTWDEE BEARATWDEITES T D AEERH Y £4, L
MNLUAMTZEBIE, BEAEELLELRATVEIDT, HFHORTWAHEZ FNREFEL L FE L
j[/i‘a‘o

Fig.3.2.2 Shadows are different
IOAT T #wEBHEIC LT, = b TR OEEEOLOTIE AL, RO O]
AL TS LIRS 528 TEET,

LIAT, BIOLIREFIXY 7Y T7TOEEYTIZ /L, WMEI TS 0 T OHRENR)
ThHHEWVWHIERRNH D . BFORENEK] 2NN HEZ T8 X3, 2N ENn=£ 0 Tl
DT, VITVTDEEDD L HIWCIRELE S TWDEICRZLIETE., ¢E&ExFT,

Lo Mo bra =213, 0 e T 2RV —ROBFHIREOWEETH S )
LESTTN, FIFOELEMESEI VAN LILERT A, BEFIE. TONMESE)E D3RI
LAVREZ2WD T, DRET-OFOMRNEE ES0iiz b EwiA,

Fig.3.2.3 i&. 1 HORFOEHNML < DIF L, FLWANARGHIZHNIIFEE (DFY
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RO RVF =R 2 513 E) B ORPH 2 TV 2 & 2 EAITHiW 26 O T, I35k
BD L DI OBEZFR D DT, BHAHA TW EEFETIIEINTLE Y, BZOLLEOHE
DEHENTIE 2 TN OTEFHZRL, 1, 2, SEO LD ICENETIIIHEX DA L Eb
NWET, KYOZ LITFHEL MO RV T, B2 fEOM L 2 RT LIV E B ET,

Four shadows

T hads
One shadow WO SHACOWS .

® oo o ©
Cé? @
o) 00 o“\;v@

O/ One particle

Stationary particle =~ Moving slowly Moving rapidly in various directions

Fig.3.2.3 Entropy is shadows of entities

ZL T, ZOEREOR T, NHOKES (R, SR, BE, R, MRS 242X T
AR TEH] 72D TY (Fig.3.2.4), BRI TToO MER) 2ERUE 5 ICLHE L THIZE
AFEY, TOEXEFELHEL T, )\Fa'ﬁ@ﬁ?%ﬁfﬂﬁéﬁkéﬂfb\iﬁ%

oo lmybhpb—) = R, b —o kX&) = [FRE] LW Ot

Changes in the external world are captured by sensory organs, converted into
electrical signals, transmitted to the brain, and used to form a human world view.

Fig.3.2.4 Entropy (that is shadows of entities) makes “Information”

Ty bR E—lE XL —ORDNE S ThHY, FROZE] THY . T XLF—0OB<
MERKE SHFITATHHIEEZY P RE—IREARDLBEAD LN TEET, (117
NTGEFHETAEFELE L, ZOBBEZIANLHMLET,)

TIEHIZI T, XX =D [MERKZEINTHXTIATHDL ) EITEI VD Z &) Fig.2.1.2
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DAA—TEEELTEBEELE Y, b LA TFOFEEMESCEH & OB &0 S 28, Fig.2.1.2 O
FIPREITREIN TS LD, THEMIZIRES72b D) THDHeBIE, IBEEIC L > TR
DRETHZ EOTPADBEEL 20 | F7 RS Z LI KV EDRBFIEFICEDY ., R
IR (WIR) BEIZMED D E Vo =E&IEDO X 5 722 ENE Z 0 i inh T,

Fig.3.2.5(a) IZEIROWIA L IKIEOWEEZ TR L TV ET, KiFOMEZIEIT, B (HE L
REZ) ZRAITRLTWET, KTIREMRREIE DA ZR L, Bl E13EE L TWET,
KEIOOE SO EDIE UhEpftd) TTR, ZRME (RKEZ) BATANTROT [REA
) T CERVIRREETT, X MUWIAK LY, L0, EHE L ST T 52 ERT
TET, SWIEKRAN ORI OEMAET O 2 BOKEITRLTWET, BEEENTHRno
TR PVOFETIR R[> THWET, TS TBexX7 br] 225282 R0T VWK
IS, BWENOREZ 45, RESIFTFLLS, MESIX0ETLIZRRD XTIV TWET,

e -
(a) o i o
e e
() o—> 17 - A
(b) I renat B
\ j:& - y
((— 1?2 — )
(€ | o T
\ '_'JL —
4 — -— ™)
(d) II I II
- - JL'** J

Fig.3.2.5 Averaging of vectors (2 dimensions)

F. R EMSEET (Kb), SiENSKIEICH)-> TEERB &V D TR At
WHETDLOTTR, FHNREHN Taxs M) T, Z083%E 850 TR hiE
FVWOTLE Y, £, ZOLEHTIHAME DY MUREATLIOT, R NAHE
WCEhE GO D Z L2 7, FEBRIZIE, 2L LITRIVEEEA,

Flo, REZTVMERBRIIEN 20856 (K@), TXTORESE (K& 59 133 (ST
FOMELRESO/NSRAEFEOEEY =BEOR) IZEDLV T (K(D), EOREOYEL~S
FUE T8 exX7 hv) TRIFUEDT RO TTR, Dol nED L IIZLT, (©— &R
ITT2DTL X 90 MKREEPAREICE) E, RO L DEE ] ChHME OFEZEIIE X
B LHERDH Y £8 A,
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ZOXDIZ, Fig.2.1.2 DXIRT 5 EFITHET L & AEERZ ENZND T, RO EHE
B4, HHRERTHEENIZEZD2DIEFEL W LD TT,

KRB, RFOREHEREIBHERMIZULIVETZENTERWVEDRONE LILERT A, 1)
IRORE INNANT AT THREFRLIFREENEE T, T X THEMICIRE > TWIuX, 25
HEZILT, = b E—ZRELRD 200N LILEEA#T |

Fig.2.1.2 ORI T DAEELPEARER) L, Fig.3.2.6 D L 5 ICHERINTIRZ = HNRBEWEE 2 b E
9, £z, Fig.2.1.7 O L 5 ([CEMAER 2 ELER) & U CTHi<KSE b, RO OEE 5 27007
NIEW T EFEA (TEHINTWE NS RLR2BDT, ZZTIEHM/RLERA),

o S

Classical presentation : A particle and its motion vector (velocity and direction/angle)

——

Some examples of probable position of the particle and its motion vector

Probability distribution of the particle and its motion vector

Fig.3.2.6 Quantum mechanical picture of a particle and its movement

ZITC, =rbhab—LF XX —DEDOELX ] THOH, FHROEZE] THY, =X
—DEIKAERREEINT T ARIFE (= THEEHMBRENKENZTE)) = brbE—TKRE
KRDHEEZDZENTEET, & IRTIRT) & [FHIT A ZEZTZDITTT, 5“‘5’?%(‘:
W) BEEICIT RN TTRITE RV EWIBHERPZENTWET, NTATE, BICHLIE
STWND (DEDUEDERSTND) ZEEZEHRLTWLET THRENREREWVIZHEV &
FNTWEHA, bHAAL, SEO=a2 T VAEDI LT TR THLZEE2HRTLO
MEWEEDLIET,

7B, ZOLHICHME L TEBL DIMEERNREROOE STT, HEHENI DL, TDEX

#T LR oT, = b E— 3B 1IN R RO ER DA R TF, Takashi Aurues “Breaking Free
From the Spell of Entropy (We must take a fundamental change in the basic concept of
entropy.)’ The Annual Reports on the 14th Fibonacci Meeting of Japan (2016) 137-147 = k
0 B — : ZOEAINLAED & O (NH O IEGRELRY 72 I O W B HIARILIZ B3 2 SaBiaY 2> I
B ORA) | BART 4 R v T HEE 14 BIFEESHEE Linkl Link2
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http://www.zg.em-net.ne.jp/~aurues/triage/room1/BreakingFreeFromTheSpellOfEntropy.pdf
http://www.zg.em-net.ne.jp/~aurues/Fibonacci/14thJFAWorkshop.pdf

HixBEHL THH] TERWEASI N, DX H70E 2 )7 CHHEBIL 2 IG5 & BRI
BTELZENZNDOT, ERTHDLENVIERTT, 77 DA T 7w, Rz HREHE N
H LNV EE T TOVDYHELHES . 3T ) (BT 2@ BN Ch > THEITIIAR
WEFELTHET,

B LVWEBIG D Ro0 5 EIC, TARBEGIHANTH) E<FRRTE 20IFREFE) Lol
ZLEMEDLNET, WEARLITIARIRTHY . BAOMBEIZABAAIY H LA TR 072
Ly (BN BxHET 258, THRIIAM) &0 RNIEfRO T, ARBIG &S0
PERRTEDLZ LIFAEERZ LITRY £T,

LU, Fig.3.2.4 TOMD L O, RREBERERBASGTELE--T0nbH 2 b, %@1 R
DEDTELDOEZBREFITH A, MOFTHMEELZLD, DFV AR LOIZEBERWVOT
T THREG (ELEoTnaZ e ARBFOXRL22814) ] b, [HY Gis)l b, FU
M DOBIG 72 O THIPEDS BV (FFF0 - BAMEN LN TWD) DIXSROZE72DOTL X 5,

ST, WAWARFHOWE 2 —# LTz & & Rl 22 PP 23 @8 272 7 i, B3
BINCEFITHED L E LT, AWIR LV B> TWE ET, —RICSHEEOWEN IF v IF ¥
TR LY GoloREENEmT Y br B —0REE (X VX —DENEMERIC2 D) 7205 T, M
EOBRWWER LY RN L IEROGFRT s b E—dm< e 7,

Iybnf~&m£®i5@%@#ﬁﬁ&&<@%?%t&:%f\mgmz%&@rﬁﬁﬁ
L EFEEVOSDIFERZ S FrE—THY |, BT/ hrE—ThHDH I LN 4,
SNEODIFAEFETHY , BUIKIIHLER A, 22 TO [EIZILD] W) Dl fﬁﬁ@%L’W
M%%tEﬁi9&@%%@%%%&i¢_&ﬁfﬁéj&wiﬁ%f?o%m®£mi\if
FIZEoTAHBRRZ b, AFERZIELHD T,

RS L TEIRIBO T A 2/ED L. R (IKR) L oiEETHEEZGISH LT (f
2“\%ﬁ%%%ﬁﬂvﬂ\ﬁﬁ®%bokﬁx%%fé%6%%zféibi90Em(m{
fifali) PlesE (O R 1HMET Y FrE—TH Y | OISO T TEJ] LHTNn
£, TERFESKERT (COz, H20), £78ETOHNLE (RIS AKIRO PR OWEEIZ 2> T
%) 1, ORI ULEETHRUBMIZIIMEZ W0 T THET A, BEEY EFETN T I/ 252
TET GoLEEEM 21T, FER» O EIEEEGIE T Z EANARETT),
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4. PRBEROEBR T e —2{bZFHE T3 Calculation of entropy change for

mixing water at two different temperatures

T, X3 Lix U ROBEELNTEAERVEZ, (N REeRoTy ho v —2(bxit
BprTlz, 2, X3.210F, Figd1.2 IR T/IHR A L/hHR B OREENHEY KEL
O, HDHWIINR A LR B ORENELLRWVEEICAEBIIE AQ M +I/hES Wi
BO (DEVENHEEBIT D ENTELRETTOD), RERKOZY b B —ZLE3ET 5K
TL7,

Z 2T, PEHBOERICRED . HRETHMEFHMHNTIIHLANIE-ETH D L) &
FTOIRENARESE LT GE 31032 MEARWEE) o= hr bt —421{bx
FIRLTHET, @ROEFIRE O FHHE AN E T,

Fig.4.1.1 (X, BN LIz BB O R Tl Z 2281k % 10 BRHCERX S LI DT,
EIRO/INR A DHIKIED/NR B (2 2000 cal OBEBE) L ClEE NERIZRD T O T,
FEMET 200cal TORNBET L LT 9, BT, FoREHBE L —E
1 cal/(g-°C) THDHERELTNDDT, 200 cal OEBENZLY 200g O/R A ORI
—1°C ., 100 g »/% B OiRET +2°C 2L £,

< <
=L
I
200 g 40°C 100 g 10°C
S'[ep-l 200 Cal
40 —1x1 =39°C 10+1x2 = 12°C
S’[ep—2 200 cal
40 — 2 x 1 = 38°C 10 +2 % 2 = 14°C
S‘[ep-3 200 Cﬂl
40 —3x1 =37°C 10 +3 %2 = 16°C
= Step-9 NS —
m 40 — 9 x1 =31°C 10 + 9 x 2 = 28°C
B
Step-10 ~ - post
- 40 —10 x 1 = 30°C 10 + 10 X 2 = 30°C
- 200 g 30°C AQ = 10 X 200 = 2000 cal —— 100 g 30°C

Fig.4.1.1 Mixing (Contacting of) hot and cold water

Fig.4.1.2 1%, Fig.4.1.1 % Fig.3.1.2 IZESWTHO L b L., &2Z&iEfEs n BRI %X sy
L7=2H DT,
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IR A LR B IXRIUWE TR ENTRY  WEOELIL, /IR AR B = af/f
ELTWET, #%LE%&@iﬂﬁ%@th#—f&)of ot egEchnwet s . a+ B =1
ELTCUR AR B = a/(1—a) EL7ZE) B HERXRENCRDZERH Y 5,

MR ETHIMEFRHHEANTIZI—ETHD ERES ATV DHEE, FHENEICRD KO T 1
ELTREEET B LETOERTRLAR),

MR A (RPOIRE Ty ) /R B GRAIOIREE : Ty ) SRR EET 2% Ty 13,
IKDOGAE LR T L HICEE LTk E21EFE T (Table 4),

al, + BT,
TM =
a+p
itz s U TRE AQ OEVEN/NR A o/ B IZBEI T80 L LET, AQ DIHEIE

ZiBO7DIZ AQ OEFTHEAELET,

ST, n ’%"éht%ﬁ%ﬁk T, /MR A FEE AQ/n RS TREIX (Ty —Ty)/n KT
L. /% B IR CEE AQ/n S TIRIEE (Ty —TL)/n LR LTuvx 4,

Subsystem A Subsystem B

Step-1 AQ/mn
ep- Ty —T ~ Ty—-T
Ty —1 x o= Tw) Ty +1x =T
n
Step AQ/n
tep-2 Ty —T ~— Ty —T
Ty—2x-n—Tu) T +2xm =T
n
T
=¥
Step-(n — 1) Ty —T ~_ T —T
—(n—1)x¥ TL+(n—1)><M
Step-n Ty—T ~— Ty—-T
Ty —nx-n—Tw) T+ nx =T
n
Assuming that the specific heat capacity is constant over all aTy + Ty

temperature ranges and the mole ratio between A and B is «: 8 . Then, Tu a+p

Fig.4.1.2 Contacting of warmer and colder
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Table 4 Contacting of warmer and colder

Specific heat capacity
: 1 cal/(g- °C) Apre Bpre A+B Apost Bpost
Weight (g) a B a+p a B
Temperature (OC) TH TL TM TM TM
Heat energy (cal)
(zero calorie at 0°C) @ x TH ﬁ % TL (a + ﬁ) X Ty @ x TM ﬁ x TM
Heat transfer (cal) pre—AQ ©pre+ AQ
. a X TM ar B X TM
Conservation ofenergy | a XTy+ X T (a+B)XTy — (@+p) X Ty

T, n TSI REWED, DEDODEODEERET T2{LRTH DIREZENT & A SNV
Bl YT EEZLNET, LER-T, X3 1 2T e —2{ba2iETHZ &
BTEET,

Tk, XL EHWTNNR A oy b —B{baziHRE LET,

AS: -....(5&3_1) B

INRATE 1L BET, RE Ty oLEiZ8&E AQ/n 2K5DT, D L&EDT Yy fhrt'—
ZALIIRATIE CE E9, 22k, AS X° AQ Dt =L, HOEAZ L > THREID N & 4 kS
ELHZLEHHEETTN, T THEHEMEA L BICIEDEE LTHY ZLICLET, £/, AQ I, IE
ARG £ 25 2 TBEOME ZWHRT 52 LI LET, ®iRlo/R A FEE KD,
Ty bR E=PNEDTLOTRADR S EZTTRLET,

( ‘;fQ)

—AS,41 =

IR A DREIIE1EMET Ty — (Ty —Ty)/n (IZIKTFT250T, F2EEOT hrE—
AR TEHAETE E T,

(=)

—ASyz = 1
Ty —— Ty —Ty)
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IR A OFE1EENOE n BBEEToOy hrE—2bE AT 5 LR £7,

—AS,; = —ASy; —ASyy — ASyz - — AS 4
_—AQ _—AQ _—AQ
E GG

1 2
Ty—— Ty —Tun) Ty —— Ty —Tu)

(=22)

+ n-— 1
(Ty —Ty)

Ty —

n-1 AQ)

k
=0 Ty ——— Ty —Ty)

ZIT. n BPERRISESS SRET D EXORBIEIC LV EATRICEE TE £,

n-1 ( —AQ ) n-1

n

—AS, = lim

n—-oo

- .
k=0 Tp——— Ty —Ty) k=0 Ty ——— (Ty —Ty)

_ ]1 —AeQ dx = —4e x [log|Ty — (Ty —T )xl]l
~Jo Ty—(Ty—Tyx = (Ty—Ty) Bitw o

2% (logITyl - logITy)) 80 jogn
=——(lo —1lo = o
(Ty —Ty) S5 M BiSH (Ty —Ty) B Ty

BB &M THbRHAR: [ —

dx = %loglax+b| + C TV ET,

ZITAQ=a(Ty —Ty) 5D & —ASy = alog(Ty/Ty) &7V, a>0,Ty <Ty
DT, FEMT —AS, <0 £72oTNDHZ ERbMY ET,

— AQ T _ I
—ASy = G —— log- = alog" (X4.1)

RIRDBEDT-DIEST-K 3.4 LRI L D RBICRY £ LT,
T,
ASry-my =nlog(<=) -« - (X3.4) i
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[FERIC L C, RIRBATH L/ %R B o= b —2{bziH L E7,
ASB = ASBI + ASBZ + ASBg + et ASBn

(%) (%)

()

1 2
T, T+ (Tu—Tp) Ty+—- Ty —Tp)
AQ
(%)
+ n—1
T, +—— Ty =Ty
n-1 AQ n—
1
ASp = lim Z ) lim Z :
R N (TM —-T;) k=0 T|+— (TM —Tp) n
! AQ AQ 1
- | T meTr Ty X Nt T Tosll
_ AQ B AQ Ty
= m(loglml —log|T,|) = ) log T,
AQ Ty Tm
— M — 7 e o o o o 4- 2
ASp (Tm—=Ty) log Ty, Blog Ty X )

K#BIZ.AQ=B(Ty—Ty) ZHNTHET, B>0,Ty >T, 72DOT, #NZ ASp>0 &
o TWDHZ Enbnh 7,

T R E—OINEEMIE SN TNDHDT, REEOT e —2kidk4.1 4.2 %
Mz B ETRODDLZENTEET,
AS(A+B) = —ASA + ASB

_ AQ
~ (Ty—-Tw) log

Ty AQ Ty
M ... . 4.3
- + Tt log T (% 4.3)

— alog’;:_M_l_Blog’l;_M e o o o o o o o o o o o (ﬁ4- 4)
H L

T, —AS,;<0 . ASp>0 TIR, F&fkoTy bu—%l ASg4p) OEAZTH~
£, BUEE 2B E VD hﬂé@%éd&ﬁu FO RO =R EE DL
Hbmo TWETR, HERMOERTY ASpuip) >0 THH I L2HRLTHEET,

Fig.4.1.3 1%, Fig.4.1.2 12815 n HH50O n ZHEREKIC . R N EAE £ T RS T
HEELELOTT, FEET, /NeEWE dQ BEEI L, &MV A OREX —dTy 3
DFRY | AKIRM R B<D@fti+dTLﬁvxbmé;9 IR L TOET,
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Fig.4.1.3 Ti, #FEEOM/IN = br b —214k dS, bHOFITMZTWET, /N A O
Ty bR bk, BABBIOE 1 BRET —dSy, WY . BBEIOSE 2 BT —dSy, WD &KL
LTCWET, /N B Oxv hurb—d, BABEIOE 1 BT dS;, Hx. BWBEOF 2 BT
dS;, Wz 5 EHRLLTET, B 1 BEMTORSEROT Y ba v —2Z{kit dS; = —dSy, +
dS;, LFELET,

Subsystem A Subsystem B

AQ
- lst dQ T — dQ
Ty —1xdT T, +1xdT Fd
_ Tn H L L Tds. — . Q
. 2nd dQ *®
— —dSH2 T +dSL2
(Ty —Ty)
| Ty —2xdTy T, +2xdT, ——  ~ dTy
"" 3rd dQ
Ty —T
— —dSH3 e +dSL3 (M'fn—L) ad dTL

Fig.4.1.3 Contacting of warmer and colder
51BN OH n B E TORBMEIIH LT3 2 LT 5 2 BRI ET,

-AQ | AQ (Th—T1)AQ
ASSyStemzﬁ-l_T_L = % >0 -« « +(X3.2) mig

B, 5 3 BERECTH ., M3 2 ORI E T,

—dQ dQ

dS; = —dSyz +dS;3 Ty —2xdTy * Ty +2xdT,

_ {(Ty—2xdTy) — (T, +2xdT)} xdQ
- (Ty —2 xdTy) X (T; + 2 xdT})

{Warmer — Colder} x (dQ > 0)
~ (Warmer > 0) x (Colder > 0)

lim,,n BME & L THRERET 1dS, >0 (FR7ZNDHDT,
n—-1

AS(arp) = lim > dSy1 >0
k=0
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LIAT, ZZTIHIEADHS £ TBEHOME ZPRT L5702, AS ° AQ L bITIE

DO E LTS TNETA, AS ° AQ DEASFDIEAZ b > TREIOMEXZERIELIZ LD
ARETCY, 22T /R A o= brE—2boiEEZ (1) X (—ASy) . (1) X (-AQ) &
LT, ZNETOFHRKEMET 5L, X431

= ___he ™ AQ Tu
AS(A+B) —ASA +ASB = Tu—Tm) log Ty + =Ty og T,

L7 FEF, 22T, (1) X (-AQ) ® (—1) Z4RHCHNT TIREDNEFEIfR A 25 L,
IR B DOFFREALHiIZ TWET,

Z595L, =y hr—0OFERTKRO &9 2l TE £,

AQ Tpost
AS = ——ost c o e o e 4.5
S (TPost_TPre) log Tpre (iﬁ: )

Fig.4.2 1%, K&HIL LT, = b —0ERXOFE 2 28HZ KR L TWET, 3.1 %2H

A TEA200%, R DX 12, N OBRENMZ LIV THIREZSINITZE A ER N
Loy Td, X312 TERLER 4513, HBAETEHE L TR Ay AT E

T Lo, B RE SEET 285 Tl BRI L~ Lz B2 55 oFH R X2 HES
LMBENDH Y FT,

Boiling point
under atmospheric Steam, water vapor

1 OOOC pressure

_ AQ | The temperature (T.)
T, | isnearly constant

The specific heat capacity is not constant

~ AQ T post The speqﬁc heat
AS = log capacity is nearly
(TPost - TPre) TPre constant
+AQ

Fig.4.2 Applicable scope of equations

Fig.4.2 1%, 3.1 ~ X 4.5 FTOFHERZ T HPICOVWTORKEGEEZ 52560 TT, i

FENTIE—EE W) SN ET IR 3.1 13X FH A, HBDNEIE T & W) FEN T U
X445 1T EFA,
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Tl 22 TENFE 2EANCHE G 70T, PREROERIZBENT AS>0 LtoT0nH T
& OEFRIGEH 2R A £,

K43 ICEVET, ZZTIHEAS>0, AQ>0 THY, FADHE + TBHIOMEZ L
-,Cl/\jz—ﬁ—o

AS(A+B) = —ASA + ASB

AQ Ty AQ Ty
=€ _ log-2 .. (K43
(Th—Ty) log Ty + (Tm—Ty) °9 Ty K ) i

ZORELE L ASyrg > 0 ERTON T,

10
Ty —Tw)(Ty—Ty)

T Ty
AS(a+) {(TM —T.)log TM + (Ty — Ty) log T—}

H L
AQ>0,Ty>Ty>Ty,>0 Thy, ERAEIIL AQ/((Ty —Ty)( Ty —TL)) >0 7

DT, BFEHDO { } OFPETHDLZ LT IEI VI L2220 £,

T T
{(TM —Tp)log TM + Ty —Ty) log—TM }
H L

Ty Ty Ty Ty
= Tylog T, — T, log T, + THlogT—L - TMlogT—L

= TylogTy —TylogTy — T logTy +T;logTy +TylogTy —TylogT,
—TylogTy +TylogT,

= - TM lOgTH — TL lOgTM + TL log TH + TH lOg TM — TH lOg TL + TM lOgTL

T
TMTH TLTM T,

T, Ty Ty Tm Ty T

Ty
=Ty log + Ty log + T, log— log
Ty

THTL TLTM TMTH

>0 z#EHT 27010
Ty™ T14"L T,TH

= log

THTL TLTM TMTH

> 1 2R rvocd,
THTM TMTL TLTH

AT HEAERICE X 4 BT THEFT 10 < BWELY A F L7205, BSEICIIRIR T
TEHATL, 22 C Iy MBI H BTt &, EH W 2RO E LT,
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5. =LA MREUFERIFERA %2R ® T Mathematical extension and proof

ZZTFighliZHEAWTRHREE2EFT L L

Ty Ty T, O
<« —
Xy z

Fig.5.1 Symbols substitution

WDORER AT L LWV O BFOMEICEZMZ A LN TEET,

xX>y>z>0 fxx&

x?y*zY>xY y*? z*

A 4

Fig.5.2 Inequality problem

TiE, EEHICL D REXOGERARCAERD —BACFELFRI L E T, BRI R RS
T TCHEZMHE, GA—NVTELZEBWNIE, BEHEEOTTHRNELWET, WEICH
720 EPERCRATERRR, FEORREIBRZ AT L O ICE O E L, BFNERBIT, ROICHEW
%b, BRICBEINTZODICHR SN TWEE LR, 22T b0aEE L £7,

B OREEERIC X SREN

x>y>z>0y=ax+(1—-a)z, -77L 0<a<1l OLx
x?y*zY > xYy?z*
ZREAE L.
AIERA
xZ ny
# > 1
oY WO E LS.
zlogx + xlogy +ylogz—ylogx —zlogy —xlogz > 0
Feill
=(z—-y)logx+ (x—2z)logy+ (y —x)logz
=a(z—x)logx—(z—x)logy+ (1 —a)(z—x)logz
=(z—x){alogx —logy + (1 — a) logz}
z—x < 0 725
alogx —logy+(1—a)logz < 0
DR LT20.
31



logx® —logy +logz'™® < 0 © logx®-z'"% < logy
_ y X\

a, ,1-a _

y>x%-z adis >(Z)

o) =M=a(§)+(1—a). T =t e, t>1 koA

z z
at+(1—a) >t*
s=t*"—at+(a-1)
Zt>1 0<a<1l TEZ5.
s=at*!1—a=a(t*1-1)

t>1 Ts'<0 T s;-1=077206 s <0.

[ I A e T |

174>270 axd e >t
L

Aq 7;

A2 §F5 5t prt>

Si=m vdig2
O R L G B S D)
- 31 ‘
= rr‘ﬁ>fz_l (met > 1)~ 40

A T1e o 2ARER th‘ 13 X4 Ban
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x>y>z>0 0rx xZy*zY > xYyiz* ZoRT
11
yx—y+y—z S xY¥7Z zx-y
11

x-y £ \Y~Z
(%) > (T) ...... (%)

9, L=t>1, §=s>1 LB L

z

1
(x) =@ sets>st (st>1) - - - - - - (xx)
Wiz, st=u B L,
(%) =2 t1>ut"1 (u>t>1)

u-1 t-1
logu logt

t—1
logt

HIITRED) ROT (k*x) (TAZ. DF Y FTEOARFENIIHLT 5.

T8 DRI B L CXHLFEE CEREAFE LT logx <x—1 (x > 0) #HNT
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© #H1ArREX @ F2AERL x>y>z>u>0, x* y* 22 u? > y* 2% u¥)
AER9 & 2 X
x>y>z>0 ThorLx

xZy*zY > xYy?z* (1)
WL DX # A B> THBIH LT
f=zlogx+xlogy +ylogz—ylogx —zlogy —xlogz (2

T f>0 ZaREiEku.
(2 X% y THILL T

f=1/y (3)
X=x/y, ¥>1 4)
Z=1z/y, 0<zZ<1 (5)

LELIZLIZLT

f =Zlog(yx) + xlogy + log(yz) — log(yX) — Zlogy — Xlog(yZ)

=(Z-1Dlogx+(1-X)logz (6)

Thb.
¥X=1+a, a>0 (7)
Z=1-8,0<B<1 (8)

LT
f=-Blog(1+a)—alog(1-p) 9)

BLEPA, HLHEAETHL (WFhbASET). WMildzd af >0 TH-T

f log(1 log(1-

f — og(l+a)  log(1-p) (10)

ap a B
(100 XOFE 1H (AFET) OFERIE, K1 ORBROBEE OF 52 E2 250 THS. [RAERIZ,
F2H (AFET) OB, 1 OFWHROEE (FstnEE) THDH. log VT 70OH

AN & B OPEE DD,

log(1+a) log(1-8)

B
THHDOT (DFEV, [FEROMEE] < [FHHROMEE]: chiKE WS TH S, Lagrange
DFEEDOEH A > TRLTH L), 10) X f/aB ix

S >0 (12)

ap
Thb. LER->T >0 THY, f>0 IREShi-.

0< < — (11)
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log(1-B)l
X 1:
© HmE1
e f %
F = Q-9@E-1 {'f: — lfiz} (13)

EEZELTK2D F(w) OMEZMEZITEBICEEA TE 5. (D~12): TR TEERR DI LA IR
STWTC, RGFIVEZLTVD. ZZI6UAHR LT x ICXDBLICEE L TH D (KR 2).

© ZR2

(2 X% x THRKILLT
f="r/x (14)
y=y/x (15)
7= z/x (16)
0<z<y<i amn

LFELZEITILT
f = zlogx +log(xy) + ylog(x2) — ylogx — Zlog(xp) — log(x2)
= -1logz+(1—-2)logy

_ e N logy logﬁ}
= a-pa-2 {22 (1)

T, B F(w) = 2 EgEmmng s LoRo () HETHE (K2).

LEDB->T >0 THY, f>0 IWRHET.
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XU yx 2 u>x yz % u* (19)
LR DI L.
Wi D% E 2 B o TR LT

g=ulogx+xlogy+ylogz+zlogu—ylogx —zlogy —ulogz— xlogu (20)

T g>0 L72BEr AT k.
(20) % x THKRILL T

g=g/x (21)
y=y/x (22)
7= z/x (23)
u= u/x (24)
o<u<z<y<i (25)

e N
g = ulogx +log(xy) + ylog(x2) + zlog(xu) — ylogx — Zlog(xy) — tilog(xz) — logu
={(-1logz+ (1 —-2)logy}+{(Z—1)logu+ (1 —u)logZz}

logy logz logz logu
1-y 1-2 1—2_1—ﬁ}
=1-A-2{FO)-F@}+(1-2)A-w{F(2) -FW)} (26)

- a-»-2] +a-na-of

Thod. B Fw) = (logw)/(1 —w) OHFREIMMEIZE DY (26) X250 { } IFELIZIETH
5. Lo T g>0, bbb g>0 ThY, ZoORBEITEEICHRRSNT-.
(2O)X2FTHICBED L&, logz R LTHlW=, ZHCE->T (3, 2) X7 & (2 1) O
TDENENT Fw) ZHWEEmMEZ 2 BICR HIAA TN D)
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#5 2 NEXRE (37t—470) OREF & & HATICTE 5. MO ZR-> THREHL
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h= Z(xj_l log x; — xj.1logx;) (28)
=1

T h>0 &725008 9 0~ L.
X1 THIMIEL T 32] Ex]-/xl , ﬁEh/xl LT

n
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n-1

2

.

n—-1
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72120, X9 =Xp Xp41 = X1 EKIRTS.

GEH)  y* 1>t (x>y>1) G0 2FATL. (ZOREXOFEIITEIE)

xi=aix, 1<i<n) L3%. 22T, ay>a;>a3 > >a,
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B i c kDb S 7= REH
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EE2 qu, 92 >, qn>0, g1+ g+ +qp =1 13 LT, REX
f(@1x1 + q2x2 + - + quXn) = q1f (X1) + q2f (x2) + - + quf (%)
MY E &, f(x) & RiTmEn ).
INEERT DL
FEZ2 f) R (') <0) bl x1>x3>>x,>0 2O T
(2 = x)f (x1) + (x3 —x)f(x2) + -+ + (X — Xp2)f (K1) + (1 — Xp-1)f (X)) < 0
AlE
(3 — x1)f (x2) + (g — x2)f (x3) + -+ + (X1 — Xp-3)f (Xn—2) + (X — Xp2) f (X5-1)
< f((x3 —2x9)x2 + (x4 — x2)x3 + - + (X1 — Xp-3)Xp—2 + (X — Xp—2)Xn_1)
= f(=x12x3 + XpXp-1)
= f(XpX1 — X2X1 + Xp_1Xp, — X1Xy)
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< (X = 22)f (x1) + (Xn—1 — X1 f (%)
< =02 —x)f (1) — (o1 — Xp-1)f (x0)
L EEE =T
f(x)=logx XX i1 &2 L
(xy —xp)logxy + (x3 —xq)logx, + -+ (x, — x,_2) logx,, 1 + (x4 — x,,_1) logx,, <0
< (xp—x2)logxg + (x1 —x3)logxy + -+ (X2 — xp) logxy,_q + (X1 — x1) logx, >0

Xn=X2 X1—X3 Xn-2—"Xn Xn-1—X1
St X, x5 Ty >1

Xn X1 | Xn-1 X2 X3 . .Xn X1
=X X, Xn-1 Xn > XX, Xn-1%n
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B Arkady Alt (USA) ICX2FEH] (EEHTHES Y SHEARBRH > TIEZ K-> T<NELR)

One exponential inequality.

Prove that for any x >y >z >0 holds inequality
x?y*zY > xYy?z*.

Solution by Arkady Alt, San Jose, California, USA.

Note that x?y*z” > x¥y?z* & zInx+xIny+ylnz>ylnx +zlny + xInz.

We have zlnx+xlny+ylnz— (ylnx+zlny+xInz)=x(lny—1Inz)—y(Inx —
Inz) +zInx—Iny) =x(Iny—Inz) —y(Inx —Iny+Iny—Inz)+ z(Inx —Iny) =
x(Iny—Inz) —y(Inx—Iny)—y(ny—Inz) + zIdnx —Iny) = (x —y)(Iny —Inz) —

Iny-Inz . lnx—lny)

v -2)(nx-Iny) = (x- N -2) (7 -

Since by Mean Value Theorem there are a € (y,x) and b € (z,y) such

that Iny-Inz _ 1 and Inx—Iny :% then Iny-Inz _ Inx-Iny

1 1
= =———>0
y—z b x=y y—z x=y b a

(because 0 <b<a ).
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The Golden Ratios Which Imply Maximum Entropy in Nuclear Physics #!

Sep.26, 2017
Yoshiaki NAKAGAWA

Key words: nuclear valley of stability, magic number, mass ratio of nuclear fission products,
golden ratio in nature, Fibonacci numbers in nature, thermodynamic maximum entropy,
minimum entropy, quantum mechanical entropy

In 2016, Takashi Aureus reported that thermodynamic entropy is quantum mechanical and
different from mathematical information entropy . It clearly means two things.

One is there will be the definition of entropy by quantum mechanics. Another is there should
be the appearance of Fibonacci numbers or other numbers and the golden ratios in quantum

mechanics or in nuclear physics.

Unfortunately there is no room for the concept of entropy in quantum mechanics and nuclear
physics, because energy transfers are easy to observe in experiments. So there is no definition
over entropy by quantum mechanics.

There are, however, the appearance of number and golden ratios in nuclear physics. I would
like to show three examples; the magic number, mathematical trend of stable nuclei and mass
ratios of nuclear fission products, as the appearance of the number and the golden ratios in

nuclear physics.

The phenomenon is well-known facts in nuclear physics.

(1) The magic numbers (2, 8, 20, 28, 50, 82, and 126) resembles Fibonacci sequence.

The pair of nucleon has the lower potential energy than single nucleon. So only as magic
number “2” has the clear reason of stability. Real magic numbers are;

8:20:28:50:82:126 = 1:2:3:5:8:13

The magic numbers is almost ten times the Fibonacci numbers. There are some drifts or errors
in the sequence. It is just reflect of the nature of quantum mechanics which has probability

theory basis.

(2) The tangent of the angle of inclination of stable nuclei in the nuclear chart is about 0.618.

It is shown in the nuclear chart below.

#1.2017.08.256 HAZ 4 AT v Fhpe 5 15 HAFZEES (B8 - SRR EREEEN L 2 —)
AFE  http/www.zg.em-net.ne.jp/~aurues/triage/room 1/MagicNumbers20170926.pdf Link
SURAE R httpl//www.zg.em-net.ne jp/~aurues/triage/room1/MagicNumbers20170825.pdf ~ Link


http://www.zg.em-net.ne.jp/~aurues/triage/room1/MagicNumbers20170926.pdf
http://www.zg.em-net.ne.jp/~aurues/triage/room1/MagicNumbers20170926.pdf
http://www.zg.em-net.ne.jp/~aurues/triage/room1/MagicNumbers20170825.pdf
http://www.zg.em-net.ne.jp/~aurues/triage/room1/MagicNumbers20170825.pdf
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(3) Mass ratios of nuclear fission products (major two fragments) are about 1.6.
2850 + §n > 14cs + PRb + 280 144/, =16
2380 + dn > ¢iBa + 22Kr + 3n 141/, =153
0 0 92 — *~
235U + dn > 132Ba + 32Kr + 34n 139/, = 148
0 0 94 = 1.
2350 + dn > 42xe + 05T + 4in 142/, =158
0 0 90 — *+
10B 4+ In - 7Li + 4He 7)y =175

Many of colleagues may be skeptical about my observations due to the drift or difference. My
answer 1s that quantum mechanics have the characteristic in understanding the statistics
deviation. It somehow implies that we should make reconsideration over the nature of
probability, statistics and entropy.

I had known since around 40 years ago about the magic numbers and the nuclear chart.

I just understand that nuclear force and electromagnetic force make some kind of equilibrium
in stable nuclei on some conditions. The quantum mechanical entropy is the way to formulate
the equilibrium condition in stable nuclei. It may bring a new aspect to the theory between the

strong interaction and electromagnetic interaction.
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Derivative of generating function of the general m-th

order linear recurrence sequence 3
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