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i %

2022 fE7T H8 H

1 BIEZ

SERBUIVEERT 370 X VIBE 2 R WD L 2 £ 5, # 0 K U Z O — L HELY)
PME S NIFFE S N TR7z. A D T2 E R &R ORES L\,

TITE, R=—ALHFY, S SITHTBREZED 2O — b z17 5.

T DR o(a) DIEDZA A 7 —BEBELEET 2D TERNIEMICR D, 3 HES
BETHEWVWIREEDIZH 7.

EB k DFEBLE kp BHOUDE, p PEBUED S L WI5GEE2DIT5ZLITLoT®
TV EMTIEDHZ2P P=2 TUPEEELRMZLOHLVEEBNEHE I NI NIZEHE
FE 12 DEFEIE L K HBGED—BIULI 72 5 fcllk s 2 % 5.

h Z2&ZEHE L, m 2EABEONRTA—ZTNIEZOEBERNIT

o(a) +4(1 — h)p(a) =2(2 — h)a — m.

h=1DEE o(a) =20 —m £725. ZOMIEFBE m ORI LITENS.

h iZ&GEETHY, h =375 o(a) — 8p(a) = —3a — m.

INFEE RIIRFE R Z RO TEN B 2 R D.

WU 2T E m O EIE h =1 OIGEED, h > 2 DGR S ICEELRH %2
PEHIT 5.

2022 £ 7 HOSHEAES 20 FEBYEIRPERICE S VDRI EEMTH 5PV 2T
ERERINZH LUV 3 HEEBITHINZER2BOERE S RALS 5 LB, BRTEH
CMzBTHI LI U,



2 abundance

HARE n , FBOH o(n) 1IZ22WT I(n) = o(n) — 2n % abundanceGEEIE) L\ 5.

WD k 12DV, I(n) =k 2723 n 1ZDRWHPMEBUE DI n h3d 255 % IEHEZ
B(HE TAEAR) 13RO 72, BIZIX k=199 D& & 2D n = 324,784 D3 5.

I(n) =0 272956 n 1352 TH > T, 0(2°) = p BEHDOE, o = 2°p 1F5ELH
B, =2V ROMBELIATH 7.

TEEZPE n OO o(n) BEB p 122 555% 10U TOHEICRELEZ. Z
DEZEa=np ld2—21) v NOZE2EDO—HKILIZHR 5.

ZFIT,a D=3 HRENEZED Z D Z2RD, & <12 A B2 DEWMET 5.

o(n) BEE p Il 256 n ITBBREIRE. ZhEFKIZZL2BO—BbEiXA 5.

PEFEHLLUINZFEELTR—RALERD.

a=PIZDOVWC, P=P—1 B EEEUBINOHDARELY Po(a) = P —1=
aP —1 2032 (ZZTC, P=P-1)

P—-1
L=ola)= "= HEHOLE a=al B2=2 Y s KOSRRO MATHS.

SOOI LT 2720, RO LS ITREBE VTR E 2 ZEATEDERHHEAZ/ES.




3 ZEHO—MHKIE

a=PiZDVWC, P=P—1 B LEEHIFNOMOAREY Po(a) =P+ —1=
aP —1 Db D,

m & PAFHHONT A =X, h(#£P) 2HOFFERE LI NERKERT

hPeJrl_l -

haP —1 h(Po(a)+1)—1
A= aﬁ +m = (a(a)P ) +m &0,
P(A—m)=haP —1%5 haP=P(A-m)+1%2%.
h=h—-1%ff5%

P(A—m) = hPo(a) + h.

ARFERTHHZLIZHFEHL, a=ad B E, 2079 ARRNE2RO LS I1I2/ES.
o(a)=0c(a)(A+1) D ZDDT

hPo(a) = hPo(a)(A+1)
=h(aP—1)(A+1)
= h(aP — A)+ haP — h

haP =P(A—m)+1 %&ffi> ¥,

hPo(a) = h(aP — A) —h+ P(A—m)+1=haP —hA—h+ PA— Pm

»< T,
hPo(a) = haP + A(P — h) — h — Pm.

BIZIXP=2h=1750c(a) =2a —m.



4 T4 5—FEH

Maxp(a) 25ROV IZA A T —BBEHNE I LIZ U THZLRTELBMEERL TA
£5.

XUDIZa=aAd DA T —BEZERD 3.

pla) = p(a)(A—1) 12 P 2R UT Pp(a) = Pp(a)(A—1).

Pp(a) = P°P =aP #RAT 3 &,

Py(a) = Py(a)(A—1) = Pa(A —1) = Pa — Pa.
T 5T hP 2FLT

hP%p(a) = hPPa — PhPa.
haP = P(A—m)+1 %25 &,

hP%?p(a) = hPPa— P(P(A—m)+1)
= hPPa—P(A-m)-P
= hPPa—P°A+mP —P.
kb
hP%*p(a)) = hPPa — P’A+mP° - P.
nL LT

PPA= —hP?p(a) + hPPa + mP —P.
PPA WAL T —BEDOA > 7= RTEINEDT,0(a) DA 722k

hPo(a) = haP + A(P — h) — i — Pm
P RFEUT
hP’o(a) = hPaP + P AP — h) — P (h + Pm)
XoT
hP’o(a) = hP aP + (~hP*p(a) + hPPa — mP° — P)(P — h) — P°(h + Pm)
BEEEEHT h 2R 5L,

P’o(a) + (P — h)P*p(a) = PPa(2P — h) —mP" — (P — 2)P

EHE 1
P’o(a) + (P — h)P*p(a) = PPa(2P — h) — mP" — (P —2)P
FEORZRZT a % o— @ TR VI, TNIEEMD B ERWARTZ AL X
BEDTERE (supreme perfect number) LIFEO 72\,

4



P=3h=1%%2%,

8o(a) + 9p(a) = 18ax — 4m — 2
INDREME S 725, XERTWBEZITTIHEHLR SR,



5 P=3D&&
ARBERE S

K1l:o—p R P=3h=1

c— ¢ TEH

m = —4
46449 [3, 2; 13, 1; 397, 1] D
m=—3
999 [3, 3; 37, 1] A
18291 3, 1; 7, 15 13, 1; 67, 1]
m= —2
6 (2, 1; 3, 1] A
99 [3, 2; 11, 1] A
285 3, 1; 5, 15 19, 1] D
6417 [3,2; 23, 1; 31, 1] D
46917 [3, 2; 13, 1; 401, 1] D
76461 3, 1; 7, 1; 11, 1; 331, 1]
795339 [3, 6; 1091, 1] A

a=PQ,(Q: FH) LETDME A BIfRE NS,
a=PQR,(Q,R: &) LE 5% D B VS,
ZIZTAHLDY) A MIBERN T BB ERT.

B SERETIE A TR DR (B 1IXAER) DFEIET 2 SRR
BIZIEXP=3h=1,m=0 D& E A RYNDRIID > TH ALEETIEAR.



K2 0—p B P=3h=1

m=—1
4 (2, 2]
75 (3, 1; 5, 2]
m =20
117 [3, 2; 13, 1] A
796797 (3, 6; 1093, 1] A
423644039001 | [ 3,12 ;797161,1] | A
m=1
5 [5, 1]
14 (2, 1; 7, 1]
15 (3, 1; 5, 1] A
231 3,1;7,1;11,1] | D
1107 [3, 3; 41, 1] A

K3 o—p B P=3h=1

m =2
7353 [3,2;19,1;43,1] | D
47853 | [3, 2; 13, 1; 409, 1] | D
m=3

13 [13, 1]

21 3, 1; 7, 1] A
1161 3, 3; 43, 1] A
89181 [3, 5; 367, 1] A




K4 o—p R P=3h=1

m=4

17 (17, 1]

22 (2, 1; 11, 1]

98 (2, 1; 7, 2]

153 3, 2; 17, 1] A

345 (3, 1; 5, 1; 23, 1] D
604881 [3, 3; 43, 1; 521, 1] D
799713 [3, 6; 1097, 1] A
1287441 (3, 3; 41, 1; 1163, 1] D
2405313 | [3, 2; 17, 1; 79, 1; 199, 1]
4902625 | [5, 3; 7, 1; 13, 1; 431, 1]

6 A BUfZ

P’o(a) + (P — h)P*p(a) = PPa(2P — h) —mP° — (P —2)P
Dfff o 18 = PeQ LFEE Q THEII-LT5.(ABR) ZDL &,
A=Ps(a),B = (P —h)P2p(a),C = PPa(2P — h),D = —mP" — (P — 2)P
5L, A+ B=C+D.
A, B,C,D ZIEIZEHET 5.
a=PQITHLT =P+ 2HWB L,

i
Poa= P -1)(Q+1)=PHMQ-Q)+ P -1=Pa—Q+ -1
L& oT, A=P (Pa—Q+5—1).

cp.(a) =PPYHQ—-1) %DT
B = (P —h)P>¢(a) = (P — h)PP*T(Q — 1) = (P — h)(PPa — PB).

iii.
A+B—-C =P (Pa-Q+8-1)+ (P - h)(PPa—PB) — PPa(2P — h)

— _P’Q+Ph-P°8
—D.



D=-mP - P +Pitk-T,
~P’Q+Ph— P’ = —mP° - P° +P.
P %¥->T

—PQ +hB=—mP +1.
nky

P(Q-m)=hB—1=hPT! -1

AP

@ P

INEZEDONTH D, IR 1272 5.

+ m.



7T FHREEH
o— o BEBOEZERNIIBVWT, P=22F5%,

M
i

b

o(a) +4(1 — h)p(a) =2a(2 — h) —m.

h=1Dk % o(a)=2a—m &7%5. ZORIZFTBE m ORERLIEINS.

KRz, m=—-12 £$5% o(a) =2a +12 1275, ZOf#IE abundance 12 OEFEE L
XN 5.

3EDRKRDEH pIZHL, a=6p HIXEMRL 22D TRITEFMRE VNS . ZOMDMED
WL ODPRILNT WS,

ola) =2a—m Zii7=3R a L U TEKITER kK EFE K p TEHIT LM a = kp DHEEK
fiddpzdelLLD.

T5L, m=—2ko(k)=2k Zifi7z9. XoTkIIFERHIILRS.

SOOI, TEMEIZHUT o(a) =20+ 2k iz Ik o 2 FHERBEITI.

8 REZTEH

STHFEHA>1DEEL, o(a) +4(1 — h)p(a) =2a(2 —h) —m IZEH Kk &FE K p
TEIT S kp WEEMEHZ L L& S.

5L, 0k)(p+1)+4(1—h)e(k)p—1)=22—-h)kp—m &7%5.

INnzpD1IRNTELDDE, p DRI X 13 o(k)+4(1 — h)p(k) + 2(h — 2)k.

BEMED p Z2F T DT X =0. D o(k) —4(1 — h)p(k) = —m.

51T o(k)+4(1—h)p(k) +2(h—2)k=0 HiiE7=7.

ZDf# k % 2RI (strange perfect number), & K5

o(k) —4(1 —h)p(k) = —m TEE 5 —m % FRBEFE (large abundance) & & 3.

o(k)+4(1—h)p(k)+2(h—2)k =0 %{ii7z 9 k IZXH L To(k)—4(1—h)p(k) = —m

723 maERD 5.

o(a) +4(1 — h)p(a) =2a(2 — h) —m Ziil7= 3 o % T h OFHTRBE TS,

EHREHIRT 5.

EE 2 AR hITHLT
o(a)+4(1 —h)e(a) +2(h—2)a=0
729/ a % ZR5ER (strange perfect number) £\ 5.

P=2h=3m=00D&& kX ARIZES & OFEIS (On-Line Encyclopedia of Integer
Sequences) @ A007505.

P=2h=5m=00D&& k OXKIZX OEISO(n-Line Encyclopedia of Integer Se-
quences) O A050522.
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*® 5 AR ZEEYP=2,h=3
k KK figt -m KK figt fig ke I
22 2, 1; 11, 1] 116 2, 2; 29, 1] A
92 2, 2; 23, 1] 520 [2,3; 5, 1; 13, 1] A
376 2, 3; 47, 1] 2192 [2, 4; 137, 1] A
6112 [2, 5; 191, 1] 36416 [2, 6; 569, 1] A
24512 [2, 6; 383, 1] 146560 2, 7; 5, 1; 229, 1] A
6290432 [2, 10; 6143, 1] 37734400 [2, 11; 5, 2; 11, 1; 67, 1] A
7125232 [2, 4; 97, 1; 4591, 1] | 42151456  [2, 5; 23, 1; 57271, 1] D
#*6: 2% TEBP=2h=5
k FRBT i -m EPSLGay fif ke DRY
38 [2, 1; 19, 1] 348 [2,2;3,1; 29, 1] A
632 [2, 3; 79, 1] 6192 [2, 4; 3, 2; 43, 1] A
7605 3, 2; 5, 1; 13, 2] 74178 2, 1; 3, 2; 13, 1; 317, 1] X
24236 [2, 2; 73, 1; 83, 1] 232440 (2, 3;3,1; 5, 1; 13, 1; 149, 1] D
26108 [2, 2; 61, 1; 107, 1] 250392 [2, 3; 3, 1; 10433, 1] D
129068 [2, 2; 41, 1; 787, 1] 1237752 [2, 3; 3, 2; 17191, 1] D
163712 2, 7; 1279, 1] 1635072 2, 8; 3, 1; 2129, 1] A
277688 [2,3; 103, 1; 337, 1] | 2720688 [2, 4; 3, 1; 56681, 1] D
1080328 2, 3; 83, 1; 1627, 1] | 10584528 [2, 4; 3, 1; 220511, 1] D
2620928 2, 9; 5119, 1] 26201088 [2, 10; 3, 2; 2843, 1] A
8836304 [2, 4; 167, 1; 3307, 1] | 87473952 2, 5; 3, 3; 137, 1; 739, 1] D
41940992 [2, 11; 20479, 1] 419377152 [2, 12; 3, 1; 34129, 1] A
93029536  [2, 5; 331, 1; 8783, 1] | 925629504 2, 6; 3, 1; 4820987, 1] D
KT AR FELHP=2h=T
k EPSGayi -m FRBT i fif ke DY
3568  [2, 4; 223, 1] 49568 2, 5; 1549, 1] A
917248 [2, 8; 3583, 1] | 12835328 [2, 9; 11, 1; 43, 1; 53, 1] A

9 ZEETEHODA

11



#* 8 FHIEEH,P=2h=1,m=-12k=6

a FINE > i fig o> 7

6p (2,153, 1; p, 1| CEHE ) D

304 2, 4; 19, 1] A
127744 2, 8; 499, 1] A

£ 9 FH AP =2h=1,m=—56,k = 28

a SRR it

28p 2,2;7,1; p, 1| GHEE fi#)
4544 2, 6; 71, 1]
9272 2, 3; 19, 1; 61, 1]
14552 [2,3:17, 1; 107, 1]
25472 2, 7; 199, 1]
74992 [2, 4; 43, 1; 109, 1]
495104 2, 9; 967, 1]

6019264  [2, 6; 163, 1; 577, 1]
15317696  [2, 6; 137, 1; 1747, 1]

% 10: FH BEHE P =2,h =1,m = —992, k = 496
a F N iR

496p [2,4;31,1; p, 1] GEHEf#)
2892 2, 2; 3, 1; 241, 1]
6104 [2, 3; 7, 1; 109, 1]
170612 | [2,2; 13, 1; 17, 1; 193, 1]
458144 2, 5; 103, 1; 139, 1]
857312 2, 5; 73, 1; 367, 1]
1006496 2, 5; 71, 1; 443, 1]
1764512 2, 5; 67, 1; 823, 1]
4041152 2, 6; 233, 1; 271, 1]
9865304 2, 3; 17, 3; 251, 1]
11627864 | [2, 3; 17, 1; 193, 1; 443, 1]
12445504 [2, 6; 139, 1; 1399, 1]
13170104 | [2, 3; 17, 1; 179, 1; 541, 1]
17135864 | [2, 3; 17, 1; 163, 1; 773, 1]

12



#11: FH T2 P =2,h=1,m = —2x8128,k = 8128

a EJINE Ay
8128p  [2,6;127,1;p, 1] fi#)
48684 2, 2; 3, 1; 4057, 1]
112952 2, 3; 7, 1; 2017, 1]
353672 [2, 3; 11, 1; 4019, 1]
396112 2, 4; 19, 1; 1303, 1]
1243808 2, 5; 47, 1; 827, 1]

4860050 [2, 1; 5, 2; 13, 1; 7477, 1]
5888672 [2, 5; 59, 1; 3119, 1]

THRIZIRE > 1 D& & ARGERH L FHERBERD S I L FET OO THEER R
BEWS ZEMNTES.
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*12: FH B2 P =2,h=3,m=—116,k = 22

a  FHRBOE B
66  [2,1;3,1; 11, 1]
110 [2,1;5, 1; 11, 1]
154 [2,1;7,1; 11, 1]

286 [2,1; 11, 1; 13, 1]
374 [2,1; 11, 1; 17, 1]
418 [2,1; 11, 1; 19, 1]
506 [2,1; 11, 1; 23, 1]
638 [2,1; 11, 1; 29, 1]
682 [2,1;11, 1; 31, 1]

a=22p LEVBILEFEMZD T NN DIRBAD D5 720,

*13: FH 2B P =2,h=3m=—-520k =92

a KRBT i (GEH )

92p 2,2;23, 1;p, 1] GEHER)
1306112 [2, 9; 2551, 1]
5757952 [2, 10; 5623, 1]

38016908 [2, 2; 37, 1; 61, 1; 4211, 1]

F 14: FTH BEEP =2,h =3, m=—2192,k = 376 = 23 % 47

a SRR e (G i)
376p (2, 3; p, 1; 47, 1]
1120 2,55, 1; 7, 1]

5098528  [2, b; 283, 1; 563, 1]

14



15 FH e P =2,h =5m = —348,k = 38

a FINB I i ()
38p 2, 1; 19, 1; p, 1]
100532 [2, 2; 41, 1; 613, 1]
5350544 [2, 4; 173, 1; 1933, 1]

% 16: FH B P =2,h =3, m = —2192,k = 376 = 23 % 47

a F R i
376p [2, 3; 47, 1; p, 1|(EESR)
1120 2, 5; 5, 1; 7, 1]

F 17 FH B2 P =2,h=5m= 74178,k = 7605

a ESPSL- Ganil
7605p [3,2;5,1;13,2; p, 1]GEH fiR)
2981835 [3,2; 5, 1; 23, 1; 43, 1; 67, 1]
3087435 [3,1; 5, 1; 13, 1; 71, 1; 223, 1]

7 18: FH BEEP =2,h =5,m = —232440, k = 24236 = 2% « 73 % 83

a FIK 7 it
24236p 2% % 73 % 83 x p (EHA)
51180 22 % 3% 5 % 853
104380 22 % 5% 17 % 307
106780 22 % 5% 19 % 281
119380 22 4 5% 47 % 127

15
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A7 4 RFyFHeE H2 0EHEES 2022.8.30 .1.1)

7 2R FFE, V2 BoB LnRAR & 2oilikEHiR
REBHERFLBEER PN B

XLz

2016 FFOHART 4 AT v Fha B 14 EIFRESICB N T Ry T8, Va2 THo
LY RRRIAR C144E) oW THE LE L. CIhFICRESREZEEBOAR L%
DEEALELER, BRBAHRE LIEICINS LITRERD 200 LREESN, D 3
15 C194F) 1I2H ZORMARXEZD S > THVWRERREND EWVWI, brotEbol
Bz E L. Z2ZTHREIZNAL L FDOIETHD THRE L, FiEIOHEDHY-%
e LET. GEINIWT N B TR, Mx RFEHEZ 5 Z L BHT- AR ROE
MZpnZ L2 HIfFLC, EEEZVWEDTAREIO THim) ICEeHELE.

“FrLVY RBRAK
E<HLNTNDEIIC, 74 R Ty T, VahBud ToREFEK x*—x—1=0
DR, a=1+V5)/2 (EE&K) & B=01—5)/2=—1"a #HNT
(MB) Fo=(a™—B8"),/V5, La=a"+ 8" . (K¢ - E7 A= XDAR)
LRENET. SLERNIA v RFEFR%D B. Sury 1ZkoefaAXEZ R rLELE [11].

B Tosks=n 25L=2""'F,.i;. -+ (A1)

T5LFCIC=a—a =7 MERFRFD H. Kwong 3 ARKBISEE 258 LUOGER
#5272 [3] C144F) Z L & D.Marques [5] 2% C154F) FHELOAX (#2LoHER (M))
R LT &Rl B LE Lz, & L CRAFIEOMFEES TR L2 C164) (1
W7 LT RO 1. Martinjak [4] 13BEFOREEZ 5> E<fE-T, (1) OIEREAK :

ZOékén(il)kznik(Lk+2Fk):(*l) n2n+1Fn+1. e (1’)
ZAERA L, 000 FToaxRARXPELNLD E LT, —f#lE LTAKX:
ZOékéngk(Lk+Fk+1):3n+lFn+1. <o (3)

ZRIFE L. £ LTCZORCAIC Edgar [%] 1%, (A1) & Marques DA (M) (t4%
i) ZENDICE EDDIFEARNEZIEH LE L. ZORERIE, 4RIZOWEESDOT-HD
INER L DI DOFRIZHRET DT A N THZTCWeEZxF Lz, #5 American Mathematical
Monthly OV Kb (250% B %%L“Cb\éf”ﬁ , "Z ® Fibonacci Quarterly (22 A7Z2IZE W
RN SN TWZDTLE., A5 Z3WET. 20 3F#%I2ITZ 1 @ K. Kuhapata-
nakul & K. Thongsing [2] | 3174’Tﬂ‘/7‘§5172:’9\ UHEGR L7253 LT b [RIER DA R
MRV NSZ &t LE L (C194F). AROMERTIE, RO OMmED b o Ll
RROFEA AR L7215 C, 3@V OFERERBA LET. /2 [4] oFETHELRD WL
OMDRREZRLET. UTFTTHOARLERICE LD TBEEL L.



EHE (1) Zosksa 2FLe=2""'Fo4,
(1) 2 osrsal—D*2*Ly+2F)=(—1) "2° " 'Fpoy 1,
(2) Zosksn 2" *Lx=8+2""'—L,+3,
(2) Zosksa(—D 2" *Lyxy 1 =(—D"Fpnyq.
(8) Zosksn 3“Wi+Frs1)=8"""Frs1,
(8) Zosksa(—D*8*Ly12=(~1) "8""'Fy4 1,
(4) Zosksn 8" *Fr_1=—Fu+1,
(4) Zosksn(—D 8" *(Fr+Liy )=(—1"Fnr1.

i & BE DFEHA
BN 7GE 2R L, D% T Sury, Kwong, Martinjak OFEAZFE L E 7.

GEF1) Ry -7 UA=t320ARX MB) Fo,=(a"—8",/V5, La=a"+8" X
D, S=Y0zk=n 2"Li=20zr=n Qo)+ Z0=1=n @B)=1—Qa)* ")/ Q1—2a)+
Q-2 H/0-28) EHEEOMOAR). a+B=1, a B=—1 b, 1-28=
2a—1=V5. .. S={—(1—Q2a)" " N+0—@p)" " s=2" H{a T =BT A=
2n+]Fn+1, D

(FEHA 2 by Sury) Sury [T O (polynomial identity of Sury) % ff~7=.

BE Zosisa Cx)(x+y)" *=(x+y)1—Cx)"*)N(—x+y) - (X)
(FHEDFEH) S=o<r=n @x) (x+y)" “=(x+y)"To=r=n Cx (x+y)~.
1-2x (x+y)=(—x+y) (x+y) EnLELEHDOOAXLLY, S=(x+y)"X
1-ex/(x+yN"" " A1—2x Ax+y)l=x+y)" " '=2x)"""} (—x+y) O
X Ly BRI HE, WOARXIZRD :
Losr=n @y)(x+y)" F=((x+y)" 1 =Qy)"" ) A(x—y) - (Y)

(X) & (YY) znzxst,

Losr=al2(x Fy S xFy)t =2 T (x T =y T ) A(x —y)

IIT x=a, y=8 &BL, a+B=1, a—B=V5 E»b
YSockenl2(x vy i x+y)t E =Y gcpzn 25 L =2 (@ T -2 ) A5
=2" " F o Lo THE (ERLO (1)) OIEMRKES.

nE, (X) & (YY) oExLLE, RORKXIZRD
Y=o 2FF=(2""'Ly41—2) /5 eeeees (A2) [

(FEHH 3 by Kwong) 7 4 AT v Tl V = DDA %,
F(x)=2 ,20F,x"=x/1—x—x%).BXW
L(x)=2,-0"L,x"=2—x)/1—x—x?)

LELL,
F2x)/ x=L2x)/1—x)=2/(1-2x —4x 7).
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LZAT, FCx)/ x=%,20F, @x)"/x=X 20 2"F, x" '
=X,202" 'Fap1 x" (Fo=0 Z25).

FREC, 1L,/ A—x)=2,20x " ZAWVT, LE2x)/ 10— x)=(2 202" L, x "NZ ,20x")
=2 s 0lZ 0k =nl@ Ly x)(x " N=2 20 (Z ok =n2 L) x "

Eb. F2x)/ x=L2x)/ (1—x) IFofenb, WED x" OFREEHLT,
2" T F = X sk =n2 Ly

ThDHZEBRN5. O

(FEFH 4 by Martinjak)

Lk:Fk*1+Fk+1:2Fk+]_Fk 71375)%, Zogkgnszk:Zngénzk(szJr]—Fk)
=Fo+2" " '"Fo1=2" " "Fai1. 20X, HEOBRPOEMSRZIZHF ¥ o EALLT,
) E DA RERD. ik BimsifhEl (telescoping series ; 7= 7o iAA kit &) &
9. BN TWEENPESBLWAHETHD. O

ZOLT, MEOREHNKY £ L. AkoE Y Martinjak (ZEED (27) & ZDE
TREA L7, R CHIETIES SAOKRMARNBFEALRS & LT 8D (3) —o%&f]
ARLeoTLE, ZZT3E#o (1) (2) (27) ZiEHL, (3) (37) (4) (4) ZiE
HIT D7D DF—RA L PR L TEBEET.

(B DIEH)
(1) Ly+2F =F 41+ F 1 +2F (=2F 41+ F THDHND,
Sozkzn(—DR2N(L +2F D=2 == (=D 2"QF v+ 1 + F 1)
+(=D"2"@QF ns 1 +ED=F o +(=D"2" "' F 1 =(—=1)"2" "1 F oty
(2) Ly=Lys+o—Ly+1=2L 42— Lyits KV, Zozi=a2” FLi =
Z0§k§n2n7k(2Lk+2_Lk+3):2n(2L2_‘173)4—2“71(2—173_L_i)+2n72(2_Li_VLME)
+2n73(~2WLw§_L§)+"'+(2_Ln_+2_Ln+3):2n+1L2_Ln+3:3'2n+1—Ln+3.
(2) Lyy1=Fx+Fri2=2F+F 1 ZHVDE, Eocp=n(—D 2" "Ly,
:2Oékgn(_l)k2n7k(2Fk+Fk+1):2n(2F0+—F—1)_2n71(2—F—1+£_2)
+2" F@QE,+Fg)—2" 2°@F 3+ F )+ -+ (D "@F u+ Fui1)
=2" T F (D" F i =(—D"F o1,
(F—mRA ) (3) Ly+F 1 =Fiy1 +Fe 1 +F 1 =2F 1 +F 1 =3Fy+ —Fy« .
(3) Ly+2=38Fr+1+Fr, (4) Foo1=38F—Fry1, (4)Fi+Lyi1=3F+Fy; . O

Martinjak (22 DXV 5T, WAIZAXNHTOND Z EERBLI-OTY. HREZFF 725D
7eolz, W ONOARE eV FEENWTEXET.

(5) Zosksn 4k(Lk+2Fk+1):4n+an+1, [Lk+2Fk+1:4Fk+1_Fk ]
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(5) L ocpen(—D"4"@Ly o +Fr D)=(—1D"4""'"F, 1. [Lyso+F1=4F; +F, ]
(6) Yozr=nd4" "Ly —F)=—F.:1, [Ly— —F=4F—Fy 4, |
(67) X ozren(—D 4" *@QF+Ly: )=(—1D"F,41, [2F + Ly =4F +Fy 4 |

WEIZFE Y BV LS I BEIMORKRDFTITETHLEHAWVWDOTTR, b MIHDHEICRD
TR Eoh D7 4 R FEE ) 2 BEOEIMELNTWAH DI, AR E LTI
T ST ERA. RUFRD X 9 e A= b o N & T,

(7) Zosk=n 28F=12"""L,+1—21/5,

(7) Tozr=a(—D 2"F,=(—D"2""'F, _,+2,

(8) Zosk=n 2" "F=2"""—TF, s,

(8) Zosy=n(—D*2" *Fy ={2" 24+ (D" L.+ 1)/5,

D OFERIE B E RS> FICBEE LET. AiElOHRETH, b EETen/e?
JRE7— I ARE AL EN LE L, flHREARIARTT N, U2k 7 a—F21bH
LILICEESET. INZERT 4R Ty FEMFEOR® L S > TRV o7Z e BunEd.
SEZO/NaEEITHTE>T, FRAIPA LR ITH LWARKIED IcZhiczy, v
R Z M T LE L. BRI 2O I RBLWEERZ L TW2Eid7es RES N LT,

ZO/NETHR (v.1.1) TiBMT % Edgar [*] (2Xk% (A1) & Marques DA (M) @
PEIRARITROEY T

FHE ¢™ '"Fpr1=Zosk=mc LitC-2DZospzmec 'Fy, .-+ (E)
GER) L+ F=Fr+1TF—1+F=2F 41 THINH, AUEU~FE2DL
=X ozkzmc Lit=2DEozrzmc "Fr=Zozizmc Lozpzmc " (Ly+Fy)
Fe ™ M Foui1 =28 gizmer ¢ TFr=c ™ ' Foyy (Fo=0 ZHWE), O

ZIUTE NN PEIRAX T 4. Z4u7e & Fibonacel Quarterly (Z# > THARTT . #ic
WTH A ® Kuhapatanakul & Thongsing (ZXk % —f#ILAKX [2] 2 LET. Zh
XATERAT L7e Zeitlin [1 2] (T k2 —fib BEMERZR 7 4 R o FH - U 2 WEO—K
fETd. #%ih) Ko bW TT R, D LETIEERE L7eBSlcx LTI AR Z R L,
KDY 2 DO AREHE L

Zosksn (D e f L+ Lygs)=2" " Lo+ (=D L,yyy 0 (KT)

T A RFyFEIN LT, U,=U,(aip) ZROLIICERLET

Upi1=pU,+U,-; (=1) ;Upg=a, U,=1.
U,0;1)=F,, U, (D)=L, FWALNTT. 5% Martinjak ODAXEZ U, Tk
LCRODEDIITHELE LT :

EEKT K c¢#0 (XL T
Yosksn (D Fe* F((c—1D) U — (=1 Ur41+Ug42)=c¢* U+ (—1)2Up41.



GEF) (=D U= @~ DUxi1+Uki2=cU+ Uy IFTITHENDODONDND,
E@:Zogkgn(_l)kcnik(CUk+Uk+1):CH(CUo‘f‘Q_L)—Cnfl(@%‘f‘@%)

e P (Ut Uy) —+- o+ (=1 " (U, +U ) =¢" T 'Uo+ (=) "Upst1,

(EHEBERIL R DT, el &It DEIZT 5% D) O

ZIT, =2 U,=F, &BHE D (1) 12V, £/ ¢=2, U,=L, BT,
(KT) &7 £79.

%< DNDOENZEF| K ENORARE RO T Sury &, /INSRT AT 4 7 OigH
ZHE L TN HRE (AMM) OF 230 B WIZICEH L ET . Eio ks ixed 2z
DAFAE L T OIE LR LA THEL 72018, AiEREO#EZ LI FICHEL TBE £7.

AT EIER S D% ek
He93 Marques OEH[5]TT.

Marques DEH
FEM Zico™ 8 L+ D o™ 85 TF =82 1 F . e (M)

Z #UiE Thomas Koshy [ 1] (Zid#i> TWRWDT, (A1) (A2) HED T IH LWLWARY
RSO H Y AL, COERVAENT, X0 =B TMON TV ERT
F.ORAT 20 RIZERNC, Fxb v =7 ZHAEME > TROEREZFEF LE L ([6]
Theorem 3 ; 4 > ¥ —* v b ETHDET. 728, [6] ® Theorem4 L (A1) (A2) &
[T, Theorem 7 X FEL® Theorem N & [FE L T9) .

EEN
(a) Zy=o" P Fx={p"* 1 (Fn+1+pFa)—p} (p2+p—1), ----- (B)
(b) Z2k=0" p*Lx={p**"'(La+1+pLa)+p—2} " (p2+p—1), --- (C)

(c) 2i=0" pEFox={p®"'((p—2)F20a—F2n-1)—p} (p2—3p+1)

(d) 20" pX Lox={p*"'((p—2)L2n—L2n-1)—3p+2} (p2—3p+1)
(E) (a)(b) T p=2 EBJIE, Z-o" 2¥F={2""(F,+1+2F,.)—2}/5

BIO® 20" 2FLe=2""" (Lo 1 +2L0)/ 5 482D, Fuai+2Fa=Faiat

Fo=Lunt1, Lot 1+ 2L, =LatotL,=5F .1 THHIEND, (A1) (A2) I1IH
S5 THD. (M) OFEHIF%ET 5. EHEN OIS Foby = 7LEKXEMH 5 DT,

EFRNDIBRD.

EBE F1HELE2HOERTF =B = 7EIHA (modified Chebyshev Polynomials of the

1st & 2nd kinds) (%, H&AEn & x=2cos0 ZxfL T, t,(x)=2cosn 0, BLW

u,(x)=sinl(n +1) 0} sin0 ELEFTIN, FHIRORKOKNERZLET
tate(x)=xtorr1(x)—ta(x); to(x)=2, t;(x)=x.

Upto(xX)=x Ui 1(x)—u,s(x);ue(x)=1, u,(x)=x.
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x ORAT explicit [2EL &,

to(x)={(x+Vx"—4) 2} "+ {(x —Vx "—4) 72} ",

un () =[{(x+Vx "= 2} """+ {(x —Vx " —4) 72} " "] Ax " —4
LR EA

F by 7EZERITOWVWTOEIERN2EE [1 0] iBWT, Rivliinlt, F, & L, %
t . (iI)=1i""L,, usa—y(i)=i""'F, (i=N—1) ICE->TEHXLELT.
FOMORXLED T, ROEMPEY S HE4 (R [8]EHAL, [7T]EFHSI 2).

EHEC

(1) tan-1(V5F om—1)=VBF (2n—1)(2m-1)»

(2) t2n(WBFom_1)=Lon(em—1)

(3) tn(iLom—1)=1i"La(zm—1),

(4) ugn-1(VBF 3 1)=YBF 2n(2m-1)/L 2m—1,

(56) u2a(5F 2 1)=L(2an+1(zm-1)/Lam1,

(6) un—1(iLop-1)=1i""'Friem-1)/"Faom1.

(7) ton-1(iVBF o) =iNB (=D 7'F (2n-nom ton(iVBF o) =(—1)"L 4pnm,
(8) tn(Lom)=Lonm,

(9) Uan-1(iVBF2m)=iV6 (=1)" 'Fynm/ Lom,

(10) uzn(i‘/ngm):(—1)nL2m(2n+1)/L2m, Un-1(L2om)=Fomn/"Fom.

(BEINDIEH) 44 7—DAR e '"=cos + isind &ELBEHEOFMOARLY,
Y o (pelNDNE=3,_"(pfcosk 0)+ i X, _o"(p¥sink )

LD (plIHMEEOER). Z2Tx=i(=iL,) & 3 (=L, ZR/RALTEHELES. O

(EEM DFEH)
FEHN (a) (b) T p=3 BVT, Fu+L,=2F,+1 & L, 1+3L,=2L,+
Lot1=LatLai2=5F.1, ZHND L,
11{Z  — o™ 8L+ (Z o™ ! 35F ) 3}
={8" "' (Ls1 +3Lw) + 1} + 8" (Fryo+3Fmii) —1}
=81 (Lpy+Lm 1 +3L )+ 8™ " (Fms1 +Fnt3Fmei)}
=3" " {(Lu+5Fme1) +@4Fmi1tFul
=3 (Lt Fu) F9F 1) =11:3"7 1 F 1y .
EoT, Zioo™3 L+ (=™ P 35F ) /3 =3"F1F ..
Lo TEEMIC /2%, Marques H B 13 Z OE B A BUFRYIFIAE TRER L 7-. O



728 C.Padilla[9] 1%, Fibonacci Quarterly ORIE B98 D% (1966 4) TR D 7
A ATy FEOFRRAMRBEAGE L2, Zhd EEN (a) LR%FTT.

Sa(x)=2 o1 "Firx*=(x"*2F ,+x"*1F41—x)/(x2+x—1) +- (P).
Padilla ®FEIE DT7231T, L THy 7 AT

(Proof) One easily sees that
(x2+x—1S, (x)=—x+(F,; +F)x*""+F, x""2
Hence S, (x)=(—x+F o x*"'"+F_ x""?) (x2+x—1). O

E BT Zeitlin X Padilla O3 LT, ZALLAAT (1964 ) 12 £ —iy722 45
TWw/i=zZ L [12] Z2FEEL T, priority #FELE L :

EHZ BEEERX Unro=qUn1—pU, LEHIE Uy, U; THREDIHEINHL
T, x?—ax+p=0 OM% r1, rz (ri1#rz) &L, Sp=r1r."+r." &8
& WADRY LD -

(1—Spx+p?x) 20" Upx+a X =0 2 Uppsa—x"""Upnsb+a

+xUpiqa+(1—xS4)Uy.

p=—1, gq=1, Ug=0, U, =1 IZ¥LT, U,=F, THVH, S,=L, &5,
(1-Lpyx+(—1)Px2) 0" Frrta x“=(—1)°x"F2 Fy,14
—x " "Fyntbta TXFpiat(1—xL,)Fq,  cceeee (Z)
FriZ, b=1, d=0 &9%&, Lo Padilla ®X (P) (2720 7.
ROICHL T T, [N -o72@E L TY. 2D X 912, Fibonacci Quarterly @
AITIERZ ICIXERAZ25mSC 7 < SAFE DR, MBS 2 OME e &R 2 IZHIR S 1T
WD T
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AE7 4Ry FHe B2 0EHEER 2022.8.30

TR TORBZIMRITE T ER
FRWEKEA R B W

XLz

7 2V —ORHEEHEOFEH (1996) Ly, K7 U h L TFHEOME (2002) REDK=
2—ATERVEDOD, K BoT oL RoTLED LI REF LORAST AT 4
THRALNET. R b, T X TORMAINACK TR ZED BT EHRAHO00 L
7o 201THRICT =) A« TA VAGEKD 4 N\OAFETZHBNADITFIZDT, fhEDsr 7
U oK% James Grime %L [V ) X « T A VAEH] t4FTFELE. 2L,

A=2Z 1zkze0 (p =D cn=i—1 P wf=2. 920050977316 - -
WO IR TT. [, =1 2BIAE AEHERIT,
f n:[f n*l]( fnfl_[f nfl]—'_ 1)

< Gom [x]1E, FE#H x 2EBIARVWERRKERERT (HURGET). 2oL,
[f.=p. (nFEEDEE

ERVET. Thbb, HAWEO (FEEES) I, NGRS + 1) AT CROEIZT S

& OB INROFERIZ R D DT, WIODHDEEWSTHD L,

f1=21=2.920050977316--- ,

f o= 2X1.920050977316--+=3. 840101954632+ - ,
f 3= 3X1.840101954632---=5. 520305863896- - - ,
f 4= 5X1.520305863896- -+ =7. 60152931948 ,
f 5= 7X1.60152931948---=11. 21070523636 - ,
f ¢=11X1.21070523636--+-=13. 31775759996- - ,

L7, s f, OBEHSERDE, ENPICnEBORE p, (KL TWET.
ZOXEITESN AL e WKIEHTRTOEENKE SOIEICHENEDOTY. REETIA.

FrEH
FFIEZhazEBE LTELD, GEHLTBEEL X .

EBHE1L B go=2Z 1<k<nl(p—D/ M 1cm<i—10t (n =1, g0=0, g:=1) ®
BIRMEZ, A =lim, g ,=2.920050977316--+ & L, ¥F| {f u}uz1 %, f1=2,
(%) fo=(fi—ga-)iznzn-1Pa=Zkzal(px—D/ M cnzr—10m (n22)
LEHETS. cobs, [fol=p, nBEOER ThY, f, HKOBELATRES :
fo=0f,_J(f -1 —[f.11+1) (n=2).
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(GFBH) Bertrand O (Bertrand’s Postulate) p n<pn:1=2p,—1 -+ (BP) kY,

gn=2 1=k=ntp— D/ M icnzsx1pw=(p1—D+(p2—1"pi1+(ps—1) " pip:
+(pa—1D/ " pipepst--+t(pn—1D pip2ps-Dn1
=(p1—D+@Cp:1—2)/"p1+Qp2— 2)/ p1p2t@ps3—2) Dipapst

=(p:1—D+2p:/ P12/ D1P2ps3" " DPn-1 <p1+1=3
22OT, B g atnz IEHFEM, DOFRIENHIRT .
f,oEHK (%) v, .=, ={(px—D 1= 1p=(pa—DH+(pnii—1 "pax
H(pn+2)/ PaPut1T(Puis—1)/ Pubnt1Pnizt s 06, fa—pntl=
(Pat1= D/ Dat(pns2=1D/ DPubnr1Ht(pn+s—1,/ DPubPns1Dntat s THD.
foci=pn1+t1=(pu—D/ " Do-1t(pn+1—1D/ DPr-1D0at(pPn+2—1/ DPu-1Dnbn+1
F(pnt3—1,/ DPun-1DPuDnt1Dnszter &5, LEDST, pai(fnci—Dpa-1+1)
=(pn—DH(pa+1— D/ Dt (pns2=D/  DubPna+1t(pn+3—1,/ DPubDnt1Dn+2
+eee=f, TH5.
LZAT, (k) ROLEDDOHF pm—1 (m>n) % pu1—1 TEXMHEZDE, Pu>Dm
FU, 1.5 DH (=D pnt@ui1—1)/ DPubnt1+t(Dni2=1)/ DPubDni1Dnsz
+@Enis— 1),/ DPaDPnt1DPntePnrst ">pa MKV ILD. 72, Bertrand — Chebyshev
DERIY, ppo<pn+1=2pn—1 DT, Pmi1—1=2pn,—2 &5, Lo, #iZ,
fo=(pa—D+Cpn—2) " put@pus1—2)/ PuDu+1+@Puse—2)/ DubDns1Dnrat -
=pntl BV ED. PRIZ pa<f =pa.+1.

L Z AT Nagura OEH [x >25 7251 x & 6x /5 OMICEENH5(1952)) 2k,
Pnt1=6p./ 5 (forn=9) THY, n=8 FTEHAIT, pn+1<5pn 3 0n>0) &5
ZEMMND. bp/322p—1<¢> p=3 LV p,+1=2p,—11Z%DHDIE, n=1 &n=2
P Ths. Zhib p.<f,.<p.+tl koT, [f.=p. (nBEDOEEK) L1%.

EdRDEY, fo=pa-1(fuci—pu—1+1) THol=nb, ELOWHLKXI KD Lo -

fo=lf, 1 J(fo1—[f,114+1) (n=2) O

2 IIEEHTHD

TIL)ATAVAER L 1 BFOFREPRESROVIRY ERITIFIRED THEAR,
BHIZWRT 20T, 720 EfMZSIEMEZRD 2 Z ERHRET. T T 1 3
BTHLZ L ZMENPOEL X D.

EH2 T )R -TAVAEEK L ZEEEKTHS.

GEFA) po<fao<pn.tl (forall n) £V, f,=p.tr, (0<r1r.<1) &FEITFS.
fos1=pa(fo—pat1D 206, A=1, PAHEKZLIELT, 2=a/d (a,b: A
WIZHERBRE) &L, WERITEY b, WEHAROIE b o BEHITRD. K
EMD, bf=a DNEBEEIEND, BEERIFMIEICELD bf v=bp.tbr ., ITHEIZEHTH
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5. L7=R->T br, bIEOEKIZ/RL0D,br 21 T7205 r,=1/b (forall n).
ZZT ratl=fni1/ pa=(pni1tras1)/ pn EFTDH, 1o FAR 0<1,.<
1) T, FEEHED limy oD i1/ pr=1, lim, sep =0 L725DT, Wil T n—
oo L L7MRMEA &S E, limy, oo(r v+ D=lim, w(prs1+T041) D=1 &5,

Solmy T n=0 THAEDN, ZHUE ra=1lb ((forall n) IZFETH. LoT 1 1%
HHETHD. O

¥ A DRIDE

CTORBERTZ ) ATAVAER 2 1%, 2<E255HT 1I0FIFEFINLHmED
nNTWELE. Zhut “BR% 1,2,8,4,5,6,7,8,9,10, ++- 2E0E)5R20WR/IDORE”
2,3,23,2,5,2,3,2, 8, - OFHE Wi TTLZ (K Bon-Rabee & D. B. Mc
Raynolds ; “GBertrand’s Postulate and subgroup growth”, Journal of Algebra, Vol.324,
No.4, pp.793 - 819; 2010 ; OEIS (A053669)).

ZOEEMEN ERO L IZHELWZ L EHENDET. FE p ANERK n 2EVYIS
RN 1/ p ROT, EFH pw NAKRE n 2EVELARVRNOERTHLHER P
1%, P .=Probability(p.fn 7> pi, P2, Ps, ***Dx-1|n)
=(1—=1/p)/ Miznz-11 " pm ERVET. LER->TIDL S REKOTHME,
2izkPrrp =212 p—1D)/ M zpn=r—1 D=1 TRDHDTT.

LI LY, 0<a,<a,;;=2a,—1 - (BP) &/~ {EEO ALY {a ,}
W LT a=limy w2 zntlar—1,/ Tl 1cn=r—1an BNREY, ZRZHNT

hi=a, ho=[h, J(h,-,—[h, ]+1) (n=2)
ICk->T h, ZEHTHE, [ho=a, ERBEZLICEST, §_TCOHE a, ZIEICA
KD R0 ET. S5, limpawanti/ an=1 RV IDOEXTIE, O
FRAE o TP CTHD Z & HIRBRIZH N 7.

L AT, (BP) 27RO HAREFNL a ,=n+1 (n2=1) TT. Z0L XT3,
a=lim, wXizk=ntla =11l cn=rx 1apw=lim, w2 =<r=n(k .k !)
=210/ (k=D 1)=20=1 "k !)=e (BRIEODIL ; Napier %)

LRV ET. limyowanii an=1 TITNE, e NEHETHAZ BN E£T.

Wz, (BP) #WETHEAKOEREINL a, 1=2a,-2 LWVWHIHFITF. 22T,
a1=1 F01F 2 Or &, Wb D a.=0 F721E 2 Lo TEREEMT-SR2VDT,
a1=3 LLET. ZoLEERADSES {a ) 1E, a,=2" '+2 LIREVET. M
FRAEIE «=3. 56797609098+ L 720 £9. 4L, lim,~wani1/ an=2 TTMbD,
ZOHETIE o DEBETHLNE I NIHN0 £HA. O

4 N\OBRAE
IDTE)ATAVAER L 1%, 7=/ A+ 7T A LVAEKD Juli Garbulsky 73 ¥
U—% 1L TCW5A & XIZEWDE, BrunoGlecer 28 1 OEZFHELE L7Z. glHIL/1<

11



DOHETLEDR, OB TARXERSTES. 2D 25 5 HIZ, Massi T. Florentin &
Dylan Fridman 2MpfENZINDO Y £9°. 2L Tr 7V v U RFHIF James Grime D8)7)
AR CHmCELEOE L. 4 NOMEIT BfE 7=/ X - TA LARF L ELTHRE
THFEME L E S L FEFATHET.

REFERENCE
D. Fridman, J. Garbulsky, B. Glecer, J. Grime, M. T. Florentin, “A Prime - Representing
Constant”, American Mathematical Monthly,Vol.126, No.1, pp.70~73; 2019
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T4 RF v FEKE Y 2 W ROBBEE & AT AL,
HERESR - THET

EE W (AA7 RS vF é%lS@ﬁ%%Aﬁii2m0$
10 ) i2BWTHEEDO— A (YH) FELHT 4 RNF v FHEE
L, EMOfEzam . Lﬂb%@%,@74$+y%ﬁm)l
TGS D Z E By otz R CIREIHMARITL T, 74 &8
FToFBIRY 2 W ERRYIEB 2D L EOEBBELZHZ, S
WROBETT 4Ry FKE ) 2 W BEOMHEERIEET S
HORERINZBRT 5.

1. 748y FHOBBRRE

ThZh Al BEAO2HEEOKEZEXS. WEn # EOBEKHMETLLE, BAnIKBWTA®R
D (W LTAK) [ZROEE n+1 128V T Bk (KLTBE) 12485 L, BEITAKE BED 2
EORICHIAT 5D LT 5. ZOL MR nICBIT D AKROBREE Affl, BERORI B.EE L, #13H
ZMHFEA=—1,B) =16 HETLHDLTHIE, n ORBICHE S ERERIIR 1O L DITRD.
F1ITBWTALBIZENEFNn=2, n=l O TT7 AT v FEF. THY, ZNH0
fAAB, bEZF.ThD. EREREEHEALTD L

An+1 :Bn
Bii=An+B,=Fn
An _ (0 1 A,
(Bn:i)__(l 1)(Bn) (2)
T HIENTE D, ZZITRD 2X2 EH1T4 TFERBITH]] © N FE/HEIT
0 1\V _(Fy_1 Fy
(1 1) - ( Fy FN+1) 3
LB, EEOREE N+ 1ICBIT5 ARE BEROZIIKRAICI VRO BN S.
Ant1) _ (Fv-1 Fv \ (A1
<BN+1) - ( Fy FN+1) (Bl) 4)

£1. 7487 v T EROEBIERE

n 0 1 2 3 4 5 6 7 8 9 10
A, -1 1 0 1 1 2 3 5 8 13 21
B, 1 0 1 1 2 3 5 8 13 21 34




2. V2 W EOEBIRER
—7, Vol ln OBBRRIIERZ2 DL S22 5. FEBEELITHIZ, n OREHRT A Tho7mikix
n+tl ORFRTA+BIZ, 7B ThoHKIZARREG T 200, EBREEZEELT S &
A=A+ B, =L,

Bn+1 =An (5)
L. ATHE W TR T L
A, A,
)= () ®)
LETA.
F 72 LEBITHIO N Ffl
1 1\ F F
(1 0) - ( 3;1 FNﬁl) 7
BRID L, EBORS N+1 12305 A ke BEROKIT
Y F F
()= i) () ®)

IRV FDZ LR TED.
#2 UahBOEBRR

n 0 1 2 3 4 5 6 7 8 9 10

Ay -1 2 1 3 4 7 11 18 29 47 76
B, 3 -1 2 1 3 4 7 11 18 29 47
E, 2 1 3 4 7 11 18 29 47 76 123

3. FLE# L LF £

HAHRERB LR R n £TF ThoBBIRER, 22ME L TROFR ntl 225 L EBIRRIZZA
T 585 % [FLA#) LMY, 2 LERERREN FEBRRICR 85 % [LF A LRI LT 5.
WE AR A EICHERT 272018, BRETAEIICIVEIZ S L ICEARMICHAT 5.

F3TEHBIE LTO=n=5DHPHN 7 4 RS> T, n=6I1CBTFLEMBMNREZ Y, #ilH6=n=8
WBWTY 28, 2L Cn=9 I CBWTLFEMPEZVHFR7 4 Ry FRICRDr— A% 525.
ZZTEHA+BRTART v TFEHH LWL 2 DEERORNDTHDTEHE G BT 5.

#3 FLZ# L LF Z#HoOF

F L F

n 0 1 2 3 4 5|6 7 8 |9 10
A, | -1 1 0 1 1 2|5 7 12| 7 19
B,|] 1 0 1 1 2 3|2 5 719 26
G| 0 1 1 2 3 5 |7 12 19|26 45




3BT GO EFIHET D L FRO L H IR D.
Go=0, Gi=1
G, =G 1+Gn2 n#K 9)
Gn= G 1+ Gos n=K
ZZICKIEFLHAHVWEILF LA T, ZZCTIEK=68L09 ThH5.

3— 1484 - BEHEH
A n=KIZBWT FLZ#R, kN Tn=K+1 IZB\T LF ZHNE Z AEHEBROr —2 2% 2 5.
NP

(52 -G DG o)

= @ 2) (gﬁ) - (ZAKA ¥ BK)
(10)

WK SO, T2 BHG~CGreo DX v v F1L2Ac & 705 Z NN 5.

ZOXHREMBRE BFOBRLE LTIRZ D Z L IFHREY. flziEnE HEMIZE D, FLERE
AT O, LF BHARITORK B2 5L, ERR—EOZBHUT T—hRfT) TS 35, TiX TRIGY
HATI IZEDEICEZRZEINTH A I H. ZOHAH S n = K+2 1 3FEEET, AT

() =G D)= Garts,)
By 41 2 1/\Bg 2Ak + B

(Gh))

LEDD.

3—2 SNV REH
THIF Y iRIT] OEBIEIIMD THWO T, BEFRZR2N—FONSNVALEZDHZLEHLTED. /LA
IR BITHEE D RNV ANER > TR > THRIEIZ W, B2 MBEO IV ANER > TERETHIIR

(i) =G D (5= G )
(12)
L7 Bn5, Gr~CGrmEIDOF ¥ v 71T 2MA L 725 Z LR h 5.
UEZnoopiteb &ic, HeDISAREZOND, MED T2 EFES)) ~o#EA b fFEis,
INBIZONTIE, FEICERLIZWEEZTND,



~ 4R b AR~
2022.09.20

(AR DOEEE | 12OV T (FAR)
EL I o

AAROEFZTHDRE I, HEENE VI BREEANRLY T L, BAR
MEOZ OEE L, MFE WD HEOBICHiN D ) LT CiThbiviz &
W RICBWTHEICEZ L2 Wb O TY, 22T, ZOFRZESICENE
o EBxFE Lz, W TBROBERE T,

WFEBABRORRLA v —Fy A FERNRS TH BEOH BT
Lo DANDRICHNDGHT, ThiX, FRIZLEAADZ & A
RN, BRE RBSAZED A T, 2218, RAZ—[FAZED T
) 2L THH 9 LWV RVHEATT,

S

O THROFEF HE
- Yo #5 Pt o2 QYA oy S N [N e
- FAAE 1RIS720 . A4 R 1 B, RIEST (M) +HEE4
(REITH F T2, #ICEIRI L7238 D% 7 — R AU TEAR)
- HETE  EERBEROAX DL LEEE L,
HEE M B OANE TRIC X 5 ME
BEFN O R RE ~ D5y To iR 25 % SR> 2 NAE O RIE
ET 5,
% O/NFRAEHRE QP PR FRERE OmKREFRE
DFEEDOEM Th > TH. @ F TOMK CHEZE vRE L

- #E S

K

15 T O R IEE) Ot GITE T B4 E TIE R < BARICHEEREL 020
Fra, BFE Do VRSB AR R o T2 ICEXEBEVWTNET,
ZOEDIZb  ANBICHLSGIICHEEZF < HEZERTHZ EIXEKOH
HZETHDHEEZET,

ZIZT, BRZ AR T v T HEOERIZBENTT, ZORARICTEFW
T ELESL, THROBFE) MEZ ZR7IIEWEE T 20T L2, 7
# ATy FEFNEEE O R & KEGE 9, BB A 05T ] ofk— a8
—VICHLEBLETOT HEENZNZNOHIE COIRENCHAT S Z &
LABE T, £, FREADIEEIZHSONWTH, a1 FA TBWASDE] A
— NV EBHFEWNWZET T,



L7 T OB & WA P E T8, 2 04 RER L TV % TEE Y
7] FOENINMAT, BHFHIHNLAIEEZD L THHESCT I ENRTEN
XHFHWNE B> TWnET,

TERWEEGE LS, TRIE] 1 THRE - sl THEZOFE - JiF
4o TEASE] ZIRA T, FTReE T (ermail £7213HEFT) BEY WK
FAUEZEWICHFE L £,

FPT . T964-0911 IR ARTRA2—-2 7 — 1 him#H—
EEG : 0243-22-5956
A—J)L7 KL R : streetwasan@gmail.com

[#1f4 DO$F ] : http://streetwasan.web.fc2.com/

<AFFEE > HEER

SAERFERIZZ T AN LT (FENEROMIZIAE > 72) BB O —2IZ,
BITE O SCERR 2 (ERID) X LS EWD mBH LD TIERWNE B> TnE
T, XD LEEHRL, BEEOBEFBEICLROLNDIAOOKZGEHA L TEML

THE LT,

RROEEE @E2ate s

CZlg, IE=AF, IEAE, ERARLDYET.
{84 DRI CCHBICELEORTRZERY, BDELSICERREMBRE,
AERICHELHE N EN TR RN E T

Z I THEATY. ERDENELNENTNEED 1/4,1/3,1/2 £B5B KD
TBICF, FADADREZTNTNEDLSICESNELNTI D

(7 HADOHF)
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RIEBUREGREIE 205 TR OO DO RRIE D1FEFE I DWW T

BTkt~ (FA )
F{EEE © https://www.youtube.com/watch?v=2nPTGXGP7c0

B =

REMEARDIIEFE 2 D B AR 72 SEE BRI B 72 0 /TR DR D LE O MR DAFAEIC DWW T D [FME
2B, FHT 3 BT OO E TR IERZ Huia v, TR ORI D A1 2 [FESRA 2

TR B,

1 Introduction

aw=1a,....,a, 0 € R ET 2. ZDL X, r BEEBIREIRAIE 207X %

T

> (Y ajyn; =0 (1)
=0
TEDD. Z0EDHERX (1) o—Bfik (1) oFREZIER
Y (a7 =[x —ay) (2)
j=0 j=1

D FHE) R ag,...,q PREETDHZ X, HEIEKCy,...,C, THWT
Yo=Y Ciaj™! (3)
=1

EIFD. 22T O EFUIMED 2 WIFRHERICIO U THEEZE D 253, (1) DO HLOME n — +o0o
%E Z BB, C; A vanish LTLESPISEEZIRNT, ZE LR T K. ZZTUT, Kt
HIZIEE D OBERDEL | % C; 23 vanish L7V & 5 R—OFBAEICBWT (1) 2E% T 5. i
BARINZIX, FFHERR D> 572 5 Vandermonde 1751 (a;fi)lgi,jgr DITFIA

det (af Nzijer =[] (i —ay)
1<i<j<r
DIFBIE Y, WTHI

k#il#5 7 1<i,j<r 1<i<j<r

ai—aj

*g-shibukawa@math.kobe-u.ac.jp



Z,r HOPIAED R T MoV (y,_1 - yo) KEDP ST 2R DIEFMETH D, #Y R OIHED 2
DEMEEHTOEPEZHET 5 Z X, —RICIIIEFICH LW, BOTUT, Zo&MFEHZIhT
WD ERELTaEEHED 5.
725 R (1) DD X
Ynt1 _ D i Ciaf
Yn >y i ™!

TH2DT, ZDOMROEIE, FEZIHK (2) DRVETDH 2 0280, MO Z DHHED KM S.
% T (2) DFEROEEE kA, ETRWIROERZ 20 e LT,

v —1601
3

—v/—1601 V=10,
’

V=16
ce Qg = Y€ L Qyir1 = 1€ ooy Qga] = i€

a1 = B1,...,a = B, g1 = e

35,7270
517"'7/8/96RX7 ’717"'771>07 0<917"'791<ﬂ—
L7z ar 20 KORERD 0 THEEEZROTWE D, & LEHRIC0 280583 ToED )T
BEROBEREZTTFTEZLZZIZT 3.
T
M := max{|a;|}, 7 :=max{y}
YFBe, REbhD.

Theorem 1. FHHIRDIIER»OMEE R ZED HIEX (1) DFED LLORERR lim,, 1 o yzzl DFES D72
D DB TFEME M > v 2D

M = |Bj| (4)

75j=1,...  kHBME—DEFEETZILTHD, ZOL ZOMMRII B, THS. 7272 LETRVIEIF
FELRBEWEEIZIEEIIM >y DT> T0WbEdDET 5.

COEM U I SHBNTAERTH S 50, THeRERE AW 1c2 0778 (1) offflar, . . ., a,
DATHRIBL &S T2, —ICITIEFICEERIC 2 2. LUTIEHIAINRENS X 2 5EiR A3 AT RE A (K
BOBETH 5.

Theorem 2. (1) r=1&73%. 258N (1) OFMERDPIEBIOMEE L RE2DIE a0 0D L X,
ZorXIRE. ok 22 HENX (1) OO LLOMRIX, #WIFAED 0 TRWER D EICEEL T, £
@@BE@: aq ’C@ 5.

(2)r=2273%. ZoHERX (1) ORERPIERL OBER L 22D as 0D a —dag 0D L
X, ZOrEICRE. Zor &20ER (1) OO LLOMRSTEE T 2 BB+ 750 a? —4ay > 0,
a1 #0TH 5. WREBPFIET 256, € OMRIE

a1++/a?—4a
lim Yn+1 _ - 21 : (al > O)
n—+00 Yy a1—y/ai-daz (a1 <0) ‘

2

(B)r=3t3%. 20K (1) ORMRDPIEFRLOMEE L 725 DIF ag # 0 22 OHHIXIEFE

D := D(ay,as,a3) := —4aias + ata3 + 18ajasa3 — 4a3 — 27a3 # 0

2



DEE, ZDOLEIRD. v 2NN (1) MO LLOMBRMBTFIES 2 B EA TSI
(i) D > 0 2*D a3 = aja QY la1| > +/]az]
L

(i)

a:f — 3aias

a1A+&—a2+ > 0,

727z L

1 1
A;:Amha%ag::f(—MMﬂm+1MM3+8ﬁ%JQV—3D)3

(@)

TH 5. WiEDHEOMRITFRMEZIHEAD 3 DOFEROHIHES —FREVIRTH D, BEDS
MR 1

ai 3ag — a%

a oy 9A(ar, az, az)
; + A(ay, az,a3) — 9A(a1,az,as)

TH%.

AFEE Theorem 1( & < 1 ’5?317:%:5%Zufbﬂéﬁlj_éfaﬁ(ﬂﬁﬁlﬁb\JZ 572D T) & Theorem?2 D
ARZ 52 5. ST 20 O00TERR BN L. HIZ3HEOHEDHIZ WL DFENT 5.

2 Proof of Theorem 1 and Theorem 2
Proof of Theorem 1 f#DFE/R (3) & D T3 MHEIFHS 2272 O CTREMZRT. ZAEMEZE - T

(i) y=M
EJ/ZS
(ii) (4) ZHi/=T j 32O LEHET R L &

WIRD L DRRRTEE LW Z AW 2 UL K.
() IOV TEEF v = M > max;{|8;]} DL &

T
" Cia™
lim Yntl _ lim —22_1 L

n—+o0  Yp n—+00 Z: 1C'an_1
lim Eiet Cif <%) X <0k+ €1+ Gy ge "r9> (1)
ne+oozz L Ci (ﬁl>" 1+ZJ 1<Ck+] (n— 1)F0J+Ck+l+e (n— 1)F@><77)

n—1




S (G4 ) ()
= lim
n—>+°°Z (Ck+]€(" V=10 4 Cypyje= (0= nﬁ&j) (77>

’63660)’6‘,7:7]- tﬁé]%jl,,jm E9bk

lim "~ =+~ lim |
n—+oo Y, n—+00 Zzlzl (Ck+jpe(n71)\/j9jp + Ck+l+jp€7(nf1)\/f19jp>

X o TROHLOMBRIITFEE L7V, v = max;{|5;]} D& &b, HERORAOMRIIARENHE 2 D
T, I D RO L DORERIZTEE L2,
() WCDOWTIE Br, ...,/ ERXTH B Z L LIROMBELELD,

M=p;=|8jl, Bi=-B;>0, i#j
B0, DR —HEIFEETSE LTEV. 2O XEIM >y 2IRELTD

’.’_ C.a™
lim 2**! — lim —Zl_l K

n—+oo  Yp n—+00 § ::1 C,L'Oé?il
) /= /— -1
>ic1 Cib; (54 + > (Ck+ €™V Cppgy eV 1 ) (37)"

im pr
AAaD yiye! (%) + 305 (C’kﬂ'e(”*nﬁgj + Ck+z+j€7(”71)ﬁ9j> (37)"

C; + Ci(—1)"
=M lim
n—1>+ooC+C( )”*1

L7250 TC;,Cj # 0D ZFMPUIFFTEL LW, O

Remark 3. @H 1 ZFHEROEEHE S ZIRE L TWed, TRV ETHS. 72 213 r = 4 TF
MZIEXD, IEDEH 3120V T

$4 _ a1x3 + a2x2 —asr + aq = (l’ _ 6)2(.% _ /Bema)(x _ B€7\/j19)
X5 ERER TV BHA, M = 5 TEAAER (1) O
Yn = C1B8" 1 4 Co(n — 1)" 2 4 O3B eV~ 1=10 | ¢ gn—te—V—1n—1)0

Yo TWBDT,

li Yn+1 C18" +an,6n_1 + Cs8me NESY + CyB —/=1nb
1m = lim
n—+oo Yy n—-+00 Clﬂn 1—1—02(71—1)5” 2+C35n 16\/7(" 1)6 +C4Bn le— V—I(n—1)0
Cl +02n 1ﬂ—|—03n 1er"9+04 e—V—1nd

n—-+oo 01 -+ Co + 0376\/7@ 1o 4 04 ﬁ(nq)e

WX, M=y=8TH2IZ5HbLT, BOLOMBENFET 5.

4



Proof of Theorem 2 (1) BHL D TH 5.
(2) Z0%HE, FEZIHEN (2) 3FEERBO ZRZHA LT, ZORMERIZ2 D2 bFETH DD, 2D
EBETROVDLOWVWITNLTH 5. FHROIEFN & EEMIE, FHEZHEA o EE0E L 1R oIk
FME L FMEZ O THIREE I XV, 2ok &, @81 OF&M 28 2 DI, FERSHICED»OZ
@‘f’éiﬂﬁ#%b BWEHEDABDOT, HIFIR af — das DIEDD a1 #0 THIUT K.
(3) Zo%HE, FitEZ1EK (2) BEBIRBO =RZHEX 2D T, ZORHRIZ3 2L bHTH S0, 1D
bi;&fﬁ% b 2D HETRVDLDWTNNTD 5. Wi ORHMRDIEFN: & MEEME O RESM
Wr =2 FAMKICEBIZO2S. EH1OEH (4) K2V TFHBIRDOIERIZ X 25857 BB ET
H5.

¥ (i) O5E, FBURBO =XZHKXOHHIX D BETH 2 Z 2 &b, FrEZHEAOROHEE
ﬁ)oé'C%@i% TH53. DL ZHIHMEDPIRAKDIRA 3 OHTL % Z 23RV T, MoftfEs ik
DIRDI 2 DHTL 2RWMEFRFIE V. &, WHEBMEE I OLTEDRNEE Z TV 5 DT, HnHEs
RO 2 OHTL 2RMIE B,c€R, |B] > || LT

(x = B)(a+B)(x—c) = (2% = B*)(x — ¢) = 2° — ea® — Pu + FPc
DESWCETS. Hllaz=a1a0 DL E, ZD L TR D, FetEZIEAZ
2 — a12® + agx — aras = (2% + ag)(x — ay)
DX ITHRT S, EICFRHEIRDIEBRERTHE 2D B aa <0 TH Y, K7
23 — a2 + agr — aras = (z — vV—az)(z + vV—az)(z — a1)

7%, Ko THOMEDRADIRD 2 DH T ZRVIRIUIZ, FEZTHEAN 2D ZH DX S ITHEL
B\ ag # ajag DE ED, 26451:\03: az = ajay THHHMEZ—HL TVWE ZMHWEID 5D 0—RDif
SHED HHBEICKEVEE, T2 |ar| > /las] D& EITR 3.

s (i) o%&E, D <0 PQ)X_EF—I@*EOD 1DFETED 208 ETRVD, ZOHEIE Cardano D
NHE D, FEZEK (2) ofRidzhzh

3ay — a? A 3ay—a? /-3 3ay — a?
Ny 2020 g @ A 0074 A2 0
3 94 3 2 184 2 94
*YEFS. koT
3ag — a2\ * A 3ay—a2 =3 3as — a2\ |?
O< A_ CLQ 0/1 _ E_i_‘_ a2 a,lj: A+ G/Q a1
3 9A 3 2 184 2 94
2 2 2
_ E—I—A—?)az_a% _ ﬂ_é_{_?)ag—a% 3 A+3a2—a%
3 94 3 2 184 4 9A

2 3
a aj — 3ai1a
=mA+ g —at =

OZDEM2DHRE LT, 2 ZIERDESI BRI EDELIZONS

Corollary 4. r =3, az # 0, D(aj,az2,a3) #0, ay =0 D& =, Z5ER (1) DD LLOMR D 1F
3 20855 a; <0 TH .



3 Some examples
r =3 DEHEITNWL DD BRI Z BN,
(1) a1 =1, ay = —1, a3 = 1 (tribonacci) DHE, D = —44 < 0 D

2 3 2 3
- 1 4(19 + 3v/ 1
At g,y = Bmer  (19+3V33)0 4 4( IE3VIS 4 5 830986755+ > 0
3 94 3(19 + 3v/33)3

W2, RO HEDMIRIZFEL T

8a—af 1, (19 4 3v/33)3 + 4

lim Yntl_ @ 20
9A(a1,a2,a3) 3 3(19+ 3/33)3

= — A —
n—+00 Y 3 + Alar, as, a3)

= 1.839286755 - - - .

(2 ar=-1,a3=1,a3 =1 DHA, D= —44 <0 Hh>

2 3 2 —(1 i 42
AL gy Bmer 2 S(THBVEI 2 ey
3 94 3 3(17 + 3+/33)3

W2, ROLLDOMIRIZFEE LR, B, UIER y1 =1, 1o :=1, y3:=1 & LT, ZnHEKX

Yn+3 T Yn+2 + Yn+1 — Yn =0
IR L, Z DRI
1,1,1,—-1,1,1,-3,3,1,-7,9,—1,—15,25, —11, —29, 65, —47, —47, 159, —159, —47, 365, —477, . ..
D &5, KTHROWRKHEROFA QL ETHIRANCIRE T 270, 2Dk 25 b
1,1,—-1,-1,1,-3,-1,0.3333--- , —7,—1.2857--- , —0.1111--- , 15, —1.6666 - - - , —0.44, . ..

EAFANCHRE L TICR L 72w,
(3) a1 =2,a2 = —9, a3 = —18 DHFE, D =900 = 302 > 02D a3z = ajas = —18 THHIZHEDL S
T V0a =3 > 2= |a)| @2, ROLLOMRIITFEE LRV, EEE OEE g1 =1,y =1, y3 :=1
LT, ZnaER

Yn+3 = 2Yn+2 — Wn+1 + 18yn, =0

R &, Z DRI

2 n—1 1 n—1 8 n—1
=-3 —(- 22
Yn 33 + 15( 3"+ 5

TH5. BRplzHNTAHZ L
1,1,1,—7,—23, —127, —335, —1399, —3527, —13615, —33791, —126631, —312311, —1156063, . ..
THY, TN TZ e FEORID L S BRI LTWaEH0, 2Dt

o _ 38

Yn —%31171 + %(—3)”71 + %2”71

6



PAWRTAHADB L
1,—7,3.2857--- ,5.5217--- ,2.6377--- ,4.1761--- ,2.5210--- ,3.860--- ,2.4818 - - - ,

L7 D BRI

27 241

2.454545454 ... = —— =33 15

11 —2_ 1

37 15

&

11 —2_ 1

3.666666666--- = — =3 g 115

_7+*

3715

TIRENT 2 7, MERISTFE L 72w,

4 Concluding remarks

r >3 DEEIR—RIC, 2R (1) O ay, . . ., ap 1T X 2RO OMIER O FE DL T
K#ETH A 5. Fibonacci O &EFE L EE 2 2B, HELOEFEIZH 7= 2 LLOWMIR DTEE B A
ZEESND 1A, o AR BICER LT 203 Z0EELE LD X5 RIEI L R D
MR b2, ZORPLEZTH, T2 6488 [1) LTW5 X 512 Fibonacci £

i - 1 1+\/5 n+1 1_\/5 n+1
n—i—lfﬁ 2 - 2
_ Vs
_H-]n 2

4,70

() (o)

i+j=n
4,50

DEkE Lz 2T TR LTTIRR L, BEFXNMHZIHRN

D L VRFRE, 72 & 213

F(T)1 —h(r) (—2cos< 2mr >,...,—200$( 2m >>
2r+1 2r+1

ELTHRADS ZEHICE > TWD EF X 5. EBE, Z05EDOHOMRIX

F" 2y
lim = —2cos
n——4o00 F(”') 2r +1

THY, r=2DEEDIIEED Fibonacci #l & #HE I > TV 5.
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HARZ ¢ 7y Fhs 520 EIFEESR 2022.9.5
T4 RNFFEE T v — R
XP+Y°+2°=0
wg &

18 B BT SRR B
==

FI2ED 7 4 BT v FBHEFIEESR T2 762 RN EL B DR ESET
D7 4NRFyFH, Y 2 Bl IR BT TR S REE DR _
D 7 b~ — DR MEERE (LT FLT) 0585 OH AT zyz =0 (mod 5))
~DISHIZ DN THEE L F L, FOREICTR Lis R EF R 0B
TOEBITEZOMERHEE LTEBYVELE, SH, FDFTIEEFDFEED
FLT( X5+ Y%+ 2% =0) DHE 1 zyz 0 (mod 5)) ~DISHEFN L E T

F e

BEDM (u,0) BAREFEX 22 —zy— " =K DETHB L&
1.1) 2% —ay — y% = K OB X, Y, i

(Xn?Y :I:ZF(2m+1) z() n—z,v '—'I:ZF2m z( ) n— t)

=0
= (:I:;F&m—l}—i(i)un Hyt :FZFzm— ( ) i,

1.2) 2% —py —y* = 5K" DELME XY It
X;:Y; iZI&m z( ) i 1 ¢ iZL(Qm 1)— a( ) i ivi)
iZL?m, z() iyt :FZL(?m+1} 1( ) n-—-i,ui),

i=0

(77 = AR, m IHEBDEL) LRI, £ETOEHHIZ b1 6ELRA.



FEIZOVTHIENT 1.1), 1.2) ¢ b2 BRADMERRE L SR THE L,
ZDEBIEAESEK 2 — 2y — y? = K OET_TRD L TROFEEE
EEND BMABEPELZ ETRLAET

EH BEEOM (u,v) PREFBX 2 —zy— =K O CHB L %

- W n—i, i
Sn_;Fm—i(i)u v
. NN i i
T, = ;;F(m_l}_,- (Z)u v
( FIEZ7 s F > FH mITEEDOEL, n = 1,2,3,---) TEE3EH DM
( Sp, Tp) tEFESFRHK
$2 —zy — y2 — (_1)m—1Kn

DIETEH D
o - . T\ i i
S, = ZLm_g(i)u v,
=0
i n .o
Ti =2 Loy (i)unw

=0

(LD =08 midER OB, n=1,2,3,---) TEFIBHOME(S,T)
i, T EHER E
2 —my -y = (-1)"5K"

DIETH 5.
T D EBB B ERIRAE R O TH BRI BIC S T & 9,

TEFBH 12 — gy — 2 = K DT~ FBX X - 52 = 4K < =
ETHROLN, ROWEERTZ EBHHKET

R 1. Qulz,y) =22 —ay — oy EEHETD. .
ad—be =122 Qi(ax+by,cz+dy) = Qi(z,y) EREL I REHK a,b,¢,d



23

a b | Faj By (Fz'—1 —Fz')
E = =+ J y ,:l: J J
(c d) ( Fy; F2j--1) —Fy;  Fajn
. (F23+1 _F2j+2) L (FZj—l Fy 9 )
Fo; Iy )’ =y —Fy

(FFZRNE, F L7 4 Ty FH, jIHEBOEY) TH Y, BHOM (u,v) H
FEFBEAX 2 —ay -y =K ODFETHL L &

! U
5(,)=(v)
TEE BBMOM (U, V) FTFESER 02 -y — 12 = K OECH Y, 3
TODEHMBIL - BICE > TRS &5,

FIE DS ES TR ENSTZFEN K =1 Tk xr>037 L5
BB oD T K =150 DhD5tEHIEZRL TEBE 4

3?;5@11)@1?5!@5%}}%&»'( n=3u=2,v=1m=3 & LTFHEL
THET, |

ul—uw—12 =22-2-1=1TF0b, BoREM (X3, V3) 22T
Xg—stfs—l?zlzﬁffa:@@ﬁBiﬁi

(Xs,Ys) = ZF3 1( )23 g ZFQ ( )23 1%

= (2 F+3 22 F+3-2- F1+F0,23 F,+3-22.F +3-2.-Fy+F_,)
=(8-2+3.4-1+3-2-1+0,8-1+3-4-14+0+1)
(164+124+6+0,8+124+0+1)

= (34,21),

34% —34-21 — 212 = 1156 — 714 — 441 = 1.



ﬂb:&’i’}ﬁb"{74z"‘j‘/?§3‘(@mdex’f m=3ICERL THFET.

(X3,13) = Zﬂ ( )23 gl ZFG ( )23 1)

i=0
P 4+3.22. Fs+3-2- F5+F4,2 Fg+3.22. F54+3-2.- Fy + F)
8- 13+3-4-843-2.5+3,8.843-4-5+3-2-3-42)
104 + 96 + 30 + 3, 64+60+18+2) -
233, 144),
233% — 233 . 144 — 144% = 54289 — 33552 — 20736 = 1.

EEHE 1.1) D2BEOHKEZANT n=5u=2,v=1, m—Zi‘LT;ﬂ"ﬁL
THET.

= (2°
=
=
= (

(X5, V) = ZF3 z( )25 it~ ZR; ( )25-%12)

i=0 1=0
=(2°-F+5-2* B +10-2° L +-10-2Fp+5-2-F_, + F_,,
2 Fy+5-22 BR+10-22 B +10-22F +5.2 - Fy + F_))
=(32-2+5-16-14+10-8-1+0+10-1—1,-32-1+45-16-2410-4-14+0+1)
=(64+80+80+0+10~1,-96— 160 — 80 — 40+ 0 — 1)
= (233, —377),
233% — 233 (—377) — (—377)% = 54289 4 87841 — 142129 = 1.
EEE 12) D1IRADOKXEH T n=4u=40=1,m=3& LTFHEL
THET
u? — uy — v? *42—4—1_11 TED0, FoNTME (X,Y]) 22T
XXy -Y?=5-11*= 73205 B0 2 HE T

(XL, Y] = ZLG ( )44 i ZL5 ( )44%11)

=0
=(44-L6+4-43-L5+6-42-L4+4-4-L3+L2,
4 Ly +4-43 Ly +6-4% Ly+4-4-Ly+ Ly)
= (25618 +256-11+96 -7+ 164 +3,256-11 4+ 256 -7+ 96-4 +16-3+1)
= (4608 + 2816 + 672 + 64 + 3, 2816 + 1792 + 384 + 48 + 1)
= (8163,5041),
8163% — 8163 - 5041 — 50412 = 66634569 — 41149683 — 25411681 = 73205.
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FEEBEDOFLT( X5+ Y%+ 2% =0) OB E L ~DEFIZON T, D LELS 22
SDOTTHHAEDbDEHE THBEET,

DB TR DEBEEZ R 1. & L TEFBITERE 2. L LTHWET EFE
HEo 1.1) 1 2.1), 1.2) i 2.2) 12> THET

EE 1.
z,y BHVNIER O TIHRVEREL TS, d8 o2 —oy—y° OREETH
{:f‘, El/‘é:%éf 0 ’C‘fi&b‘%ﬁ 1,41 é’"ﬁﬁl"—( d =.’Eg —$1y1'—y% &%ﬁ‘é

ZE=
X+Y5+2°=0

(2 0 &ITERDBEME SR,

A my, 2z & PP L = 0ERBED 20V EVNCEFLR 0 THEARD
BIE I D Fle—BRMEERIZERLIC 5tay ERELTRD. ZDEE

—2" =2+ = (z +y) (et — 2By + 2%% — 2 + oY) (1)

THY, &b w4—x3y+x2y2—xy3+y4 = (z+y)'—bzy(z+y)*+52%y°, ged(z+
g xy) =126 5te+y 26T gedlz+y,2' — By + 222 —af +9t) =1
THY, 5|z +y 26 ged(z +y,a2* — 2y +2%® — 2P + 1) =5 TH D,

341 ged(z + 9,2 — 23y +2%° — 2y +y!) = 1(5 12y, 5w +y) DE &
(1) 225 ety & a* — 2%y +a%? — oy +y* FERER 5 FHTHY

$+y:zfs : (2)
ot — Pyttt — a4yt =2 (3)
(21,20 (FEVNIZER 0 TIRZVIER DD 54 212) EFKEDB. nid ot —

y+aty? — -yt = (224902 - ay(z?+y?) — 2%y DRETH Y, ged(z?+
yhay) =1 THIPHEEL L0, EWVIZER) THZRWEH 9 2HO



T zm=a—my — 1y ERED. A6ICFEH21) LY

2? + y° = 2(Fo12d + BF,ztys + 10F, 12392 + 10F, o2y + 5F, sz yi+

Fa—ﬂf%): (4)
zy = £(Foxd 4 5F, by 4+ 10F, _o2ly? + 10F, 32’y + 5F,_sziyt+

Fa—Sy?) (5)

Ezid
* + Y = £(Fpr2y + 5F, paly; + 10F, g23y? + 10F, 422y + 5F,_sz1yt+
Fa—ﬁy?)a : ‘ (6)

zy = F(Fox} +5F,1xty + 10F, 02392 + 10F, sz + 5F, sz 92+
5

Fos9) (7)

(@ IHEROME) & %92 L HTE 5.

2 2

[

z| ¥yl x*+y T Yy Ty
1|1 2 311 0
1|2 0 312 3
113 0 313 3
1|4 2 314 0
211 0 4 11 2
212 3 4 | 2 0
213 3 4 |3 0
2|4 0 4 | 4 2
Table 1: mod 5.

B AP+ = 0 BRI CET = e —DINEBLEY 25+ 95 +2° =
t+y+2=0 (mod 5) THS. ZZT z=y=2z (mod 5) ILTAEETH 3.
LR T, —RIEERIZLBLIZ v £y (mod 5) RELTEN. £1
6 sy £ 0,54y £0,z%y (mod5) BEEIHBILLIE 22+ =0
(mod 5) TH D.

(D) BT 22+ =0 (mod 5) &F8E H(Fonzd+Fugyl) =0 (mod 5)
THD ZZT Fopy =5F, 3+3F,4 THD, b7z v —D/NEEL
D zd =2, =y (mod ) THD25 22 + 92 = +(Fad + Fp_g9f) =
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+{(5F,—3+3F4_a)21+ Fyath} = £F,_4(3z1 +1y1) =0 (mod 5) 255E » 172,
3z; +y1 =0 (mod 5) &FAUE, 25 = 22 — 21(=3m) — (=331)? = 52l =0
(mod 5), &2V 5t 2 ICKTSD. Lr>T, £F,_4 =0 (mod 5) TH Y

a—4,a+110F5 DEHERS. FFIZ(6) 1IZBNT 22 + 9?2 =0 (mod 5) &

T3¢ £F, =0 (mod 5) SE»I a— 185 DEHERZ.

(4),(5) 12D TC a+1 % 5b EB<. ZDEE (2),(4),(5) 25

z* +y* + 2xy

=(z+y)*

= ={(Fss + 2F5p-1)a3 + 5(Fsp_1 + 2Fsp—2)xy1 + 10(Frp—z + 2F_s)zdyi+
10(Fyp-3 + 2F5p_a) 5395 + 5(Fsp—ag + 2Fsp5)2135 + (Fro—s + 2F5—6)¥3 }

= £{(Fsps1 + Fypm1)@) + 5(Fyp + Fro—o)ziy1 + 10(Fsp1 + Frpoa)ady+
10(F5p—3 + Fro—a)23y} + 5(Fro—s + Fry—s )71yt + (Fsp—a + Fp_o)t}}

= & (Lspx] + 5Lsp—1213 + 10Lgy_973y? + 10Lsyp_s22y> + BLsp_sz1y+
Lay—sy3) ‘ :

=z | (8)

(b IHERDOHFH) HBLAB.
(6),(7) IZDT a=12 5Y EB<. Z0E & (2),(6),(7) 25

22+ + 22y

= (z+y)?

= {(Foy — 2F5y+1)73 + 5(Fay—1 — 2Fp)zty; + 10(Fry_a — 2Fsy_1 ) zy3+
10(Fsy—3 — 2Fs 2)@1y; + 5(Foy—a — 2Fsp-3)119t + (Fow—s — 2Fsp_4)1°}
= +{—(Fsy—1 + Fsy1)a] — 5(Fsp—2 + Fap)xiys — 10(Fop_3 -+ Fay_1)2dy?
~ 10(Fsp—a + Fop_2)23y8 — 5(Fsy—s + Fry—3)21y; — (Fow—s + Fow—a)y}

= F(Lsy a3 + 5Lsy 12341 + 10Lsy _ax3y? + 10Lsy _s22y® + 5Ly _gx17 4+
Ley—sy53)

_ 10
=z

(U HEROFH) L7 0 (8) LA LBOIBRRPELNS.
HEBAOKBRIL —5),—yp & TNER 2,y EBEZETTHEPEDS
B LFARERS.



LR oT,
Lsyas + 5Lsp—123y1 -+ 10Lsp_025y? + 10Lsy_szoyf + 5Lsp_az1 9+
Lsp—syy = 21° : (9)

DIEESFIZ DN TEETHIEF 5 TH B,
WRE 1) L0 (9) 120 &IZRL BEBMRE &R0 ZHHRE (syz # 0)
K95. 0

A 1.1) FE=
Ly X® + 5Lgp 1 X*Y + 10L55 2 X3Y? + 10L5,3 X%V + 505 o XY + Lyy_s
Y =

(b IHERORR, 51 2) 150 & B4 SHBIE bR,

B z,y,2 BRREWHETED2 DB INCEL ) THARVERE T3,
stiﬂ +5L5b_1$ y-l— 10L5b 2:13 'y + 10L5b 3£II y +5L5b 4.‘17@} +L5b 5y = Z5

L)
(D IHEFEDFE, 5 1 2).
Ky EFTNERDAKLY L, = o+ " (a = (1 ++5)/2,8 =
(1 —V5)/2,n IHERDEL) THB. ZhZ (11) ICEHT &
Lspz® + 5Lgp—12*y + 10Lgp—52°y® + 10Lsp_33°y® + 5Lsp_axy® + Lp_sy®
= (0% + B2 + 5(a™ 1 4 B V)aty + 10(a%2 + B 2)ay? + 10(a™+
B3z 5(a 4 4 FPHayt 4 (a5 4 FFE)y
= o™®75(a%2° + 5atz'y + 10a’2%)? + 1002%y® + Sazy® + ¢°) + B%~5(8%%°
+58%%y + 108°23y% + 108%2%° + 58zt + )
— a5b_5(a:c + y)5 + ﬂ5b_5(/6-7»' - y)5

:zs

b, ZZT
v=c"Yazr+y), v=pYBz+y) : (1.2)

u’ + 0% = (u + 'u)(u4 — udo + wP? — w4 o) = 25 (1.3)
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b5z
w+v={(a"+ 8%+ (&' + BNy = Lyz + Lo_1y,

ww = (af)" oz +y)(Bz +y) = —a? + 2y + 3,

by ut? — w0t = (u o)t - Bun(u +0)? + 5uP? (1.4)

U

LB 2T, utv,uv, ut —udv + vPv? — un® + o IZEHTH 3.

ged(Lyx + Ly—_1y, Ly—1x + Ly_sy)
= ng((Lb—l + Lb_g)iﬂ + (Lb—2 + Lb_3)y, mela‘: + Lb_g’y)
= QCd((Lb—1$ + Ly_oy) + (Ly—az + Ly_3y), Ly—17 + Lp_oy)

= ged(Ly—o + Ly_3y, Ly_12 + Lp—2y)

= ged(4x + 3y, 3z -+ y)

= ged(z + 2y, 3z + y).
ZZT ged(Lyx + Ly—1y, Lp—1& + Ly_oy) =6 &<, 6|42 +3y,6 |z + 2y
2B 6| 5(x+y) (= (4e+3y) -+ (z+2y)) THY, 5tz,utv]|2%6 |utuv(=

Ly + Ly_yy) THD025 548§ THS., §|z+ytTBDE gedls +y,z+
2y) = ged(z -+ y,y) =1 THI0E §=1THd. Lk >7T, ged(Lyz +

Lyay, Ly + Ly oy) =1 THD.
Lz + Ly_1y, Ly @ + Ly_sy 1220 VCRDIFRBDEL D 350,

(Lo + Ly—19)* — (Lyz + Lo1y) (Ly—17 + Lo—zy) — (Lo—1z + Lp—2y)?
= (Lg — LyLy_y — Lﬁ_l)xz —+ (ZLbLb_l — LyLy_y — ler——l — 2Lb_1Lb_2)a:y+

(Ly_) — Ly—1Lo—a — LE_5)y?
= (LyLy—g ~ L3_)a* + (Ly—y1Ly—3 — L} 5)ay + (Ly_1Ly_s — LE_,)9?

= 5(—a* + zy + )

= JSuv.
ged(Lyz + Ly_1y, Ly12 + Ly_oy) = 1 226 ged(Lyz + Ly—1y, 5uw) = ged(u+
v,5uv) = 1 THD. LB >T ged(u + v,u* — vdv + vlv? — w® - vY) =
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ged(u+v, (v +v)* — Suv(u +v)? + 5u0?} = ged(u + v, 5u?v?) = 1. Lo
T(L3) 226 u+v,u® —udv +u?v? —wd + o ITFRFNSFETHY
u+v =27, (L.5)
ut —wtu it —wt et =2
( Z14 R0 fiEb‘(:%fcﬁ 0 Tfiﬁ:@f/‘%ﬁ?jio 51’212"2) &fﬂ‘é
2 4 vt —wdu + U —wr® ot = (6 +00)? — u(u? + 0?) — P DFIH
THE. utv,ww PEHETHI16 v +v2 = (u+v)?— 2w (FEBHTH Y
ged(uv, Suv) = 1, ged(u+v, uv) = 1, ged(u®+v?, uv) = ged((u+v)%,wv) =1

THBPEETEL LD, BVICER 0 CRANER o9 2H0T 2 =
-z — g ERED. EALHIERH21) LY

u? + 0% = £(Fouzd + 5Fxty + 10F,_ 323y + 10F,_p2y® + 5F, syt +

ch(ly?), (17)

w = (Fz] + 5 xiy + L0F, 0x3y? + 10F,_gz2y® + 5F,_gx 50+
Fc—Syia) (18)

i
u? + 0% = £ (Fouq3) + 5F, oty + 10F,_333yE + 10F,_4a?y? + 5Fsa1yi+
Foey), (1.9)
w = F(Fa) + 5F._1xiy + 10F,_szdy? + 10F,_az?y} + 5F,_smyl+

Fe_syt) | (1.10)

(¢ !iff%?@fﬂﬂ) ERITENTE B,
X5z (1.5),(1.7),(1.8) 225

u? + 0?2+ 2uw

= (u+v)?

= H{(Fop1 + 2Fo)ad + 5(F, + 2F,_1)zty, + 10(Fo_y -+ 2F, 5) 73y +
10(F,_y + 2F,_3)a?y? + 5(Fo_s + 2F,_g)z1yt + (Fo_s + 2F,_5)y5}

= +{(Foy2 + Fo)2? + 5(Foq + Foo1)ziyn + 10(F, + Fog)adyi+
L0(Fey + Foog)m2y? + 5(Foeg + Fod)zy? + (Fomsz + Fos)y}

= +£(Lep1 @ + 5Leziyr + 100123y + 10L,_ga?y? + 5L._sziyi+
Lc—flyi,)
= 21°

(1.11)
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( ¢ ITEBR D) 235 54,(1.5),(1.9),(1.10) 7°5

u? + v? + 2uv

= (u + v)*

= +{(Foey ~ 2Rz + 5(Fyy — 2F,_y )aty + 10(F,_s — 2F,_3) 7392+
10(Foq — 2Fc3)z31s + 5(Foms — 2Fu_g)miyt + (Fog — 2Fo5)3}
=+ {-(Fez + F )331 5(Fc—3 + Fc—l)xtllyl — 10(Fe—g + Fc—Z)x?yf

— 10(Fo—s + Fos)T3ys — 5(Foog + Fo_g)m1y} — (Foiq + Fog)yS}

= F(Le—125 + BLo—aziy1 + 10L,323y? + 10L,_4x2y + 5L, _sziyi+
Ly

= z;° (1.12)

(cIHEBRDOEE) PEbN 3.

»ngfu%b‘fﬁﬁﬂhﬁ@jﬁfitfi —Z1,—MN é’%n%j’b 1, &ké’r
X ERIED LB L FIEL 45,

CIHEEDERTHY, 5lc+ 1 Fld 5| c—1 &25 cHHFETS. (1.11)
BT c+1=56d FFIF(AI) BT c—1=5d EBL &

Lsqz3 + 5Lsg-133y1 + 10Lsq_ 2371y1 + 10L34—327Ys + 5Lsg—az 1yt + Lsg.sy>
= () (1.13)

(dIFE) L7235, Zad(L1) LRBEDLTEATSHS.

(1.2) 225 uw—v=(a’— )z + (a® ! — B Yy = VB(Fx + F_1y). EHIT
ged(z,y) = 1,9cd(Fy, Fy—y) =126 u—v =026/ 2 =2F_,y = FF,
(f#%ﬁﬁ@ 'C“‘J?LDZ) D& g’ U+ U= Lb.‘L' + Lb_ly = :l:(Lbe_l - Lb—lpb) =
i?(—l)bF(b_l)_b = ?2(%%@!"@ TZ"D 9 s Ziid u + v 7j3‘5 %?&Ti)f) Z &
CRTD. LEeFoTiu—v£0. (u—v)? =5(Fs -+ Fy_y)? THHEHE
(u—v)2>5 TBH Y, &5IT(1.2),(1.3) 225 KDLV 30,

|L5b$5 -+ 5L5b 1x4y + 10L5b 2x3y2 + 10L5b_3$2y3 -+ 5L5b_4:cy4 + L5b_5y5|
= |(u +v)(u* — v +uPv? — uwd + vt

= |(u+v){%(u + v )(u—v)2+%(u+v)2(u—v)2+u2?)2}|
> 12 (u+ )
> |(u+v)?
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= |L5d$? + 5L5d_1m‘1‘y1 + 1OL5d_2m{'yf -t 10L5d_3xfyf + 5L5d_4x1yf + L5d_5
¥l
L7278 o T, BRREG (1.1) 104 L CHEIRIE TS & h 3. O

Z DFEADIRIZN DIPDR T T EEER OB T R HFENITE O
FIREILAE L ERA. ,

F 0 zyz =.0 (mod 5)) 12T, 74 HF o FH# & V= I BPANE
Po Gz 2 0 E T

Za v —BHBELTEFERIIE 4 DBEDARTHY THEEN s Lo
FLT DFEB % 7 m b —3FE o Thia) L5 I & (B 52 H S 28
T FEWeil 12 (7 /v —id 25+ 5 = 25 OBETHERRICEZ TH
P EIWEEZ R, R T e — 3 ORISR o s L1t <
2° P = 2 ORDOFHEBUIFER L TRAE V. 72— 50 5 fBEs o
ZEEEOITTHA Y EBRTOET. FEHEIESIT 3520 T
TR B Z LS5/ I & W I FIOBEELREEL H Y, 7 =/ —7»
BRI X7 ik TS 5 LILE O FLT DFEEF 248 T AFEE IR &
EZoRTHET.

Tz —ld o N B EESHEL TWEZ ERHLRTEY, B E 5
ML, 7o —FLT n=5 D& E T EELEST @@E%&Nﬁh
f\/bjﬂfft:@ﬂ GEHNEb Do) B TINET,

# 12 B DO IR TRIFER L2 FLT OFERIZO0Tid TO0#kE) 8L
ETMIBZbDBHBES 21 EWVSHERHPDH Y E L FLT OS5 I
DWVTIEXBIEFE TLUT DU DEFEEL, W < DD EFA THE LI,

Dirichlet 1825 4
Legendre 1828 45
Lebesgue 1843 &
Lamé 1847 4F
Gauss 1863 4
Gambioli 1901 4E
Warebrusow 1905 4
Mirimanoff 1909 4E
Ryechlik 1910 4
Hayashi 1911 &
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| van der Corput 1915 £
Nagell 1958 4
Terjanian 1987 ££

TNBITIF2RIEQVE DHABBTHE (1+5)/2 () BH< DEFF T
FNET. ¢ FT4BS T, U a b FH O RBICEE A B b
HRETH S EBPNETH, 0L 5 RFFITEFHRTE THOEEA.
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Z T =AU DONWT

il BE—  fHEKRY

1 ZALH=ZAHOEZICOWT

2020 FFDFE 18 [A 7 4 A F v FIHEREST [AAFEHF=AEI IOV THAKTH
DIMONEH=ZABTH S L DB, EBIZ1L UhnwZeZ2RE U7, TORA
T, HAVLGZABOIREIZONWTIE, KRR EHRFAL BHEEL TWRWN
RIMTH D B2 ALHAZE N XENE D> 7z, 72 T Baker Blgniz L 5 it &
FERRIRR D LB S DOPWE IZIRE I8 5 ik 2 i bR & il 72 3~V 8
DS E 2 (55 /8% RET 2 REICRE S8 5 HiEO 3FEBEOFEH % 5L [13]
TN U, SHIZ, ZOBBEET IMEIZOWTES Nz RIZ O W THiHIZH
Iﬂil:j—éo

EFTEMPOEREZZFSHLTEL. n EHD kAL Pi(n) 1, —4D EITn
OS2 ELTR2EE UTIE L ARDOIIZEZEEL 258D MOKRBDZ & T
Hy,

(k—2)n? — (k —4)n
2
ERITIENVTEDB, RIZP, CEABEKRERTEDET S, T4bb

2ERMORHTHRANVELMEEE2ETELDOTE IS, Kolk, AAVL=MAKS
TRV DRD (a,b,¢) DHUIZDWT P,N PN P. DWREZIT, IRD XS4
TR %1372,

EE 1 (AW [13]) (a,b,¢) = (3,4,5),(3,4,7),(3,4,8),(3,4,9),(3,4,10), (3,4, 11),
(3,4,12),(3,5,8) BLU (4,5,8) DEGHEITIE, P,NP,NP. = {1} BT 5,

W (a,0,¢) = (3,4,5) DBEHHIEREN L EATH = AROBAETS 5,

ZDEDIT a,b,e WINSRGEE, [P.NPNP|=1Y 0SFR0PES R
Mot, TIT|IP.NPRNPL|>1 RBBAEVHEMLENSZEX |B,NE NP,
% a,bc CEELRTIHMETE 20 %2E 25 &%, HIZRITHE S R&EHRZ/MW
MITHA I,

FITHHNZ Euler 78, A=A, THbOBESE NP, 2 7-0D1%, ~IVHE
RO EDEE D —D>TEH o772, Z I TEDEEDEESDHEARMK I Z & % ¥
LELTBIZS,



EE 2 (FL[14) ®E 2.3) a#b T 5L
IP,NPy| <oco<= (a—2)(b—2)=0 772U (a,b) = (3,6) DHEEKRL,

HE) LT O RBRFEARTHEILE2RTALSTTH D, XHHD (a,b) = (3,6)

%, Pyon—1) = 20 _21)(2”) - ”(4”2_ 2 _ pyn) HOT Py P, THD

P, Ps| = |Ps| =00 &85, ZOEENIOEOM—DHINTH 5,

Z ZTIZOHNDEEERNT, T7205 6 ¢ {a,b,c} £ LTHL LIRD—fEH
G RIZEI T X B,

EIE 3 (A [14] EHE 2.4) (a—2)(b—2) #0,(b—2)(c—2) # 0, (c—2)(a—2) # O
CIRES B, 2D E |P,NR)| = |PNP,| = |P.NP,| =00 THBH|P,NP,NP,| < 00
ZANE AVAC RN

T S5IT |P,N PN P DED»SDOFHTAY, M. A. Bennett [4] DENZDRIVRIFGFEX
DIRDOFM N A ffi> TIRO LS IB o505,
EIB 4 (Kl [14] EEB25) U = b—2)b—a)d —(b—2)(a—2) &L V =
(b=2)b—c)4—(b=2)(c—2)) &BLK, TDLZRD Lo DFHI %R,

|P, N P,N P.| < 2min{w(U),w(V)}log(|U| + |V]),
ZITw(t) %, Bt OMEZLERBDOE &2 LT, .

T KW BRABREWO—20 |P,N PN P.| ® L5 DFHIiIZDWTIE, —it
DIEREH[D Z LW TEZ,

RIZZDOHOMBEIZDOWT, HHZRGETIED S, |[PLNPNP.|>2 &5
GENERICFET AL 2FERLTE IS,
Pell number («~VER) pi 1F, &> 1IZH LT, Faloiifb X272 385 TH 5,

po=0,p1 =1, and pry1 = 2pp + Pr—1
ERAV. o X
{ps} = {0,1,2,5,12,29, 70, 169, 408, 985, 2378, 541, 13860, .. ., } (OEIS A000129),

THHN, FAZMBUL, EDE 2[5 T, (pg/2)? ERINDBZ EHHSNT VWD,
TZTc%c=(py/2)? &50UX, SERRS PsNnPyNP. (IZ22WT {1, ¢} C PsNPNPE.
LI DTRDFERBFOND, .

£ 5
2 <|PsN PN P < 2w(2(c—2))log(4 + (c —2)%)

ZITw(t) %t DHEZLRRNBOME KT,



BREIZZ ORI CIZER L 5E6T |[P.NPNP| > 1 &bl T <, ik
+E=ME S ZME, TRDD (a,bc) = (3,4,13) DEEDVED—DTH D, FRRIZ
TRTOF=ZMFEHEZAIE, UTFOXSITRKDEZENTET |BNPNP3 =2
THdIeWmRINnsd, FTROMAMERFREZENELTHL,

Py(m) = Pa(n) = Pry(l) <> W —n?, w — 2,
¥ (T )
(2m +1)% = 8n? + 1, (220 — 9)* = 88n* + 81.
88%n%(22¢ — 9)*(2m + 1) = 176n*(176n> + 22)(176n* + 162).

Y =88n(220 —9)(2m + 1), X =176n* 461 £ B ZLIZEIDIRDEY 27 —FEH
iz 155,
E:Y?=X>+X?—-7721X + 24079.

1 (114 -9 "
::f M :TL2 == (T> € P3QP4QP13 Kii, :@%H%%ﬁk@%&/ﬁ

2

(176n% +61,88n(22¢ — 9)(2m + 1)) € E(Z) BHIELTW5, Z Ok, Cremona
Z AV 73920cc2 DIEHHIFRT, E—T N1 2HE E(Q) 1, Z2 x (Z/2Z)* LR
L5, B(Q) DEMRAEDAERITIX, IRO27TLTH 5,

Z={(P =(25,252)) BLT Z = (P, = (34,135)).
BIRCEDORE (774 > OMTERE) DA, IRD270L7%5,
Z.)27 = (Py = (39,0)) & Z/2Z = (P, = (61,0)).
E—TIOVOEHIZ&L D BIRETH 2B AIE, UFOMD TH D,
E(Z) = {(—101,0), (-89, £480), (—86, £525), (=71, +660), (—38. + 683),
(=5, £528), (7, £432), (25. £ 252), (34, +135), (39, 0), (61,0), (67, +168),
(79, £360), (109, £840), (237. 4 3432), (259, £3960), (399, £7800), (655. & 16632),
(1411, £52920), (1789. & 75600), (6397, £511632), (112399. + 3768300)}.

COHRTHEZAFF AT 2E0%2%TE, X =237=176x12+61 B &
P X =6397T=176 x 6> +61, T7xbb n=1lorn=6 DATH DI hbhrb,

EE 6 +=ATH=AKI1 L 36 THA,

2 SROEE

M#E1) |[P,NPNP|=1&¢7%% (a,b,c) I XIWBRICTFIET HH 7
SDLIAH 1 LPEWEENREL Ao oTWAED, EBIZELETENE S,
WIZDOWTIEEL 00> TV,

MR 2) kAMEOEAMET L E |P,APNP| =k £543 (a,b¢) BAFET
B2



SDEIAHAFTk=1BL0k=2DEALLEDII TR, TN T
NO kIZHUT|PNBNP| =k 75 (a,b,c) ZERIZELETENEVS T &
», HREL25 X VFEMAMETH 2 |[P.NPNP| DIEDSANE D75 T\
NEBEDH B TH BN, £o7< F220F5 2 LIFHEKTVARWN,

m((a —2)m —

FIBLS) m AR OBMIE L L BHAIT, Py(m) = @=4) » 50

BHOZEE m BEO LI N o AREITR, —MHLI A o fRAKO R
&% GP, LR TLE, GP,NGENGP. IZDOWTHAMRDOMEZEZ D Z LMNT
%, ¥90,1€ P, ®OTHEIZ [GP,NGPRNGP| >2 ThHb, ZORBEIZDOWN
TiE, |P,NPNP.l=1T»H5M|GP,NGP,NGP.| =3 THBIXRD XS 7275
DH-oSTW5B,

Bl 7 (a,b,c) =(4,5,9) 95, ZDLZ

GPy(m) = GPy(n) = GPy(0) <= (m,n,f) = (10, -8, —5), (0,0,0), (1,1,1).
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JBOE R F BT 4 4F
FELH L VX —FiE
KA FIE
Vb DRDF (1)
1 EL®HIC
#H& Lt ¢ 1X. Fibonacci OWALA F, 1 = F, + F,_1 OFM AR 22 —2 -1 =0 OffD—>
Thb., BERMWIZIE ¢ = 1+\/_ TH5, itgb— lim Foit THH5 [1][2)[3][1]. HEeth ¢ 25

n—oo n

BT RkDBDITIE, ] amwiﬁv

(1) V5 &k 3,
(2.) 1% &7,
(3.) 2 TH B,

IDHH, 1 2RTATYy T 2TELZAT Y Fd, NET 2 EHRTEHET 23 EH T I3 <
TX3, 2ZCEtEOBEEDOHMNME, Vb E2RKDBEATFY 12k b, SH. EVvFhHLlagEsHNT
VB & ¢ RDB=HD Windows IO T 7V 2 EK L =D THNT 5,

2 EVFAHILOE

EMDDOFEED —DIT, EVTAIVBERM STV [5][0][7][8]. 2 28DEHE. 0 <z <
1,0 <o <1 OHFPHTERES NBIE f(21,22) DBED

I—// f .771,332 d.’]?ldl'g

BRD D7D, [0,1) TRUICHMAT S (M) BLI G, & RO, f(&,6) 2atET 5, Zhze N
WORLT, ZOWH

] OfEME T2, ZorE B(f) =
{725,

N A E F IS RBOEANIZ XD F i TIIEE0

21 HRAZERDH

EVTANVBETEISHMOENT WS DI, MHERDOHATH S, BHIHNTL2DIE, B0 ixd
NDE VT Ak (Hit-or-miss Monte Carlo method) & U THIGNT WS, M1 DFEBDIS D
Eﬁﬁwﬂm%bm:tﬁe\zwﬁﬁS%ﬁﬁ@ﬁNttvbbt%@ﬁ@ﬁntﬂ%S:%

1



IZTCkdDr =4S 235, Ui ThoEYTFHILOETIE,

LT -
S:// f($1,$2)d$1dl'2
0J0
15733

95, 1 OHITIE, 20000 FEDFRITIZH LT 15733 ey b U, m OHEEEIE 45 = 4 20000
3.1466 & 72> 7z,

M1 Y=vix$ThorryFhilaik

MOFETHONT WSO, AT Y TV ED L WIEHHINE T A aik (Crude
1
Monte Carlo method) T®» %, / flx)dry =74 £7%0% f(xy) ITH L,
0

1
S:/O f(:lfl)dlli‘l

ERD T =4S 295, M21hlERT, KH[0,1) D NEO—BELEE (1=1,2,...,N) 2R,
f(&) DR RO THE L T 5, YITRT DI 20000 FIOFAITIZX L, (a) Tik 3.152901069 +
0.012273772, (b) Tl& 3.141601148 = 0.000016010 & 7257z, f(z) I & > THELNEZ>TWVWS,
— B BIE 2R T f(x) OEFDDIRNED BEREICR S, £72K 2 Tk, BHEOHEEZ TV X L
B TRLTWA,



N

X 0 1 X

A

1
(a) (b)
B2 BATHEY FALEE (a)f(2) = 2020 =), wﬁ@y:%gfifggj

%&K\Avax:%t&%ﬂ@aﬁﬂ&%éﬁt%&

fla) = VI—a? @) = 5 =57

) = 10)= 3

e e R e

0= = o) = g

R fo) =13 - 2=

e gy - 252 e e

22 EVFHLOEICLSZ V6. EEL ¢ DEE

EVFHILOET VG, BE ¢ 2 ROONBZ L 1F, MARDGEIZFLEHMSNTVARN, V5 X

HE ¢ 2RO BT-DITIE,
1
1
S:/ z)dr = —
@i =

1+58
2

L B f(x) ZHWT Vb =58 2K, IRWT ¢ = ZRDNIX I,



3 EVFALOEOSHEEL

EVTANVOEDOKEZA LIEE7-01CF, ifTEHEN 2HYTLENH D, LILrLENS
(M) BLBE VR WBR 0 BT EIEE N e ThiE, 20#EIE O (N~Y?2) Thd, Z0Z Lidills
FE %z 100 f5 U THEREIX 1/10 U PR SRV 2 RLTWS, TD7, R LS EHEMT
LZFRERRD O, MABINTVWS, ZI T EREEE VYT ANVOEICEGITHARAG Z &
NTE2 [EWoH & TEY TV F] O2O20FEEZBNT 5,

31 EEHOoE
y=f(z) L. f(z) S0 (BAZBELYTVE) 5o TWAELEE g(x) 22 L51<
ZerEAD, ZOK, g(x)~ f(z) &2 &5 g(x) #ELR, TI T,
1
S':/ g(z)dz
0
¥pe, €0 %[0,1) TRRICAMET BB T B &,
LN
- @) _ (@) !
s L5 () - (e)
TRdDEND, S, g(xr) & ULTRD 3 OB ZEETE L7z,

B 1 g(z) =co+ (c1+ (ca+c3-2)x)x
B2 ga)=co+c-2(l—2)+cy-22(1 —x)?
B3 g(z) = <«

+c-x+c
x +cC 2 3

U7z, 2B, 2TDR ¢y, c1, co, c3 TN _FTIEIZEDRD7=,
1
K2IZ8ATD f(x) T ZEMBEE g(z) MM ZE DRSS S = / g(x)dr % F L ®7z,
0

32 mEyrIrTI)oy

MEY > 7)) v 7B EBEATFED KMo NTWS, & 2 XM [0,1) THEREE p(x) TH
M BEME T D, p(x) IFHERZDT,
1
/ p(x)dr =1
0

EBIEIIFERET B, IRIT

LT B Y, WA B, 1%,



Y%, E, i3

| X
:NZ

1
IZEDERTES, 22T p(x) id, %@%NCODS'& B EDITEET D, S’:/O g(x)dx

7Zo7zDT, p(x) = é,) ETBLINWT NN NE, TDEE,

5/ fg()
Z

b, B, €O IZEHE (rejection method) IZ& W AR TE S, FHEDO 7T —F v — b 2RI

R,
—

Generate two random

numbers &,

No

Yes

Adopt £

as a random number

1
/ f)de = 1/V5 &1 BB
0

1

COETE. EYFLNIET VBRI Hid ¢ % Kb BT J@a/ Fa)de = 1/v/5 &
RHEEBORDFGEENT D, £720<2<1T, 0< f(z) <1 2% EE LT,

41 =AREMFZFOD 1, WeierstraBi&E#:

ZZ Tl RDEBEBIZDOWVWTHELET 5,
/2 F(sin 0, cos 0)do
0

E AN / f(sin®,cos 0)df DEEIF, BADARNZHNTHEDOHIFAZ 025 7/2 IZEEFX I W,
0



e 515 . 0 . 2t 1 —¢2 2dt
lﬁl*ﬁ(@é&ifg?fli D cux t = tan 5, Slntg = m, COSH = 1—|——t2’ de = 1—|——t2 E\f_lﬁ*@j—
5,

I ! 2t 1-t*\ 2dt
/O f(sm@,cos@)d@—/o f(1+t2’1+t2) 1+ ¢2

b, TDEHE WeierstraB@E#H &\ 5,

4.1.1 WeierstraBE#Dfl, BEEHEFS No.1
2T AEBFEARXID, p245] IR D 2 IRDADHIZ RS, a>0& LT

/”/2 dx B T
o  a’+sin’z  2ava? + 1

£0. 5
a
f(x,a) = m(a? + sin® )
3B, a=2DGE5%% %5,
4
2) = —————
f(z,2) 7(4 4 sin® z)
/mf( o = —
x,2)dr = —
0 V5
Z ZC. Weierstrali&#t3 % &,
da(t? +1
f(t.a) = ( )

m(a?t* 4+ 2(a? + 2)t% 4 a*)
NELND, FiZa=2DL &,

f“ﬂ%:ﬂ2i£;))

/ft2 =

LB, FEMR g(o) LEBMAOMIZ, WO LSk,

g(z) = 0.6419088692 + (—0.1646122553 + (—0.7036993693 + 0.4857061138z)z)

1
/ g(z)dxr = 0.4464628136
0

7773 MDEBYTHD, P g(x) R THPAN TS D, HL> TOWTHEATE R,
COXEDmBEDHE 212, MOFEHETELDTH S,
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3 WeierstraBi&# % F) F U 7- A% D 4

42 Z=ABEHTO2, BHES No.27

WAEBFTRTILIZT S, ROEED

Log T LT \/5—1
— Ccos —dx = sin — =
o 10 10 10 4
L0,
2T T 1
f(x)—%cosﬁ+g
! 1
f(x)de = —=
0 V5

YIBZEHERTED, 10U g(r) L ERSOMIE. KO K S4B,
g(z) = 0.4513339895 — (0.0000907951 + 0.0122246476)x

1
/ g(z)dx = 0.4472137094
0

773 RDEBYTH D, T g(z) BRI THPLPNT WS A, HR > TWTHEHITE 2,
COXEDERBHEDR 212, MOFlEMHETELDTH D,
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43 FHRZERWEA

BV T HNBIET VB & RKD B OITHF BB E R IV 2 D IEARKRIEE OB H 5 H3, Hilxs
LTHD, ZOXEDRBRDORIZ, MOFBHETELDTH S,

431 {5, FEEES No.46

1 1 .
= 24 o 1277 & s IRDEMD B z
f(z,a) a2+1(2m+a> EERT D La>0&95%, IROEMED 2RSS
EMTE5,
1 1
,a)dr =
/Of(-ra)x ——
Y2 a = 2 DIF,
1 2
N=— - =
f@2) = 5=—=5"*5

1
1
fx,2)de = —
J, e 2s =
L5, UK g(z) EEBDOMEIZ. IRDKSIT745,

g(x) = 0.4498617338 — 0.0052668405x

1
/ g(z)dxr = 0.4472283136
0

773 RDEBYTH D, T g(z) BRI THLPNT WD A, HR > TWTHHITE 2,
COXEDERKBEDR 212, MOFlEHETELDTH D,
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5 “FJitREFM L 7O

5 BRLELE (—HRELED). BERVEWVWES (FEELE) OERCE
EVTAINVAEERETT B0, BEEELE (—HELE) B L IMERVEWES] (MEELE) % 4

ZLTE R oy, INS5E IV Y a—RIZEETEEDODHERNSNT WS,

51 Y RATFTLDEEK

48], Windows fi® 7 7'V %, Embarcadero #:® RADstudio  (version 10.2) 123\ T, Delphi
SRERHWTHAE Lz, ZOHEHARREICHEALAADIEEZZDE R L -,

5.2 RRARA
SR [0, p-33][10][11] & O WISRT HEITHE > TR vy, € [0,1) ZAEM L 72,

z, = 5" 2,1 (mod 2%%)

Uy = :r;n/Q30

5.3 Mersenne Twister, Xorshift*

BEOIELB O TV T X2 LT, Mersenne Twister % Xorshift Bk < onhTHH, 1V
X—%Y N EDVY—2A%2FHT LI ENTE S,



5.3.1 Mersenne Twister

MARE - FREL (T 7 7y ME) 1280 1996 F52 5 1997 412 > T AT S N7z BEBELER
BTNV TV XL THS [12], Mersenne Twister DFFEIL, IRD LB TH 2,

o FEXDTHTIIVIERTERKINTVT, F—AX—V[12] 26X u—RTE 3,

o IR, SmkeaE N A RO, (AN 24 BHD AL v XFEH 219937 — 1 T,
623 IRIGHNL TR D I I AT 5,)

o JIDHDTRTOE Y MPEEFIHIZI R T VX LTH S,

o AEVURENRRE,

SAFR—LR—TU XD Pascal SEERZ X >a— KLU, 77 VITHARAAT,

5.3.2 Xorshift*

Xorshift 1%, George Marsaglia K2 BFE U 72 OUELEAEKIETH 5, TEY b7 ML TR HIE
DL XOR % & 5] &\ EFICHBELRNIZE 72 5 72 Z[A47 5 72T OIEFEIT Y v TV ET, &
HIZEE DAL R LR T E DR D 5, SIERA L 72D, xorshift64* &\ 5 7L 3 ) XA [13][14]
T, JARIH 264 — 1 TH S, Mersenne Twister & 0 & HIIZE N DDOEMAMLEIIFAELTED,
HETHLDITESHWLONTWS,

54 BERERENEZR

X[t [O, 1] 013"3\4"C$§{Eﬂf§ p(ill') =1 Ttﬁb%%ﬂfﬁﬁﬁﬁ Zo (.7130 € [0,1)) £ T1,X2,X3,... %ﬁz
DI R—HRELEPR SN EHE LT, RVX—A Y7 NERIIZT v MEER LS TWS
[15)s

NIV R —A T NEGERT,

Tpi1 =2z, (mod 1)

) 2z, 0<z, <1/2)
|2z, -1 (1/2<z,<1)

RIZT v NEBRERT,
Tpy1 =1— ‘1 — 2xn‘

2z, 0<z, <1/2)
221, (1/2<z, <1)

INSDE/BDT T 7 %K 6IZRT,

R R =1V T NEGE TV NE/RIE, T2 —RITT BRI EERT 2 1238 AR E N, Z
NoDEBRIZE T, #WHE x (zo € [0,1)) 2¥ (IROKEEEZH T %) HHEKBOLE, RUTHERL
WEIHER K OIEFRHE L 25, LALAARS6 I a—RIZANTELMEITAEROKEE LR
H AR\, xo " ZHEHT

zo = 0.y1y2¥3 - . - 4,0000000. . .
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(a) (b)

6 REMED p(z) =1 7225 5HDH (a) NVIX—A42 T NEH (b)) TV MNEH

EERULEEE., NI —A 27 NEHRIZBWTIL,

r1 =2x9 (mod 1)
= 0.92y3 . .. ¥,0000000. ..

725V NERIZB VT, 20 € 0,0.5) OB,

r1 = 2%0

= 0.5293 - .. 40000000 . . .
£ 72 20 € [0.5,1) DEE

r1 = 2 — 2(130
= 10.0 — 1.y2y3 . . . ,0000000. . . (2 #EHEKED)
=0.(1—-y2)(1 —ys3)...(1—1y,)0000000...

Y5, 22T (1—y)ldy Dy MREERRT,

WIIUZLTH, o OEMBEIX 1LY MNEdZ iz, ¥R r, =0 (G >n) &b, Z0OM
BT Uy AERED p(z) =1 2RFF L7 £, BEFEVERMOVIAME o 2 VT &S
IZHEBIAEROWEBRPH SN T WS [16][17][18].

BANZHEN T 2DIE, RV X—A 7 NEGIZBEL TR L 7ZIRDEBEH{RTH 5,

{¢ZZ 0<a, <1/2)
Tp41 =

1—2(1—z,) (1/2<z, <1)

ZOBE/HOBZER TIZRT,

11



> U

K7 XNVEA—ATT7 NEBHIZEEL TR L 7254

RISRT DI, 7 MEBICEEL TR L 72 IROGHRTH 5,

VI ¥ 162, — 1
i 269“ (0< 2, < 1/2)
Tp+1 =
— 16z, —
5 26"" T (1/2< 3, <1)
ZOEBHRDHZEK 8 IZRT,
Y
N
1
> T
0 1

M8 7 MNEMIZEEM L TR L 72 5A&
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o XD T L e e

RITRT DL, 72 MEBIZEEL TRRLHOEHRTH L, FMoEHWT, B—0ATE
BReBZEeMTETND,

Tn(3+ y) 2
i1 =1— |12 2" g, 4+ 1 —
Tn+1 ‘ 14—$n Ty + xn—kl (3)
ZOEHDODHEX 9 IZRT,
Yy
N
> T
0 V21 1

9 T ¥ MEBITEU TR L 723 O G4

5.5 EEWMEVET (#EELE)

EVTANBIECENT, —FRELE (BELUELER) Tldh IRRWVEWES] (B—Ha M 5)[19] % H
Wb AERILHONTED, EVTALVOELIFIENTWS, KBWVEWVWESZHANWS Z & T,
DI WRITHRTREZ LT ond 568035 %,

EEVEWES]THRE ERRLRDIE, 1 RTDFHD—D2TH S van der Corput 5| TH 2, base
b D&G. BREZ b EHTRLUEZOWGAZIT> THEET 5, base 282, 3. 5 DEHDHIZIRD
£ 1ITRT,

Delphi 57 (Object Pascal S3f) IZ TRl U7z D VU X b 2 IRIZHIRT 5,

Listing 1 van der Corput sequence

function wvanderCorput(i:Integer;base:Integer):Double; // wvan der Corput sequence
var
h, factor, f: Double;
begin
h := 0.0;
factor := 1.0 / base;
f := factor;
while 4 > 0 do
begin
h := h + (% mod base) * factor;
%2 := Floor(i / base);
factor := factor * f;
end;
Result := h;
end;
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# 1 van der Corput 5Dl

base = 2 base = 3 base =5
10 & | 288 vdC ¥l 3R vdCFl bR vdC F

1 1 0.1 1 0.13 1 0.15
2 10 0.01, 2 023 2 025
3 11  0.119 10 0.0153 3 035
4 100  0.0015 11  0.113 4 045
5 101 0.1015 12 0.213 10 0.015
6 110  0.0119 20 0.023 11  0.115
7 111 0.1115 21 0.123 12 0.215
8 1000  0.00015 22 0.223 13 0.315
9 1001 0.10014 100  0.0013 14  0.415

10 1010  0.01014 101 0.1015 20 0.025

Z @ van der Corput %)% i\ T Halton 4] Sy 5 & Hammersley 51 Ho Z#EE L. 7 7V ITHIAA
A 72, Halton 4 Sp 3 1%, F@E EIZ (vdC(i,2),vdC(3,3)) € [0,1)%,i = 0,1,2,..., N — 1 DX &H
v . Hammersley 51 Ho I&, Fi £ (i/N,vdC(i,2)) € [0,1)%,i =0,1,2,...,N — 1 DH%EE 5,
Hammersley 5% flW/zfERO A7) —v v ay b 2K 11 12ERT 5,

5.6 —RILM. EBVEVEFI (EILK) OF & o

EVTANVEIEIZHAWS Z LD EER, WL D ORELEL - (KB VIEVWESOERIEICBE L, F
EDTT TVITFEEL -,
F7-AIEDOBIMR AT A, S RIAWZEROELE OHERE & LT, BEME (frequency
maﬂﬂ]%%ﬁbhummﬂ@ﬁMﬂﬁééﬁb K [0,1) % 100 %5 Lz A R 7T AlcE &
v RO THTIEEVDORE] 2 2 HMELZ, WITNORLILEE —O AT 5 L ARL
TEWIZ EDHER T E 7=,

6 77 DERK

PAERAUEHIEZS 212, Vb L BEEH ¢ 2HEETHEY T HALREDT 7Y 2IEK LU 72, 1R
I% Embarcadero #:D#i &R EREE TdH % RADstudio ® Delphi S7&% F\WTEM L 7=,

ZITIE, WDOPDARIZ Y =¥ ay baRUTHHTEIZ LTS, &AICHENTHDIE 1Y
DT hoEYTAVRE] OFT 7)) THhb, HEFRORITRIEZ AL, BEEES (1956 84)
ZENOOL, HEAGHD 1270 7] A& 2#TER, FHRET] 2 TT5E, HEAHOF v >~
NZNZEME 20, By UK (HEO) MO RTHEE S L2, Vb £ 20D 95% EEXM. *

14



I ¢ OHGENEFAT B (K10
B EE

L

\

L
ZH),

@ Hit-or-Miss Monte Carlo method for Sqrt(5) and golk’u ratio

/ /

Canvas Size
O 100x 100
®) 400 x 400
(O 2000 x 2000 E@ﬁ#
() 4000 x 4000

oLt L
E AL
(@ Random numbers (system)
O ®HSEIE

(O Mersenne Twister

() xorshift

O x_{n+1}=(sqrt{1+16xn}-1)/2 or (3-sqrt{16xn-7})/2
O x_{n+1}=1-]1+xn-2/(1+xn)]|

(O x_{n+1}=sqrt{2xn} or 1-sqrt{2(1-xn)}

(O Halton sequence S2,3

(@] Hammersley sequence H2

&ER —’ Coler(Q)

Cear(L)

Save Pict(S)

Quit(Q)

T

wT

7 7
by FEE  vsOHEFE

r4
V5D 95% =B X

BEEOHEEE

10 W20 EThoEyTFAVaE (VAT LADEE)

RIZHN T 2D, ALY 7Y TEREVENESO Hammersley 5 &2 W54 TH 5, LDk

% El JEr , ST SH v
LA DG E L L T V56 & ¢ DHEEMOREEDEL 2> TWDE Z LD HRTE S (K11 21),
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27 2—75: cos % + 5 BEEL 1, co = 0.4513339895, ¢ = —0.0000907951, co = —0.0122246476, ¢z = 0.0000000000 0.4472137094
28 g—gcos gl%b — % BEE 1, co = 0.5555165729, ¢ = —0.0212929481, ¢y = —0.2928949944, c3 = 0.0000000000 0.4472384340
29 g - 4—2 sin %$ BAE 1, co = 0.5961524121, ¢; = —0.2968662626, co = 0.0000000000, ¢z = 0.0000000000 0.4477192808
30 1-— % sin %Tx BE#L 1, ¢o = 1.0000000000, ¢; = —1.3889595155, c¢o = 0.4217306479, ¢ = 0.0000000000 0.0000000000
31 15 cos % + 2—751— cos 3;—7037 BEE 1, co = 0.5034259493, ¢ = —0.0106959839, co = —0.1525558527, c3 = 0.0000000000 0.4472260064
32 % - Z—g % 4—2 sin%?x BA% 1, co = 0.8052814529, ¢y = —0.8768041577, co = 0.2408993288, ¢3 = 0.0000000000 0.4471791503
33 ? 15 Lg — Z—W Sin% BEEL 1, co = 0.5246600494, ¢, = —0.1545908525, co = 0.0000000000, ¢ = 0.0000000000 0.4473646232
34 ? + zgc li()z - %—gsin Qﬂ% BEE 1, co = 0.7707960057, ¢ = —0.6445661496, co = 0.0000000000, c3 = 0.0000000000 0.4485129309
35 2; é% 3 Lsz BE% 1, co = 0.4768562807, ¢; = 0.0566970221, co = —0.1737695518, ¢z = 0.0000000000 0.4472816078
36 % + 172;1— cos® % BE# 1, co = 0.4617523826, ¢, = —0.0022118325, co = —0.0402908890, c3 = 0.0000000000 0.4472161700
37 g - ?Z;: 5 212 3 2m(1 = 1)> BA% 2, o = 0.2671736613, ¢ = 1.0931574163, co = 0.0000000000, c3 = 0.0000000000 0.4493665640
38 ?677; 3 3;%6 - % BAEL 1, co = 0.7728813344, ¢; = —0.4044626228, ¢y = —0.3684187116, c¢3 = 0.0000000000 0.4478437856
39 8735 <967T cos® (%) + 113) B 1, co = 0.4743577441, ¢, = —0.0074960637, co = —0.0701647964, c3 = 0.0000000000 0.4472214468
40 8;5 <1447r cos® (%) + 1447 cos® (W) — 113) BA%L 2, co = 0.4240596699, c; = 0.2521610438, ca = —0.5651184682, c5 = 0.0000000000 0.4472492283
41 % <399 — 1927 sin® <%>> BAEL 1, co = 0.4565074603, ¢, = —0.0177255025, co = 0.0860352402, c3 = —0.1167325544  0.4471399838
42 % 625 — 1927 sin® (Zﬂ%) — 1927 sin® (@)) BA%EL 2, o = 0.1577996515, ¢y = 1.7551125225, ¢ = 0.0000000000, ¢z = 0.0000000000 0.4503184052
43 %% + % BE% 1, co = 0.4016461433, ¢; = 0.0552253699, ¢z = 0.0539553555, c3 = 0.0000000000 0.4472439468
cos? (%

44 ; g BE%L 1, co = 0.0249003471, ¢; = 1.6922663891, ¢y = —2.0422167183, c3 = 1.0074072619 0.4421464510
45 % x(l; z) BA%L 2, co = 0.0000000000, ¢y = 4.2692478688, co = —8.2068896687, c3 = 0.0000000000 0.4379783225
46 10\/:1? + % BEE 1, co = 0.4498617338, ¢ = —0.0052668405, co = 0.0000000000, c3 = 0.0000000000 0.4472283136
47 % ( IlJr i + 517 = + 8> BEEK 2, co = 0.4473604497, ¢, = —0.0008809077, co = 0.0000000000, c3 = 0.0000000000 0.4472136318
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No f(z) g9(x) Jy 9(@)da
2 T
48—t - % =0. =-0. =0. =—0. .
51 NTEST +z BI% 1, co = 0.5963489953, c; = —0.6017098678, cz = 0.6810279525, c3 = —0.2991094641  0.4477260129
9 = (3Vz +4+16) BI% 1, o = 0.4401215635, ¢ = 0.0141577453, c2 = 0.0000000000, c3 = 0.0000000000 0.4472004362
1
50 3= (6vdzr +1+1) B 1, co = 0.2836719440, ¢; = 0.3997201290, ¢z = —0.1092445490, c3 = 0.0000000000  0.4471171588
T 2 ¥
51 Mﬁ + 51 BI% 1, co = 0.4019773894, ¢; = 0.0899761597, co = 0.0000000000, c3 = 0.0000000000 0.4469654692
€T 5
52 VLTI + 53 B 1, co = 0.2076938604, ¢ = 0.7578465415, ¢y = —0.4176238118, c3 = 0.0000000000  0.4474091939
1 3 ;
53 o <16 — ﬁ) BI% 1, co = 0.4559658076, c; = 0.0197640383, cz = —0.0558722757, c3 = 0.0000000000  0.4472237348
x
1 1223 12(1 — z)3
54 — A U-o7 _ 1 B8 2, co = 0.8794237271, ¢; = —2.5992827337, ¢z = 0.0000000000, c3 = 0.0000000000  0.4462099382
5\ Va2 +1 41 -2)2+1
1
5 o= (33:\/:52 +4+ 8) BI% 1, co = 0.3146604260, c; = 0.2664943158, co = 0.0000000000, c3 = 0.0000000000 0.4479075839
1
56 5 (695\/4;1:2 +14+6(1—2)/4(l—z)2+1+ 1) BI%K 2, co = 0.5784526260, ¢; = —0.7891388064, cz = 0.0000000000, c3 = 0.0000000000  0.4469294916
1 322
— = +14 ¥ =0. , c1=0. =0. =0. .
5 15 ( Nr + > BI% 1, co = 0.3987380691, c; = 0.0164989714, ¢y = 0.1205860105, c3 = 0.0000000000 0.4471828916
1 62
= 1 7 =0. =0. =1. 3 = —0. .
58 51( Nl + > BI% 1, co = 0.1965004770, c; = 0.0621609922, cy = 1.2240568767, c3 = —0.7510641972  0.4478338827
59 (9;32\/1-3 +4+ 16) B 1, o = 0.3235261209, ¢; = —0.0453683226, cy = 0.4394369232, c3 = 0.0000000000  0.4473209340
1
60 5= (9x2\/4z3 + 1491 —2)?/4(1 —2)3 + 1+ 1) BI%K 2, co = 0.8380227769, ¢; = —2.3383177515, ¢z = 0.0000000000, c3 = 0.0000000000  0.4483031516
i 1 ;
61 S (1- m) BI%K 1, co = 0.4375485668, c; = 0.0226156946, cp = —0.0049295532, c3 = 0.0000000000  0.4472132297
1 b "
62 L%y fd-=) _ 1) BI%K 2, co = 0.3425943763, ¢ = 0.6216570074, cz = 0.0000000000, c3 = 0.0000000000 0.4462038775
5 dr+1 /b —4x
1 3:
63 = (32— %) B 1, co = 0.4568189983, ¢; = —0.0191415446, c; = 0.0000000000, c3 = 0.0000000000  0.4472482260
x
64 @ BI%K 1, co = 0.5025427764, c; = —0.5025427764, ¢z = —0.1106147178, c3 = 0.0000000000 0.4472283115
z? 1—z)? ”
65 30| 5t (1—2) 572 B 2, ¢o = 0.5365141866, ¢; = —0.5357070637, ¢5 = 0.0000000000, c¢3 = 0.0000000000  0.4472296760
(@ +4)572 (1 —2)2+4)
+8 %
66 m BI% 1, co = 0.4961566694, c¢; = —0.0970787685, c2 = 0.0000000000, c3 = 0.0000000000  0.4476172852
2¢+1 o
67 W e BI%K 1, co = 1.0000000000, ¢; = —2.6810473388, cz = 3.7211965408, c3 = —1.7890350056  0.4526164261
X z(3x + 16 "
68 W BI% 1, o = 0.0000000000, ¢; = 0.9856113148, ¢y = —0.1371514982, c3 = 0.0000000000  0.4470884913
2z(3z + 1 y
69 W BI% 1, o = 0.0000000000, ¢ = 1.2735437490, ¢y = —0.5820706399, c3 = 0.0000000000  0.4427483279
322 + 172 + 8 ¥
70 W BI% 1, co = 0.2586672020, ¢ = 0.3752583741, co = 0.0000000000, c3 = 0.0000000000 0.4462963890
622 + 4z + 1 y
n = BI%K 3, co = 0.0283500234, c; = 0.1492373751, co = 0.1580228969, c3 = 0.3101893718 0.4470721678

2(dx + 1)3/2
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No f(x) 9(z) Jy 9(w)dx
37 +8 .
72 1036/% BIS 1, co = 0.4011608824, ¢; = 0.0918560886, ¢o = 0.0000000000, c3 = 0.0000000000 0.4470889267
x
T+ 1
73 r\ﬁ/% B 1, co = 0.2081946663, c; = 0.6073049749, cp = —0.1946466254, c5 = 0.0000000000  0.4469649453
o T
1
oS- ﬁ BIS 1, co = 0.5007957366, ¢; = —0.1401216302, ¢y = 0.0493699962, cs = 0.0000000000  0.4471915869
z ;
4 .
75 (CETE BIS 1, co = 0.5025427764, ¢; = —0.0368857843, ¢o = —0.1106147181, ¢3 = 0.0000000000 0.4472283116
Tl
76 [y BI%C 1, o = 1.0000000000, ¢; = —0.9834464012, ¢, = —1.1036122509, c¢s = 1.2007876707  0.4406029668
p (
2
77 % B 1, co = 0.0000000000, ¢; = 1.0684183561, cz = —0.2591740371, c5 = 0.0000000000  0.4478178324
x
22(22% + 1 .
78 % B 1, co = 0.0000000000, ¢; = 2.2664485822, cp = —3.0581491756, cs = 1.3330040048  0.4470922338
T
2% +8x+4 y
(o ST TEE BAS 1, co = 0.2489454464, ¢; = 0.5245935871, ¢ = —0.1919001722, c3 = 0.0000000000  0.4472755159
X
4a® + 2241 .
80 TR BA% 1, co = 0.5158246982, ¢; = 0.5306348396, ¢ = —1.8708183409, c3 = 1.1501945198  0.4450846343
T
2(z? 42
81 75(:” Qii BI% L, co = 0.3992046465, ¢; = 0.0112974342, ¢, = 0.1270556749, c3 = 0.0000000000 0.4472052552
ZT
2
2+ 1
82 5827;;1 B 1, co = 0.1821893346, ¢; = 0.3217443665, cp = 0.3136391856, c3 = 0.0000000000 0.4476079130
T
4 n
83 1-— W BISL, co = 0.9926718382, ¢; = —4.5348708788, ¢y = 8.1914386670, c3 = —4.0276621744  0.4488004109
. :
1 .
84 - 57 13 L1 BI% 1, o = 0.1125503111, ¢; = 1.5814012593, ¢y = —2.1014132275, c3 = 0.9707292537  0.4454621783
€z €T
INTHRDY

LGB g(x) FIRDEB D TH B, BEL: g(x) =co+ (c1 + (e + 3 2))w, BE2: g(x) =co+e1-2(l — ) +c2-2%(1 — )%, BAK 3 : g(x) =

23

Co
+co-xr4c3
xr+cp



INTEGER VALUES OF GENERATING FUNCTIONS
FOR LUCAS SEQUENCES

NORIYUKI SUWA*

ABSTRACT. It is known that the generating function of the Fibonacci sequence, F(t Z Fit*

= t/(1 —t — t?), attains an integer value if and only if t = Fy/Fy11 for some k € Z In this
article, we generalize this result for the Lucas sequences and the companion Lucas sequences

associated to (P, £1), clarifying a role of the arithmetic of real quadratic number fields.

Introduction

The Lucas sequences, including the Fibonacci sequence, have been studied widely for a long
time. There is left an enormous accumulation of research, and it seems that there remains an
abundance of ore to mine.

For example, let { F} }x>0 and {Ag }x>0 denote the Fibonacci sequence and the Lucas sequence,

repectively, and put

—1
ZW R ZW et

It was recently that Hong [1] observed that F(F,/F,+1), G(Fn/Fnt1) and G(A,/Ap+1) are
integers for n > 0 and posed a question which rational number ¢ assures F(q) € Z or G(q) € Z
Soon after, Pongsriiam [3] answered the question, establishing the following results:

(1) Let ¢ € Q. Then, F(q) is an integer if and only if ¢ = F,,/Fy,41 or —F,,11/F,, for some n;
(2) Let ¢ € Q. Then, G(q) is an integer if and only if ¢ = F,,/Fyq1, —Fny1/Fn, An/Apy1 or
—Apy1/A,, for some n.

Tsuno ([6],[7]) generalized Pongsriiam’s result to the generating functions for sequences given
by the Pell eqautions. Their argument depends on skillful combination of various formulas for
the sequences defined by recurrence relation of order 2.

In this article, we reexamine their results and generalize (1) and (2) for the Lucas sequences

and the companion Lucas sequences associated to (P, £1).

Main Result I (=Theorem 2.3) Let P,Q € Z with P # 0, Q = +1, P2 —4Q > 0 and
(P,Q) # (£3,1). Put f(t) = t/(1 — Pt + Qt?), the generating function of the Lucas sequnce
associated to (P,Q). Then, f(q) (¢ € Q) is an integer if and only if ¢ = Ly/Lyp+1 for some
n € 7.

x) Partially supported by Grant-in-Aid for Scientific Research No.19K03408

2005 Mathematics Subject Classification Primary 13B05; Secondary 14115, 12G05.
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2 N. SUWA

Main Result II (=Theorem 3.5) Let P,Q € Z with P # 0, Q = +1 and P? — 4Q > 0.
Put f(t) = (2 — Pt)/(1 — Pt + Qt?), the generating function of the companion Lucas sequnce
associated to (P, Q).

(1) Assume Q@ = —1. Then, f(q) (q € Q) is an integer if and only if ¢ = Ly/Lpy1 or Sp/Sn+1
for somen € Z.

(2) Assume Q@ = 1. Then, f(q) (¢ € Q) is an integer if and only if ¢ = Lyp/Lp+1, Sn/Sn+1,
(Lnt1 = Ln)/(Lnt2 — Lny1) or (Ln + Lny1)/(Lnt2 + Lyy1) for some n € Z.

Now we explain the organization of the article. In the Section 1, we recall needed facts on
the Lucas sequences though most of them are well known. We treat linear recurrence sequences
also for negative indices, which simplifies formulas and the argument. Main Result I and Main
Result IT are proven in the Section 2 and in the Section 3, respectively. It should be mentioned
that two main results follow from Dirichlet’s unit theorem for real quadratic number fields. In
the Section 4, we compare preceeding results and ours. In the Section 5, we remark upon an

unlooked-for relation between our main result and the group Gp,(Q)/© investigated in [4] and
[5]-

Notation

For a ring R, R* denotes the multiplicative group of invertible elements of R.

L(P,Q;Z), L(P,Q;Q): defined in 1.1

{Lk}r>0: the Lucas sequence associated to (P, (@), recalled in 1.1

{Sk}r>0: the companion Lucas sequence associated to (P, @), recalled in 1.1
{F} }k>0: the Fibonacci sequence

{Ak}r>0: the Lucas sequence, recalled in 1.2

(a,b): the greatest common divisor of a,b € Z

Gpo(Q): defined in 5.3

G(p,)(Q): defined in 5.3

Upo(Q): defined in 5.3

G(p)(Q)/O: defined in 5.3

1. Recall: Lucas sequences

In the section, we fix P,Q, € Z and put D = P? — 4Q.

Notation 1.1. For P,Q € Z, we put
L(P,Q;Z) = {{wk}r>0 € ZN : wiyo — Pwjy1 + Quy, = 0 for each k > 0}

and

L(P,Q;Q) = {{wk}r>0 € QY W12 — Pwiy1 + Qui = 0 for each k > 0}.
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The sequence {Ly, }r>0 € L(P,Q;Z) defined by (Lo, L1) = (0,1) is called the Lucas sequence as-
sociated to (P, @), and {Sk}r>0 € L(P, Q;Z) defined by (So, S1) = (2, P) is called the companion
Lucas sequence associated to (P, Q).

As is well known, for {wy}r>0 € L(P, Q;Q), we have

w2, — Pwppiw, + Qw2 = (wi — Pwjwy + Qug)Q™.

Example 1.2. The Lucas sequence associated to (P,Q) = (1,—1) is nothing but the Fi-
bonacci sequence {Fy}r>0. On the other hand, the companion Lucas sequence associated to
(P,Q) = (1,—1) is traditionally called the Lucas sequence and denoted by {L}r>0. To avoid

the confusion, we shall denote by {A}r>0 the Lucas sequence.

Definition 1.3. Assume that @ # 0. Let {wy}r>0 € L(P, Q;Q). Then we can define terms wy,
for k < 0 inductively by the recurrence relation
P 1

WE = awk—H - éwkm.
Hereinafter we enumerate several formulas concerning Lucas sequences.
Formulas 1.4. Let P,Q € Z with Q # 0. Then we have:
(1) w_pwni1 — Qu_pn_1wy, = wo(2w1 — Pwo) for {wp}r>0 € L(P,Q;Q).
L S,

(2) Lfn = —az, an = Qiy;;
(3) L,n,1 _ l Ln+1 anfl _ l Sn+1

Lfn Q Ln ’ an Q Sn '
Proof. We can easily verify the formulas (1) and (2) by induction on n > 0. The formula (3) is

an immediate consequence of (2).

Formulas 1.5. Let P,Q € Z with P?> —4Q # 0. Let o, § denote the roots of the quadratic
equation t> — Pt + Q = 0. Then we have:

(1) w, = b (w1 — Bwp)a™ — (w1 — awg)B"} for {wi}r>0 € L(P,Q;Q).

a—p
In particular,
(@) Lo= =00 5, —an s

- B
Defintion 1.6. Let P,Q € Z and {wy}r>0 € L(P,Q;Z). The generating function for {wy }r>o

is defined by
7ty =3 wet* €z,
E>0

As is well known, we have
wo + (w1 — Pwo)t

t) =
f(®) 1— Pt+Qt2
For example, the generating function for the Lucas sequence {Lj}r>0 is given by
t
f(#)

T 1-Pt+ Qe



4 N. SUWA

and the generating function for the companion Lucas sequence {Sk}r>0 is given by

2— Pt
IO =1"prqr

Formulas 1.7. Put f(t) = wol—i__(?lt 1 gzio)t. Then we have:
1) 5(8) = gt = P} s e
) = e g o (o € LR Q0D
Formulas 1.8. Put f(t) = 1—Ptt+Qt2 Then we have:
(1) f(;) =3 P:z—st? forr,s € 7.

Ly, Lypy1Ly,
) f(én-‘rl B CJ;LL '
@ F(F=) = H5)-

Proof. We can easily deduce the formula (3) from (2), noting L? — PL1Lo + QL3 = 1. The
formula (4) follows from (3) and 1.4 (2).

Formulas 1.9. Put f(t) = 1_2P_t_]:tQt2. Then we have:
W 1) = L jorrsen
®) 1) = G s i 7 1o € 6P.032)
Sh Sn+1Ln
®) 1 SZH :; 22;? '
W)= g
) 15 = 1),
L_pq Sn

©) 157 = F(g).

Proof. We can easily deduce the formulas (3) and from (2), noting

Sn+1

S? — PS1Sy+ QS = —P>+4Q = D, 25,41 — PS, = DL,,2L, 1 — Ly, = Shy.

The formulas (5) and (6) are combinations (3), (4) and 1.4 (2).
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2. Main result I

Lemma 2.1. Let P,Q € Z with P # 0, Q = 41 and P?> —4Q > 0. Let o be a root of the
quadraic equation t> — Pt+Q = 0. Then « generates the multiplicative group Z[a]* {1} except
for (P,Q) = (£3,1).

Proof. The multiplicative group Z[a]* /{£1} is cyclic as is well known. Assume that o does not
generate the multiplicative group Z[a]* /{£1}. Then there exists ¢ € Z[a]* such that a = 4&*
for some k > 2. Then we obtain Z[e*] = Z[e], which implies

52—5—1:0,52—|—£—1:0,52—5+1:00r52+5+1:0.

However, the latter two cases are excluded since ¢ is real. In the first case we have ¢ = (1£1/5)/2,
and in the second case we have e = (—14+/5)/2. These correspond to the cases of (P, Q) = (3,1)
and (P, Q) = (=3, 1), respectively.

Lemma 2.2. Let P,Q,r,5 € Z with (r,Q) =1, (r,s) = 1 andr # 0. Put f(t) = t/(1-Pt+Qt?).
Then, f(s/r) is an integer if and only if r* — Prs 4+ Qs> = +£1.

Proof. We can easily verify the assertion, noting that (a) f(s/r) = rs/(r?> — Prs + Qs?), (b)
(r? — Prs+ Qs%,7) = (Qs?,r) = 1 and (c) (r? — Prs + Qs%,s) = (r?,s) = 1.

Theorem 2.3. Let P,Q € Z with P # 0, Q = £1, P> —4Q > 0 and (P,Q) # (£3,1). Put
f(t)=t/(1— Pt+Qt?). Then, f(q) (q € Q) is an integer if and only if ¢ = Ly /Ln+1 for some
n € Z.
Proof. As is remarked in Formula 1.8, we have

Ly, Lpi1Ly
Lovi’ Q"

f( €z

forne€Z (n#0).

Conversely, assume that f(g) is an integer. Put

_P+VD

D:p?_4Q7a_T ﬂ

8=

Then « is invertible in the ring Z[a] since af = @@ = £1. Futhermore, o generates the multi-
plicative group Z[a]* /{£1} since (P, Q) # (£3,1).
Now put
q= f, r,s € Z with (r,s) = 1.
r
Then, by Lemma 2.2, we obtain 72 — Prs 4+ Qs> = £1, which implies that r — as is invertible in

Z|a]. Hence there exists n € Z such that
r—as=p0" r—pFBs=a"

or

r—as=-p" r—ps=—-a".
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Hence, by Lemma 2.1, we obtain

(r,8) = (Lnt1, Ly) or (—Lnt1, —Ln),
ok — gk
a—p3 "
Propsition 2.4.1. (The case of P =3 and Q = 1) Put f(t) = t/(1 — 3t +t2), and let ¢ € Q.
Then, f(q) is an integer if and only if ¢ = Fy,/Fy12 for some n € Z.

noting the formula Lj =

Proof. We can deduce -
e
for n € Z (n # —2) immediately from the equality F2, , — 3F, oF, + F2 = (—1)".

Conversely, put € = (1 ++/5)/2. Then the roots of the quadratic equation > — 3t +1 = 0
are given by a = €2 = (3 ++/5)/2 and 8 = €72 = (3 — v/5)/2. Furthermore, ¢ generates the
multiplicative group Z[e?]* /{£1} = Z[e]* /{£1}.

Now, let {Ly}rez denote the Lucas sequence associated to (P,Q) = (3,1). Then we have

) - (_l)n n+2Fn

Lj, = Fy;. for each k € Z. Now put
q= f, r,s € Z with (r,s) = 1.
r

Then, by Lemma 2.2, we obtain 72 — 3rs + s> = £1, which implies that r — as is invertible in

Z|a]. Hence there exists n € Z such that

n

r—as=c¢ ", r—LfBs=¢"

or
r—as=—¢ ", r—fBs=—¢e".
Then we obtain

(T) ‘9) = (Fn+27 Fn) or (_Fn-‘er _Fn)7
k —k

) e —¢€
noting Fj, = —— 1
€—¢e~

randa—fB=ec—¢c "

Remark 2.4.2. Let {Lj},>0 denote the Lucas sequence associated to (P, Q) = (3,1). Then we
have {For >0 = {Li}r>0 and {Fopi1}te>0 = {Lk1 — Li}r>o-

Propsition 2.5.1. (The case of P = —3 and Q = 1) Put f(t) = t/(1 + 3t + t?), and let q € Q.
Then f(q) is an integer if and only if ¢ = —F,/Fy4o for some n € Z.

Proof. We can verify
F,

Fn+2

f(_ ) - (_1)n71Fn+2Fn

for n € Z (n # —2) and prove the assertion as in Propsition 2.4.1.

Remark 2.5.2. Let {Lj}r>0 denote the Lucas sequence associated to (P, Q) = (—3,1). Then
we have {(—1)* "1y bis0 = {Li tiso and {(—1)* Fogy1tes0 = {Lk+1 + L fe>o-
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3. Main result 11

Lemma 3.1. Let P,Q) € Z, and put

P+«f _P-VD

D=P?—4
Qa=—p— 5

Assume that D is not a square. Letr,s,r',s' € Q. Then, (r—sa)/(r—sB) = (r'—s'a)/(r'—5'p)
if and only if (r:s) = (r':¢).
Proof. We obtain the conclusion immediately, simplifying (r — sa)(r' — §'8) = (r — s8) (' — ')

and noting that « and S are linearly independent over Q.

Lemma 3.2. Let P,Q,r,s € Z with (r,Q) =1, (r,s) = 1 andr # 0, and put f(t) = (2—Pt)/(1—
Pt + Qt%). Then, f(s/r) is an integer if and only if 2r — Ps is divisible by r*> — Prs + Qs>.
Proof. First note f(s/r) = r(2r — Ps)/(r?> — Prs+ Qs?). Then, f(s/r) is an integer if and only
if r(2r — Ps) is divisible by 72 — Prs + Qs?. In this case, 2r — Ps is divisible by 72 — Prs + Qs>
since (r,7%2 — Prs + Qs?) = 1.

Corollary 3.3. Let P,Q,r,s € Z with P> —4Q # 0, Q = +1, (r,s) = 1 and v # 0, and put
f(t)=(2—-Pt)/(1 — Pt+Qt?), D = P> —4Q and a = (P +/D)/2. If f(s/r) is an integer,
then (r — sa)/(r — sB) is an invertible element of Z[v/ D).

Proof. By Lemma 3.2, 2r — Ps is divisible by 72 — Prs+Qs?. Put now n = r—sa and 7 = r — sf3.
Then, we have Nryy = Nr7j = r2 — Prs +Qs? and n+7 = 2r — Ps0 These imply that Nrn/7 = 1
and 1/n + 1/71 € Z, and therefore, /7 € Z[n] C Z[/D]. Hence the result.

Lemma 3.4. Let P,Q € Z. Assume that P2 —4Q # 0. Let o and 3 be the roots of the quadratic

equation t> — Pt + Q = 0. Then we have:
Ln+1 aLy, ﬁn - /87271

Lyy1 — BLy, Can Q"'
Sp+1 — @Sy s B>

1) 7

® S B8 an o

(Lnt2 = Lnt1) —o(Lngr — Ln) B0 oy O =
) (Ln42 — Lny1) — B(Lng1 — Ly) o B te=1,
(4) (Ln+2 + Ln+1) ( n+1 + L ) Bn+1 _ ﬂ2n+1 if Q =1.

(Ln+2 + Ln+1) B(LnJrl +L ) a™
Proof. We can readily verify (1) and (2), noting

(@™ = ") —a(a” - ") = (a = H)B", (" = ") — Bla” — B") = (a — B)a",
(@™ 45" —a(a” + ) = —(a = B)B", (" + ) = B(a” — B") = (a — B)a”

Assume now Q = 1. Then we obtain a8 = 1, and therefore,
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(Ln+2 - Ln+1) - a(Ln+l - Ln) = ﬁn;_l__ﬁﬁn - Bn—z(_l ; a)’
n+l _ n n _

(Lnt2 = Lnt1) = B(Lns1 — Ln) = = ;_ Ba == CEa_ 51)’
n+1 n n+1

(Ln+2 + Ln+1) - @(Ln+1 + Ln) = o ;_—i_ﬂﬂ = ’ +04(—1 ; a>’
n+1 n n

(Ln+2 + Ln+1) - B(LnJrl + Ln) = - ;__“‘604 = : OEO‘_";D‘

Theorem 3.5. Let P,Q € Z with P # 0, Q = +1 and P2 —4Q > 0. Put f(t) = (2 — Pt)/(1 —
Pt + Qt?).

(1) Assume @@ = —1. Then, f(¢) (¢ € Q) is an integer if and only if ¢ = L, /L,41 or Sy /Sn+1
for some n € Z.

(2) Assume @ = 1. Then, f(q) (¢ € Q) is an integer if and only if ¢ = L, /Ly+1, Sn/Sn+1,
(Lyp41 — L)/ (Lnt2 — Lp+1) or (Ly + Lyy1)/(Lnt2 + Lyp41) for some n € Z.

Proof. As is remarked in Formulas 1.9, we have

Sn Sn+1 Ln
SnJrl Qn

Moreover, in the case of Q = 1, we can verify

Lpt1—L
) = —(Lna = Lnt) (Lnr + Ln)
Ln+2 - Ln+1

Ln+1 + Ln )
Lpyo + Lpta

Ly,
Ln+1

) _ Ln+1Sn
Qn

£( €z, f( €z

f( A

f( (Ln+2 + Ln+1)(Ln+1 - Ln) € Z7

noting

(Ln+2 — Lnt1)®> = P(Lns2 — Lng1) (L — Ln) + (Lps1 — Ly)> =2 = P,

2(Lpy2 — Lpy1) — P(Lpg1 — Ln) = —(2 — P)(Lp41 + L),

and

(Lnt2 + Lnt1)? = P(Lnga + Log1)(Lng1 + L) + (Lnga + Ln)? =2+ P,

2(Ln+2 + Ln+1) - P(Ln+1 + Ln) = (2 + P)(LnJrl - Ln)7

repectively.

Conversely, assume that f(g) is an integer. Put

_P+VD

P—-+D
=— - vz

D= P?-4Q, «o 5

B =

Then « is invertible in the ring Z[a].
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Now we assume (P,Q) # (£3,1), which implies that « generates the multiplicative group
Zla])* /{£1} by Lemma 2.1. Put

qu, r,s € Z with (r,s) = 1.
r

Then, by Corollary 3.3, (r — sa)/(r — sf) is an invertible element of Z[«].

First assume ) = —1. Then we have
r— sa
— +(—1)" 2n
e LGSV
for some n € Z since Nr(r — as) = Nr(r — fs) and Nr § = —1. Hence we obtain

(s:7)=(Lp: Lpt1) or (Sp: Sp+1)

by Lemma 3.1 and Lemma 3.4.
Assume now Q = 1. Then we have
r— s«
r—sp -

for some n € Z. Then we obtain

T — S«

r—sf

iBQn or — :':52n+1

(S : T) = (Ln : Ln+1)7 (Sn : Sn+1)7 (Ln+1 - Ln : Ln-i-? - LTL-H) or (Ln—i-l + Ln : Ln+2 + Ln-i—l)

again by Lemma 3.1 and Lemma 3.4.

We treat the case of (p, Q) = (£3, 1) separately in 3.6 and 3.7.

Remark 3.5.1. In the case of Q = 1, we have

L—n—l - L—n—2 _ Ln+2 - Ln+1 L—n—l + L—n—2 _ Ln+2 + Ln+1
L—n - L—n—l Ln+1 - Ln ’ L—n + L—n—l Ln+1 + Ln

nd sl = Loty po Lnoit Doy o Db by Lot = Loy
Lpt1— Ly Lnto+ Lpta Lyt2 + Lyt Lnto — Lt
Propsition 3.6.1. (The case of P = 3 and Q = 1) Put f(t) = (2t — 3)/(1 — 3t + t2), and let
q € Q. Then f(q) is an integer if and only if ¢ = Fy,/Fyyo or Ay /Anta for some n € 7.
Proof. Put ¢ = (1 + +/5)/2. Then the roots of the quadratic equation 2 — 3t + 1 = 0 are given
by a =¢2 = (3++/5)/2 and B = e2 = (3 —+/5)/2. Furthermore, ¢ generates the multiplicative
group Z[e?]* /{£1} = Z[e]* /{£1}.
Now put
q= ;, r,s € Z with (r,s) =1,
and assume that f(g) is an integer. Then, By Corollary 3.3, there exists n € Z such that

r— s
r—sf
since Nr(r — as) = Nr(r — fs) and Nre = —1. That is to say, there exists n € Z such that

4",

=de™ "

T — S«

T—SB:
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Hence we obtain

(s:7) = (Ln : Ln+1), (Sn : Sn+1), (Lngr — Ln ¢ Lypga — Lny1) or (Lnga + L ¢ Lyg2 + L)
by Lemma 3.1 and Lemma 3.4. At last, we obtain the result, noting

Ln = FQTL’ Sn = A2na Ln+l - Ln = F2n+la Ln+l + Ln = A2n+1-

Remark 3.6.2. Let {Lj}r>0 denote the Lucas sequence associated to (P, Q) = (3,1). Then
we have {Fb}r>0 = {Lk}r>0 and {Fopt1}te>0 = {Lk+1 — Lk tr>0, as is remarked in 2.4.2, and
{Aok}r>0 = {Sk}r>0 and {Agki1}e>0 = {Likt1 + Litr>o-

We can similarly prove the following:

Propsition 3.7.1. (The case of P = —3 and Q = 1) Put f(t) = (2t +3)/(1 + 3t + t?), and let
q € Q. Then f(q) is an integer if and only if ¢ = —Fy,/Fnio or —Ay,/Apyo for some n € Z.

Remark 3.7.2. Let {Lj}r>0 denote the Lucas sequence associated to (P, Q) = (—3,1). Then
we have {(_1)k71FQk}k20 = {Lk}kzg and {(—1)kF2k+1}k20 = {Lk-i-l + Lk}k207 as is remarked
in 2.5.2, and {(—1)k/12k}k20 = {Sk}kzo and {(—1)k/12k+1}k20 = {Lk+1 — Lk}kzo.

4. Preceeding results

4.1. Let N be a positive integer. Assume that N is not a square. Let (a,b) denote the minimal
solution of the Pell equation 22 — N y2 = £1. Define two integer sequences {Uy, } >0 and {V}, }n>0

by
(a+bVN)" — (a —byV/N)"

U, = STN
and
v (a+bVN)" + (a — b/ N)»

Put P = 2a and Q = a®> — Nb?> = £1. Then {U,}n>0, {Va}n>0 € L(P,Q;Z). The generating

functions of {U,, },>0 and {V},}n>0 are given by

bt
1—Pt+Qt2
and
1 1—at
21— Pt+Qt%

respectively. We have also
1

for each n € Z, where {Ly},>0 and {Sp}n>0 denote the Lucas sequence and the companion
Lucas sequence associated to (P, Q), respectively.

Tsuno [6] proves the following assertions:

b
(1) Put 1) = =5y g

or QU,+1/U, for some n > 0.

and let ¢ € Q. Then, f(q) is an integer if and only if ¢ = U, /Up 11
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1 1—at
(2) Put f(t) = §T—iQtw and let ¢ € Q. Then, f(q) is an integer if and only if ¢ =
Un/Un+1, Vo /Vas1, ¢ = QUpt1/U, or QVyq1/ Vi, for some n > 0.

Noting

Un/Un—I—I - Ln/Ln+17 Un+1/Un - Ln—i—l/Ln, Vn/vn+1 - Sn/Sn—l-l: Vn+1/Vn - n—l—lsn

and
Ln+1/Ln — QLfnfl/Lfna Sn+1/s = Qanfl/ana

we can restate the above assetions as follows:

bt
(1) Put f(t) = T P Qr and let ¢ € Q. Then, f(q) is an integer if and only if ¢ = L,/ Ly+1
for some n € Z.
1 1—at
(2) Put f(t) = 5%, and let ¢ € Q. Then, f(q) is an integer if and only if ¢ =

L,/Lp41 or Sy /Syt for some n € Z.

Now we deduce these assertions from ours.
In the case of (1) we have
f(Liil) - bL’g;L”

Conversely, put ¢ = s/r (r,s € Z with (r,s) = 1), and assume that f(g) is an integer. Then b
is divisible by r2 — Prs+Qs? since brs is divisible by 72 — Prs+Qs? and (rs, 7% — Prs+Qs?) = 1.
Put now n = (r + sa) — sbv/N and d = (r + sa, sb). Then Nry = r2 — Prs + Qs%. Moreover,
n/d is invertible in Z[v/N],

Indeed, b is divisible by d? and b/d? is divisible by Nr(n/d) since b is divisible by Nr7. Assume
now Nr(n/d) # +1, and let p be a prime divisor of Nr(n/d). Then, we could conclude that b/d
and (r + sa)/d are both divisible by p, noting

T+ sa\2 b\2
N = () - (5)
However, this contradicts the fact that (r + sa)/d and b/d are prime to each other.

The multiplicatve group Z[v/N]*/{£1} is generated by o = a + by/N since (a,b) is the
minimal solution of the Pell equation 22 — Ny? = £1. Hence, we obtain (r — sa)/d = £8" and
(r —sp)/d = +a", and therefore r/s = Ly+1/Ly, for some n € Z.

On the other hand, in the case of (2)" we have

€.

S, Sna1L L L1185,
flg) == f) ===
n+1 n+1
Lypy1— Ly 1
—— ) =—(L —L L L
Lypy1+ Ly 1
——— ) =—(L L L — Ly).
Hence, we can conclude
Sh L,
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noting that Sj is even for each k € Z since Sy = 2 and S; = 2. Furtheremore, we can verify

Ly =k mod 2 for each k, noting Ly =0, L1 =1 and Ly =0 mod 2. Hence we obtain

Ln—l—l - Ln Ln+1 + Ln
S ooy ALY v et
n+2 n+1 n+2 + n+1
4.2. Let N be a positive integer. Assume that N is not a square. Let (a,b) denote the minimal
solution of the Pell equation 22 — Ny? = +4. Define two integer sequences {Un}n>0 and {V, }n>0

by
(a+bVN)" — (a — bV N)"

U, =
o/ N
and
Vo (a+bVN)"+ (a — bV N)"

Put P =a and Q = (a® — Nb?)/4 = 1. Then {Up}n>0, {Vatn>o € L(P,Q Z). The generating

functions of {U, }n>0 and {V}, },>0 are given by

bt
1 — Pt + Qt2
and
2—at
1 — Pt + Qt?’

respectively. We have also

U,=0bLyp, V, =5,
for each n € Z, where {Ly}n>0 and {Sy,}n>0 denote the Lucas sequence and the companion
Lucas sequence associated to (P, Q), respectively.

Tsuno [7] proves the following assertions, under the assumption N > 5:

bt
1) Put ft) = ——————
(1) Put £0) = T g
or QU,+1/U, for some n > 0.

1 1—at
@) Put £ = 57— prr g

(a) Assume @ = —1. Then, f(q) (¢ € Q) is an integer if and only if ¢ = U,,/Up+1, —Upn+1/Un,
Vi /Vins1 or =V, 41/V,, for some n € Z.

(b) Assume @ = 1. Then, f(q) (¢ € Q) is an integer if and only if ¢ = +1 or ¢ = U, /U1,
Un/Un+1, Vo /Vit1, Vas1/Va, Usn—1/(Uayn £ Uy or Uapt1)/(Uans1 £ Ur) some n € Z.

and let ¢ € Q. Then, f(q) is an integer if and only if ¢ = U, /Uy, 11

and let ¢ € Q. Then:

We can restate (1) and (2) as follows:

bt
(1) Put f(t) = TP Qr and let ¢ € Q. Then, f(q) is an integer if and only if ¢ = L,/ Ly, 41
for some n € Z.
, 2—at
(2) Put f(t) = m, and let qc< Q Then:

(a) Assume @ = —1. Then, f(q) (¢ € Q) is an integer if and only if ¢ = L, /L,41 or Sy, /Sn+1
for some n € Z.

(b) Assume @ = 1. Then, f(q) (¢ € Q) is an integer if and only if ¢ = L,/Lyp+1, Sn/Sn+1,
(Lp, — Lp—-1)/(Lps1 — Ly) or (Ly — Ly—1)/(Lps+1 — Ly) some n € Z.
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Indeed, we can deduce the assertion (1)’ from Theorem 2.3 as in 4.1. Now we deduce the

assertion (2)" from Theorem 3.5. First note

Un/Un+1 - Ln/LnJrla Un+1/Un - Ln+1/Lna Vn/VnJrl - Sn/5n+17 VnJrl/Vn - n+1/Sn
and
Ln+1/Ln — QL—n—l/L—na Sn+1/S — QS—n—l/S—na

Furthermore, if Q = 1, then we have

Lo—L—1:1 Lo—i-L—1:_1
Ly — Lo " L — Lo
and
Lp—Lpn  Lop1 Ln+Lpn  Lop
Loy1—Ln  Loy—1"Lpyi+ Ly, Lo+ 17
Lpvi+ Ly Lopt1 Lpy1— Ly Lopta
Ln+Ln1  Loyy—Li" Ly—Ly1  Lon+ Ly

which follow from

(Ln - Ln—l)(L2n - 1) - L2n—1(Ln+1 - LT’L)7 (Ln + Ln—l)(LQn + 1) = L2n—1(Ln+1 + Ln)7
(Ln+1 + Ln)(LQn - Ll) = L2n+1(Ln + Ln—1)7 (Ln—i—l - Ln)(LQn + Ll) = L2n+l(Ln - Ln—l)a

respectively. We can honestly verify these equalities, using the formula

Lan - Sn+m ;isn—m .

Hence, the assertion (2)" is nothing but Theorem 3.5.

5. An observation
In this section, we fix P,@Q € Z and put D = P? — 4Q.

Notation 5.1. Let P,Q € Z. As is well known, the map {wg}r>0 — (wo,w1) gives rise to a
Q-linear isomorphism £(P,Q; Q) = Q2.

Now put R = Q[t]/(t> — Pt + Q) and 6 =t mod (t*> — Pt + Q). We define a Q-linear map
w:R— Qbyw(a+bd) =b (a,b € Q). Moreover, we define a Q-linear map @ : R — QN by
@(n) = {wn0*) }r>o. For n = a+ b0 € R, we have &(n) = {b,a+ Pb,...}.

We can verify the following statements, paraphrasing the proofs of [4, Prop.3.2 and Cor.3.3].
(1) The Q-linear map & : R — L(P,Q; Q) c QN is bijective.

(2) A Q-algebra structure of £(P,Q;Q) is defined through the Q-linear isomorphism @& : R =
L(P,Q;Q). Then the Lucas sequence {Lj};>0 = @(1) is the unit of the ring L(P, Q; Q).

More precisely, let w = {wy}r>0, w' = {w} }i>0 € L(P,Q; Q). Then the product of w and w’

is given by
(wow] + wiwy — Pwow), wiw) — Quowy, . . . ).

It is readily seen that the multiplication by 6 on R induces the shift operation {witr>o0 —

{wg+1}k>0 on L(P, Q; Q) through the isomorphism & : RS L(P,Q;Q).
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(3) Let n = a+ b0 € R = Q[t]/(t* — Pt + Q) (a,b € Q). Then 1 — 7 gives rise to a Q-
automorphism of R. Moreover, we define Nrn € Q by Nry = nij = a? + Pab 4+ Qb%. For
example, we have Nrf = Q. Obviously, 7 is invertible in R if and only if Nr7 # 0.

Now let w = {wy}r>0 € L(P,Q; Q). Define A(w) € Q by A(w) = w? — Pwow; + Qui. If
n € R and w = &(n), then we have Nry = A(w). Therefore, the sequence w = {wy x>0 is
invertible in £(P, Q; Q) if and only if A(w) = w} — Pwow; + Qw3 # 0.

Notation 5.2. We put § = —P +260 € R. Then we have 62 = D and Nréd = —D. The sequence

@(d) is nothing but the companion Lucas sequence (Sy)x>0 associated to (P, Q).

Notation 5.3. We define groups Gp(Q), G(p,)(Q) and Upq(Q) by

Gpo(Q) = (Q[t]/(* — Pt +Q))*,
G(p,q)(Q) = Cokerli : Q* — (Q[t]/(t* — Pt + Q))*],
Up,q(Q) = Ker[Nr : (Q[t]/(* — Pt + Q))* — Q*].

Here i : Q% — (Q[t]/(#* — Pt + Q))* denotes the inclusion map. Moreover, we define a ho-

momorphism of groups v : Gpg(Q) — Upg(Q) by v(n) = n/ii = n?/Nrn. Then we have

Ker[y : Gpg(Q) — Upg(Q)] = Q*, and ~ is surjective by Hilbert 90. Hence v induces an

isomorphism of groups 7 : G(p,)(Q) = Gpe(Q)/Q* 5 Upg(Q). It is readily seen:

(a) If D is a square in Q*, then Up(Q) is isomorphic to the multiplicative group Q*;

(b) If D =0, then Up,(Q) is isomorphic to the additive group Q;

(c) If D is not a square in Q, then Up(Q) is isomorphic to the multiplicative group Ker[Nr :

QWD)* - @],

Hence, if D # 0, then we obtain v(d) = —1, which is a unique element of order 2 of Upg(Q).
Assume now Q # 0. Then 6 is invertible in R = Q[t]/(t> — Pt + Q). Let © denote the

subgroup of G(p ) (Q) generated by 6. Then the group G (p)(Q)/O is isomorphic to the group

G(f) defined by Laxton [2] under the assumptions: (P,Q) =1 and D = P?—4Q # 0 ([4, Th.4.2]

and [5, Th.4.2]). Here f(t) =t*> — Pt + Q.

Remark 5.3.1. The groups Gpg(Q), G(pq)(Q) and Upg(Q) are the Q-rational points of the
group schemes Gp, G(pg) and Up, respectively. For details, we refer to [4, Section 1] and
[5, Section 1].

Hereafter, we investigate the elements of order 2 of G (p)(Q)/6.

Proposition 5.4. Let n € Gp(Q). Then:

(1) There ezists £ € Upg(Q) such that £2 = ~(n) if and only if Nrn is a square in Q. In this
case, the solutions of the equation &2 = ~(n) in Upq(Q) are given by &€ = £n/+/Nrn.

(2) Assume that Nrn is a square in Q, and put n =u+vd (u,v € Q). If Dv # 0, then we have
+n/v/Nrn = ~y(n+ /Nry).
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Proof. (1) Assume first that Nry is a square in Q. Then we have £n//Nrn € Upg(Q) and
(&n/vNrn)? = n? /Nrn = y(n).

Conversely, assume that there exists € € Upg(Q) such that €2 = ~(n). Taking £ € Gpo(Q)
such that ’y(g) = ¢, we obtain 7 = a&? for some a € Q*. This implies Nrn = a?(Nr ¢)2.
(2) Put £ = 5+ /Nr5. Then we obtain £2 = 2(u + /7)n, and therefore (€)?> = y(n) since
Nrn = u? — Dv? # u?.
Remark 5.5. Assume D = 0. Let 7 = u +v6 € R = Q[t]/(t*> — Pt + Q) (u,v € Q). Then we
obtain 7% = u? + 2uvd and Nrn = u2, noting 62 = D. Hence, 7 is invertible in R if and only if
u # 0. In this case, we have v(n) = 1+ 2vd/u, and the solutions of £2 = (n) in Upg(Q) are
given by £ = £(1 + vd/u).
Corollary 5.6. Assume that Q@ # 0 and D # 0. Then there exists £ € Upg(Q) such that
€2 =4(0) in Upg(Q) if and only if Q = Nt is a square in Q. In this case, the solutions of the
equation €2 = ~(0) in Upo(Q) are given by & = £0//Q = v(0 £ V/Q).

The following assertion is a direct consequence of Corollary 5.6.

Corollary 5.7. Assume that Q # 0 and D # 0. Then:
(1) If Q is a square in Q and P # 0,4+/Q, then the kernel of the square map on G(p)(Q)/O
is isomorphic to Z/27 x Z]27Z.

(2) If Q is not a square in Q, then the kernel of the square map on G (pq)(Q)/O is isomorphic
to Z)2Z.

Example 5.8. Assume Q =1 and P # 0,+1,+2. Then we have

0+1)=(P+2)0, Ne(0+1)=P+2, v(0+1) =0,
0—-12=(P—-2)0, Nr(§ —1)=-P+2, y(f — 1) = -9,
(O+1)(0—1)=Po—2=065.

Furthermore, the kernel of the square map on G(p1)(Q)/© is given by {[0] = 1, [0+1], [0 —1], [§]}.

Observation 5.9. Put f(t) = (2 —t)/(1 — Pt + t?), the generating function of the companion
Lucas sequence associated to (P, 1). Let ¢ € Q. Theorem 3.5, Proposition 3.6.1 and Proposition
3.6.2 assert that f(¢) € Z if and only if ¢ = wy,/wy,41 for some n € Z, where {wy}r>0 = @(n)
and [n] € {[0], [¢], [0 +1],[0 — 1]} C G(p1)(Q)/O. The author is not sure whether this is a chance
or an apperance of a deeper fact. However, the following examples suggest that there is hidden

something to consider.

Example 5.10.1. Let P =0 and Q = 1. Then we have

{Lg}r>0 =40,1,0,-1,0,1,... }, {Sk}r>0 = {2,0,—2,0,2,0,...},

{Lk-‘rl + Lk}kZO = {]-a ]-a _17 _17 17 1) cee }a {Lk+1 - Lk}kZO — {]-a _]-a _1) 17 17 _17 cee }a
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and the kernel of the square map on G(p1)(Q)/6 is given by {[0] = [d],[0 + 1] = [0 — 1]}.
Moreover, let ¢ € Q.

(1) Put f(t) = t/(1+t?). Then, f(q) € Z if and only if ¢ = 0, i.e. ¢ = Ly /Ly 41 for some n € Z.
(2) Put f(t) = 2/(1 +t?). Then, f(q) € Z if and only if ¢ = 0,41, i.e. ¢ = L,/Lypy1 or
(Lpn+1+ Ly)/(Lp+2 + Lyp41) for some n € Z.

Example 5.10.2. Let P =1 and () = 1. Then we have

{Li}r>0=10,1,1,0,-1,-1,0,1,... }, {Sk}r>0 = {2,1,-1,-2,-1,1,2,1,... },
{Lk-i—l + Lk}kZO = {172a ]-a 71, 727 71527 P } {Lk-i—l Lk}kzo — {1705 71, 71707 17 170) cee }a
and the kernel of the square map on G(p1)(Q)/O is given by {[0] = [0 — 1],[0] = [0 + 1]}.

Moreover, let g € Q.

(1) Put f(t) =t/(1 —t+t2). Then, f(q) € Z if and only if ¢ = 0,1, i.e. ¢ = Ly/Ly+1 for some
n € Z.

(2) Put f(t) = (2—1t)/(1—t+t?). Then, f(q) € Z if and only if ¢ = 0,1,2,1/2,i.e. ¢ = L,/Ln41

or S, /Sp+1 for some n € Z.

Example 5.10.3. Let P = —1 and @ = 1. Then we have

{Li}r>0=10,1,-1,0,1,... }, {Sk}r>0 = {2,-1,-1,2,—-1,... },

{Lk+1+Lk}k20 :{1707_171>O7"'}7 {Lk+1 Lk}k>0 — {]- a a17_27"'}a
and the kernel of the square map on G(p1)(Q)/O is given by {[0] = [0 + 1],[0] = [0 — 1]}.
Moreover, let g € Q.
(1) Put f(t) =t/(1+t+t?). Then, f(q) € Z if and only if ¢ = 0,—1, i.e. ¢ = L,/ Ly for some
n € Z.
(2) Put f(t) = (2+t)/(1 +t +t?). Then, f(q) € Z if and only if ¢ = 0,—1,-2,-1/2, i.e.
q= Ly/Lpsq or S, /Sy 41 for some n € Z.

Example 5.10.4. Let P =2 and Q = 1. Then we have
Ly=kF*' S, =2.1% L+ Ly=2k1"1t41% L — L, =1F

and the kernel of the square map on G(p1y(Q)/6 is given by {[6], [0 + 1]}. Moreover, let ¢ € Q.

(1) Put f(t) = t/(1 —t)%2. Then, f(q) € Z if and only if ¢ = n/(n + 1) = L,/Ly+1 for some
n € 7.

(2) Put f(t) = (2—2t)/(1—t)? = 2/(1—t). Then, f(q) € Zifand only if ¢ = n/(n+1) = L, /Ly+1
orq=02n+1)/2n+3) = (Lpnt+1 + Lpn)/(Lnt2 + Lpt1) for some n € Z.

Example 5.10.5. Let P = —2 and @ = 1. Then we have

L, = k(—l)k_l, Sk =2 (—1)k, Lk+1 + L = (—1)k, Lk+1 Ly = —2]{5( )k 1 + (—1)k
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and the kernel of the square map on G (p1)(Q)/O is given by {[0],[0 — 1]}. Moreover, let ¢ € Q.
(1) Put f(t) = t/(1+t)% Then, f(q) € Z if and only if ¢ = —n/(n+ 1) = L,/Ly+1 for some
n € Z.

(2) Put f(t) = (2+2t)/(1 +t)? = 2/(1 +t). Then, f(q) € Z if and only if ¢ = —n/(n +1) =
Ly/Lypyiorgq=—2n+1)/(2n+3) = (Lpnt+1 + Lyn)/(Ln+2 + Lyp+1) for some n € Z.
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109 x  0.027431283577072568716422 (57)
= 2.990009909900909990090000 (58)
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(1] 74 RF v FEHI 89 & 109 QFF 23 B HHER ¥~ (FHFEROEH)
https://www.nicovideo.jp/watch/sm40009365

[2] Sunday Math Party 23 Fibonacci 89 109 (FHIZ K2 AT 1 )
https://speakerdeck.com/butchi/sunday-math-party-23-fibonacci-89-109

(3] NEURBAIC 7 4 K F v FHEN ete. BT 208 (B&#HR) - tsujimotter D/ —+ 7' v 7
https://tsujimotter.hatenablog.com/entry/fractions-with-fibonacci-sequence-

in-decimal-expansion-2

[4] #E&IL (D2 p) 274 KTy FEIIOBFRICOWT - FLKM RYIOFHAEMGE © T4/ @ -
http://8wihflkm. jp/Fai_F.html
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